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PEEFACE. 



This treatise has grown out of a series of articles contributed to 
The Engineer in 1881, under the title, "The Foundations of 
Mechanics." It differs accordingly from the many previous works 
on the subject, mainly in the fulness and care with which these 
foundations have been considered. The successful prosecution of 
Mechanics, especially as applied to practical construction, chiefly 
depends on the obtaining a clear and thorough mastery of a few 
leading principles {e.g., the composition of forces, the principle of 
moments, the doctrine of energy) which are alone necessary for 
the solution of almost all the problems of ordinary practice. It 
is, of course, easy to learn such propositions sufficiently for the 
purposes of an examination: it is by no means easy to know 
and understand them so thoroughly as to be able to use them 
freely and confidently in attacking questions of practical import- 
ance. It is in the hope of facilitating, in some cases, the 
attainment of such knowledge that these pages have been 
written. 

With this view the deductive character of Mechanics has been 
indicated at the outset : and the ultimate definitions and axioms 
whereon the science rests have been examined and stated with 
special care and fulness. With the same object of thoroughness 
two principles, which have usually been reserved for a higher 
stage of progress, are here brought forward and placed in the 
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forefront, where, in the writer's opinion, they should properly 
stand. The doctrine of Central Forces, as representing the general 
scheme of nature, though assumed, explicitly or implicitly, in all 
treatises dealing with the higher branches of the subject, is not 
usually adopted from the beginning, as in this work; and the 
way in which it connects and explains all the fundamental laws of 
the science is not therefore recognised. Again, the conception 
of Energy is not generally introduced until the end of an 
elementary treatise, if at all : whereas here the fundamental fact, 
that the energy exerted represents the effect of a given force 
acting for a given time, is explained at the outset, and the 
consequences which flow from it are developed throughout the 
book. 

On these matters, and on some others, such as the laws of 
motion, centrifugal force, elasticity, &c., it is believed that some 
novelty and freshness of treatment will be recognised; although 
the writer is far from claiming any actual originality for his 
methods. No such novelty is, of course, to be looked for or 
desired in the proofs of the ordinary propositions which make 
up the bulk of elementary Statics and Kinematics; and the 
writer's thanks are due to the Bishop of Carlisle for permission 
to follow, in most of these, the admirably clear demonstrations to 
be found in " Goodwin's Course of Mathematics." In a few cases 
he has adopted substantially the treatment of other writers, such 
as Prof. Goodeve in his well-known "Principles of Mechanics," 
and Mr. Philip Magnus in his '' Lessons on Elementary 
Mechanics." The collection of examples at the end is not 
meant to present any features either of originality or difficulty : 
they are simply to be regarded as easy exercises, tending to the 
attainment of that grasp over Principles which it is the special 
aim of the book to impart. With this addition, it is hoped that 
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it may be found useful at once to youths commencing their study 
of the subject under regular instruction, and to older students who 
may wish to acquire by themselves a fuller knowledge of its 
principles, with the view of following them up either into the 
higher branches of the theory, or into the practical region of 
Applied Mechanics. A few propositions, for which some know- 
ledge of the Calculus, or of Solid Geometry, is required, are 
introduced for the sake of completeness, but are placed within 
brackets. 

In conclusion, the writer is glad to expi-ess his obligations to 
Prof. Calcott Reilly of Cooper's Hill, to the Rev. H. C. Watson 
and Mr. J. E. Pearson of Clifton College, and to Prof. H. S. 
Hele Shaw of University College, Bristol, for valuable aid of 
various kinds given during the progress of the work. 

LoNDOK, 1st March, 1883. 
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STUDENT'S MECHANICS. 



PART I.— FIEST PRINCIPLES. 
§ 1. Inteoductory. 

1. The Science of Mechanics has been studied so long and so 
successfully, that it has become what is called a Deductive Science. 
By this is meant that mechanicians have long arrived at certain 
general laws or principles, which have been so fully and so 
frequently confirmed, alike by observation, by experiment, and 
by the results of their application, that they take the very highest 
rank as Proved Scientific Truths. These principles being laid 
down as a basis, the whole of the science is deduced from them, 
and from the proper definitions of the terms employed, without 
any need of appeal to experiment or observation by the way. At 
the same time it must be pointed out, that all the results obtained 
may be verified, and have been verified, by actual observation and 
experiment; indeed, it is this accordance of the theoretical results, 
deduced from the principles, with the actual results obtained in 
■practice, which forms, perhaps, the strongest evidence that the 
principles themselves are true. 

2. Very few sciences, even of those which have been longest 
cultivated, have reached this stage of being Deductive. As an 
example of one which still remains Inductive, as it is called, we 
may take Chemistry. Here we have, no doubt, certain general 
laws established, such as that of atomic weights ; but we can 
scarcely proceed a step under the guidance of this law without 
calling in experiment to help us on our way. For instance, if 
Chemistry were a deductive science, then, on learning the atomic 

1 
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■weights, and, perhaps, some other particulars, regarding any two 
chemical elements — say, carbon and iron — we ought at once to be 
able to describe all the compounds they can form, and the general 
character of those compounds. Every student of Chemistry, 
however, knows that this is not the case, and that the compounds 
of iron and carbon must be studied separately, as they occur. A 
book on Chemistry is, in fact, a collection of separate facts, which 
are ascertained by experiment, and -which, though more or less 
connected by general laws, can by no means be deduced from them. 

3. Of Deductive Sciences the most familiar example is Geometry, 
as given in the Elements of Euclid. There the whole of the work 
is based Tipon the axioms and postulates at the beginning, together 
•with the definitions which are prefixed to each book. The same 
course is possible in Mechanics. Accordingly, the definitions and the 
axioms on which Mechanics is founded are here collected together in 
Part V. ; and to these are subjoined certain " Laws,'' as they may 
be termed, which are themselves deductions from the definitions 
and axioms, but are so important and so frequently used, that it is 
well to bring them together in one place for ready reference. 

4. There are, however, certain differences between the founda- 
tions of Geometry and those of Mechanics which must be noted. In 
the first place, to understand Euclid requires no knowledge beyond 
that of reading, writing, and arithmetic ; and the axioms, defini- 
tions, &c., are supposed to embrace aU that is needed for the proof 
of the various propositions. But to understand Mechanics, even in 
its most elementary form, it is necessary to be acquainted, not merely 
■with Arithmetic, but also with the main facts, at least, of Geometry, 
Algebra, Algebraic Geometry (or Conic Sections), and Trigono- 
metry.'* As we advance farther ia the subject, we find many 
propositions which are much more readily and simply proved by 
the aid of the Differential Calculus, and others which withovit it 
cannot be proved at all. Now, it is clearly needless to set forth 
at length the fundamental principles of these various branches of 
Mathematics, in order to complete the basis on which we found 
our fabric of Mechanics. All we need do is to give those 

* A few propositions in the present work, which require a knowledge of 
higher subjects, are placed within brackets. 
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axioms, &c., which are necessary for Mechanics, but are not 
required in any of these introductory sciences, and with which 
the student, therefore, has now for the first time to become 
acquainted. 

5. Again, the axioms of Euclid are some of them concerned 
•with Geometry alone — e.g., " Two straight lines cannot enclose a 
space ; " while others have a much wider application — e.g., " If 
•equals be added to equals, the wholes are equal." The same is the 
case with the axioms of Mechanics. But, whereas in Euclid the 
latter class of axioms, such as the one quoted, are so familiar and 
universal that nobody disputes them, in Mechanics they are indeed 
wide and deep generalisations, but such as require much study 
thoroughly to grasp, both as to their nature and their evidence. 
Consequently, instead of appearing mere commonplaces, like those 
of Euclid, they will probably strike the student as something vast 
and uncertain, which he may be in doubt whether to accept or no. 
Eor this reason it is not sufiScient to set them down baldly, and 
once for all, at the beginning of the book, as Euclid does. They 
must be to some extent explained and illustrated ; and it must be 
shown that they are not extemporised, as it were, for the special 
behoof of this particular science, but that they are also true of all 
other cases in nature to which they can apply. Unless this can 
be done, these axioms are not entitled to take rank with the great 
generalisations on which Euclid builds his theorems. 

6. Hence, the axioms of Mechanics are not here stated at the 
beginning, after the fashion of Euclid. They will be found 
dispersed through the book, and fitted with explanation and 
illustration wherever they first occur ; and they are, finally, 
collected together at the end, where they can be referred to as 
required. 



§ 2. Definition op the Science. 

7. Deflnition. — Mechanics is the Science of Motion and Force. 

8. Since Mechanics is thus concerned with two difierent things, 
it is evident that it may be divided into three branches, according 
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as vre study each of these by itself, or both together. Accordingly, 
we have the following recognised branches of Mechanics : — 

(1.) Kinematics, or the stxidy of motion apart from force. 

(2.) Statics, or the study of force apart from motion. 

(3.) Dynamics, or the study of motion and force together. 
9. In many books the two former branches are first developed 
singly, and then attention is given to the third branch. Although 
this may be logically correct, it does not appear to be well 
calculated to give a firm grasp of the subject from the beginning. 
Accordingly, in this treatise we shall begin by laying down the 
definitions of motion and force, and the fundamental laws of 
their action — in other words, the first principles of Dynamics. 
We shall then give separately the leading facts of Statics and 
Kinematics, as far as it is desirable to pursue them for our 
purposes ; and, finally, we shall return to Dynamics, in order 
to give various higher theorems, which mostly require a know- 
ledge of Kinematics and Statics for their proper comprehension. 



§ 3. Definitions op Motion and Force. 

10. Motion is so simple and familiar a condition that any 
definition in words would only confuse it. We may, however, 
consider how it is that we know a thing to be in motion. We then 
arrive at the following fact : — A thing is known to be in motion, 
when it is continuously changing its position in space with reference 
to some other thing assumed to he fixed. 

11. Now if there were anything which we knew to be absolutely 
fixed in space, we might perceive absolute motion by change of place 
with reference to that thing. But as we know of no such thin^, it 
follows that all motion, as tested and measured by us, must be rela- 
tive — must relate, that is, to something which we assume to be 
fixed for the moment. Hence, the same thing may often be properly 
said to be at rest and in motion at the same time ; for it may be at 
rest with regard to one thing, and in motion with regard to another. 
Thus, take the very homely instance of a man punting his barge up 
a river, by leaning against a pole which rests on the bottom, and by 
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advancing his feet successively on the deck as if walking. Such a 
man is in motion relatively to the barge ; he is also in motion — 
but in a different manner — relatively to the current ; he is at rest 
relatively to the part of the earth immediately under his feet ; he 
is in motion relatively to the polar axis of the earth and to the 
sun ; whilst it is easy to imagine a proper motion of the 
whole solar system such that he would be absolutely at rest in 
space. 

12. Motion, then, as treated in Mechanics, is a condition of 
bodies in which they are continuously changing their position in 
space ; and it is a relative condition, because this change is 
relative to some other body, which we agree to regard as fixed. 
This does not mean that there is no such thing as absolute motion, 
but only that we have no means of measuring absolute motion, or 
investigating it in any way, because we have nothing absolutely 
at rest by which to measure it; and therefore all the motions 
which we can investigate are relative motions. 

13. Beflnition. — A force is a physical cause of motion. 

14. This definition is only meant to give the sense in which the 
term " Force " is used in books on Mechanics. We have all of us 
an idea of Force as a thing, derived from our experiences in 
pushing, pulling, lifting, and doing other things, which, as we say, 
require force. In all such cases we know that we are either 
moving things, or at least tending to move them ; and, therefore, 
our idea of the thing Force corresponds with our definition of the 
term Force. What this Force is in itself, however, is a much vexed 
question, which there is no necessity whatever to solve for the 
purposes of Mechanics. For those purposes it is sufficient to give 
the definition above, which is, in fact, to define Mechanics as the 
Science of Motions and of the Causes of Motion. It thus 
corresponds with all other branches of science which are in an 
advanced and satisfactory condition. For instance. Astronomy is 
the science of the motions of the heavenly bodies, and of the 
causes of those motions ; Acoustics is the science of the phenomena 
of sound, and of the causes of those phenomena ; and so forth. It 
may well be questioned whether branches of natural philosophy, 
which have not got beyond the mere description of phenomena, 
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and do not attempt to toucli their causes, have any good right to 
be called "sciences" at all. 

15. Something must be said about the other word in the 
definition — namely, Cause. This word it is impossible to avoid, 
since no other expresses the same meaning; but it has been greatly 
obscured by the immense quantity that has been written upon it ; 
and, moreover, it is often used in different senses. For instance, 
if I were to ask the cause of the railway from London to 
Birmingham, I might be told that it was a number of persons 
joining together to find the funds necessary ; or that it was the 
wish to facilitate communication between those places ; or that it 
was the organised labour of a number of workmen ; or that it was- 
the mechanical action of the picks, shovels, and other tools which 
those workmen used. Now, it is in the last of these four senses 
that the word "cause" is used in our definition of force. A 
force is the immediate means of setting something in motion ; in 
simpler language, it is whatever makes something mave : just as the 
downward thrusting of the labourer's spade is what makes the 
earth be loosened in the railway cutting, and the subsequent 
lifting action is what makes it be deposited in the truck, to be 
carried away. It is this which is implied by the term " physical 
cause" in our definition. 

16. From this idea of force as a cause we can at once deduce 
one important conclusion. We are quite familiar with the fact, 
that a cause may operate and yet may fail to produce its result, 
because it is counteracted by some equal and opposite cause. 
Thus, the writing of the words in this book might take place, and 
yet might produce no result if the paper, instead of being white, 
were the colour of the ink. Again, the lifting action of the 
labourer's spade might be exerted and yet produce no result, if the 
weight of earth were beyond his strength. In such cases, which 
are very common, we say that the cause tends to produce its result, 
but that it is counteracted, and so prevented from doing so. 
Applying this to force, we have the following axiom. 

17. Axiom. — A force always tends to produce motion, hut may he 
prevented from actually producing it hy the counteraction of an 
equaZ and opposite force. 
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18. By most writers this fact is included as part of the definition 
of force ; but it seems preferable to state it as an axiom, because 
it is virtually included in the definition as soon as we have defined 
force as a cause. For those, however, who adhere to the old 
view, no better form can be given to the definition of force than 
the following : — Force is any cause which changes, or tends to 
change, a body's state of rest or motion. 

§ 4. Measukement of Pokce and Motion. 

19. Having explained what we mean by motion and force, we 
must now go on to explain how they may be measured ; for with- 
out tolerably exact measurement we can know nothing of any 
class of natural phenomena, except in a vague and superficial 
manner. 

20. Measurement of Motion. — We have seen (Art. 11) that motion 
implies a continuous change of place with reference to something 
assumed as fixed. Hence, to measure motion we must measure 
the amount of this change of place. If we could make a mark at 
the spot which the moving body occupied at any instant, and 
another mark at the spot occupied at any subsequent instant, and 
afterwards measure the distance between these two marks (which 
we must suppose to be fixed), then that distance would clearly be a 
measure of the motion during the interval. 

21. Thus, suppose the marks to be successive mile-posts on a 
railway, and that we have an express train and a goods train pass- 
ing the first of these at the same moment. Then if we watched the 
two, and found that at the moment when the goods train passed 
the second mile-post, the express was passing the third, we should 
know at once that the speed of the express was twice that of the 
goods train. Hence, when the time is the same, the proper 
measure of motion is proportional to the distance passed through. 

22. But it would not be necessary for us to go to the third mile- 
post at all. Suppose we watched by the second mile-post, and 
found that the express train arrived in two minutes after passing 
the first, and the goods train in four minutes after doing so, then 
we should know just as well that the speed of the first was twice 
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that of the second. We know this, because the time taken by the 
first to run a mile is one-half the time taken by the second. Hence, 
when the distance is the same, the proper measure of motion is 
inversely proportional to the time of traversing this distance. 

23. Combining these two facts, it is evident that the measure of 
motion varies as the space described directly, and as the time of 
describing that space inversely. In other words, the speed, or the 
intensity of motion, is properly measured by the ratio of the space 
described, s, to the time, t, occupied in describing it ; that is, by the 

fraction 



(9- 



24. It has, of course, been assumed here that the speeds are 
uniform throughout. If, for instance, the express train had been 
getting up its speed during the first mile, it might reach the second 
mile-post in two minutes, as before, but might then be travelling 
at a much higher speed than twice that of the goods train. In 
that case, assuming it to have now settled down to a uniform speed, 
we should have to wait till it reached the third mile-post before 
we could tell what that speed really was. Hence, we must in 
practice have two modes of measuring motion, according as it is 
uniform or variable. 

25. If the motion is uniform, we simply adopt some convenient 
mnit of time, say one second, and measure the speed by the 
distance, s, described in one second. 

26. If the motion is variable, we may give as its measure at any 
instant the distance which it would describe in one second, if it 
continued during one second at the same value which it has at the 
instant considered. But it will be the same thiug, if, instead of the- 
space s, which is the space described in a unit of time, we take 

the value of the ratio — , where t is taken as a fraction of a 

second so small that during the time the speed does not appreciably 
vary, and s is the space described in time t In the language of the 

Differential Calculus, this ratio is -— •* 

dt 

* When an excessively small part of any magnitude is considered, it is 
expressed by putting the letter d before the symbol expressing the magni- 
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27. In Mechanics the -word velocity is tised in place of speed. 
The foregoing may therefore be summed up as follows. When 
■we say that one body has a greater velocity than another, we 
simply mean that it is passing through a greater distance than the 
other in the same time. But space and time are both capable of 
measurement. Hence, 'if we can measure any interval of time, 
during which we know that the vdocity remains constant, and can 
also measure the interval of space which a hody travels over during 
that time, then the ratio of the space to ilie time, as thus given, is a 
proper 7neasure of the velocity, in other words, of the motion, of tlie 
body. 

28. Measurement of Force. — A cause which is capable of pro- 
ducing an effect, but has not yet done so, is said to possess power. 
The amount of power which any cause possesses we can only 
measure by the amount of the effect which it is capable of producing. 
When it has produced the effect, there is no difficulty in measuring 
it. Thus, the explosive power possessed by an ounce of gunpowder 
is determined by the amount of explosive effect which it exercises 
if ignited. We have, however, no means of measuring directly 
the effect which a cause can produce, but has not produced as yet. 
All we can do is to measure the effect which a cause apparently 
similar in all respects {e.g., another ounce of the same kind of 
gunpowder) has produced, and assume that the first cause possesses 
the power repi-esented by that effect. 

29. Now we have defined a force as a cause of motion. Hence, 
we see that, if a force has produced motion, it will be represented to us 
by the motion it has produced ; and if it has not produced motion, 
it will be represented by the motion which has been produced by a 
force believed to be equal to it. But motion is measured in terms 
of velocity (Art. 23). Hence, other things being equal, forces 
are measured by the velocities which they cause or generate. 

30. To show what is meant by the proviso " other things being 
equal," we may follow exactly the same course as in the case of 
velocity (Art. 21), and recur to the example of the express and 
goods trains. If force is measured by velocity, then, when the 

tude, so that d s expresses an exceedingly small interval of space, and d t 
of time. 
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velocities are equal, the forces are equal also. Suppose, however, 
that the two trains, having started together, are running at exactly 
the same speed, but that the goods train is twice the weight of the 
express train ; then we should not admit that the forces exerted 
by the two engines were equal, but should call that of the goods 
engine much greater than the other. Hence, we see that, if 
forces are to be measured by the velocities they generate, the 
things ilvsy act upon must be equal. 

31. Again, suppose that the trains were of equal weight, but 
that the goods train reached a given speed from rest in one 
minute, while the express reached it in two ; then again we should 
say that the goods engine had exerted a much greater force. 
Hence, we see that, if forces are to be measured by the velocities 
they generate, the times during which they act must be equal. 

32. Thus we are led to the principle : Forces are measured hy 
the velocities they generate in the same or equal objects and in the 
sam^ or equal times. 

33. The unit of force will, therefore, be that force which 
generates a unit of velocity in a unit of matter and in a unit of 
time. In England the unit of velocity is 1 foot per second, so 
that a unit of force is that force which in one second generates 
in a unit of matter a velocity of 1 foot per second. On the 
Continent, the corresponding velocity is 1 centimetre per second. 

34. But we have already seen (Art. 16) that forces sometimes 
act without producing motion, being counteracted by opposite 
forces. How are we to measure them in this case ? The obvious 
way of doing so is to find some known force, which always remains 
constant and unalterable, and to see how many units of this known 
force will exactly counteract or balance the force we are seeking 
to measure. Such a constant force is found in what we call 
gra/oity — in other words, the attractive force of the earth. 

35. It is found that the amount of this attraction on any given 
piece of matter is the same at all times, and, practically, the same 
at all places, provided they are not removed from each other by 
a considerable part of the earth's circumference. The amount of 
this attraction is called the weight of the piece of matter. The 
unit of weight in England is the pound, and a pound is the weight 
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of a certain piece of metal preserved at the Standards Office iQ 
London. On the Continent, the unit of weight is the gramme. 

36. Any particular force, then, may be measured by ascertaining- 
the number of pounds weight which will counteract it. This we can 
do in various ways, according to circumstances. If the force is itself 
the weight of some body, we may measure it by putting the body 
into one scale of a balance and putting a number of pounds into 
the other scale, until the two balance exactly. In other cases we 
may make the force act through a string or rope to lift a certain 
number of pounds from the ground, or to extend a spring, the- 
elongation of which, under known weights, has already been 
determined. 

37. These two modes of measuring force — by the motion pro- 
duced, or by the weight balanced — must be carefully borne in 
mind and distinguished from each other. As the first has to do 
with forces in motion, it is naturally called the Dynamical method 
of measurement, and as the other has to do with forces at rest, it 
is called the Statical method. They may be described as follows. 

38. Forces are measured by the velocities which they cause or 
generate in the same or equal objects and in the same or equal 
times. This is the Absolute or Dynrnnical method, and forces 
when so measured are called accelerating forces. 

39. Forces may also be measured by ascertaining the number of 
units of a standard force (in England, the number of pounds 
weight) which will exactly coiinteract them. This is the Statical 
method, and forces when so measured are called statical forces. 

§ 5. Modes of Action of Force. 

40. Forces may be supposed to act upon bodies in very many 
different ways. Forces might act apparently at random, and 
without any law whatever j but such forces cannot, of course, b& 
studied in any way, and therefore we need pot consider them 
further. All forces which are known in nature act according to- 
definite laws ; that is to say, they are connected with space and 
time by certain definite relations, which can be expressed in words 
or symbols. 
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41. First, as to relations to time.-*-.4 force may either he a con- 
tinuous force, that is, it may always be going on ; or, it may he a 
discontinuous force, that is, may act at intervals only. When a 
force is practically instantaneous in its action, and the actions 
occur at intervals more or less long, the force is called an Impulse. 
Examples of impulses are the blows of a hammer on an anvil, of a 
dapper upon a bell, &c. They occur at definite intervals, but the 
time they last is too small to be measured. 

42. There may be other forces ■which are discontinuous but not 
impulsive ; such is the action of a cam in machinery. A cam 
is a projection on the outside of a revolving wheel, which, each 
time that it comes round, lifts or moves some piece out of its 
way, then lets it fall back again. This lifting, however, is not an 
instantaneous, but a gradual action. 

43. It will be observed that these cases of discontinuous forces 
are so only because they have been specially so arranged by the 
power of man. Their discontinuity is in fact apparent, not real. 
The forces of nature are, so far as we know, always continuous ; 
that is, they never cease acting, although their action may be 
counteracted. They are also uniform ; that is to say, if the rela- 
tions of space remain unaltered, the force will remain always the 
same. In other words, if the force be expressed in symbols, the 
symbol for time does not enter into the expression. 

44. Secondly, as to relations with space. — There is probably no 
limit to the number of ways in which forces may be supposed to act, 
and all kinds of suppositions are constantly made in the form of 
problems for the exercise of students. For instance, we may 
suppose that, at every point on a certain straight line, a person 
would find himself acted upon by a force of a definite amount, say 
10 lbs., acting along that straight line ; but that if he got away 
from the straight line the force would disappear. Again, we may 
suppose that at every point in a certain plane he would find him- 
self acted upon by a force tending, we will say, to the northward, 
but that if he got off this plane the force would disappear. Or 
again, the force might not be constant, but the farther he got to 
the north the greater or the less might the force become. Or 
again, he might find himself always acted upon by a force which 
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tended to turn him in a cerfcaia direction, and then to keep him 
in that direction. Of this last we have an actual example in 
nature, in the force which causes a magnet, wherever it is, to 
turn north and south, and to keep pointing in that direction. 

45. Yet again, we may suppose a person to be walking over 
the surface of a sphere, and find himself always drawn towards 
the centre of that sphere. This is what happens to all of us in 
passing over the surface of the earth. We are always being 
drawn towards the centre, and the force which draws us is some- 
times called the " attraction of gravitation," and sometimes our 
own weight. But this is not all : for, if we rise above the surface, 
as in a balloon, or if we pass beneath it, as in a mine, we still 
find ourselves drawn towards the centre ; and this wUl be the 
case however near to, or however far from, that centre we may 
arrive. Such a force is what is called a central force ; it is as if 
a power existed at one particular point (in this case the centre 
of the earth) which was always pulling towards that centre every 
body that came within its range. 

46. In other cases the force might always be pushing bodies 
away from the centre instead of towards it, which is expressed by 
saying that it is a repulsive, and not an attractive force. Again, 
the force may be the same in amount whatever the distance from 
the centre, or it may be different at different distances ; and in 
the latter case, there may be any number of ways in which this 
variation of the amount with variation of the distance may take 
place. In the case of the earth, for instance, the amount varies 
inversely as the squares of the distances; by which is meant that if 
the distances are represented by 1, 2, 3, 4, ifec, and if the amount 
of the force at distance 1 is represented by F, then the amounts at 

F F F 

the other distances will be — > -^, -7^) &c. 

4 9 16 

47. It is very desirable to master at once this conception of 
central forces; because, so far as we can see at present, the whole 
of the phenomena of nature are probably due to the action of 
central forces, and, therefore, their treatment has an importance 
infinitely beyond that of any other mode of force. 
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§ 6. Matter. 

48. "We have now defined force and motion, but it still remains 
to define that which force acts upon. The general name for this 
is matter ; and many writers on Mechanics are content to assume 
that matter is a familiar object to all, and refuse to define it. 
Others give definitions. Of these, perhaps, the best is that of 
Thomson and Tait, who define matter as " that which can be 
perceived by the senses, or as that which can be acted \ipon by 
or can exert force." This last clause sets forth the very im- 
portant truth, that matter both acts and is acted upon, — that it 
is not only the Object, but also the Source, of Force. For the 
purposes of Mechanics, however, a more precise definition is 
desirable, and this is now to be given. 

49. Definition. — Matter consists of a collection of centres of 
force distributed in space, and acting upon each other according 

to laws, which do not vary with time, hut do vary mth distance. 

50. This definition is of matter in general ; but in practice we 
ai'e always treating of some definite portions of matter, and we 
require names to express these portions, according to their size 
and other properties. The names usually employed are the follow- 
ing, beginning with the most elementary. 

51. (1.) The centre of force itself is called an ultimate atom, or 
a physical point. Like a geometrical point, it has no assignable 
parts or magnitude, and cannot therefore be compressed, extended, 
or divided. It is, in fact, a geometrical point, conceived as having 
also the properties of exerting and receiving forces, and of being 
movable through space, whilst retaining its constitution unaltered. 
The word " point " is, perhaps, the simplest and shortest which 
can be applied to it; but it is sometimes desirable, for greater 
clearness, to use the word " centre." 

52. (2.) A collection of points or centres acting on each other, 
and so intimately and closely bound up together that no known 
process or natural force can separate them, is called an atom or a 
molecule. 

53. (3.) A collection of points, simply considered as so small 
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that for the purposes of any particular investigation, or for those 
of Elementary Mechanics in general, it may be considered as con- 
centrated in a single central point, is called a particle. This word 
is used merely to imply that all questions of size, rotation, consti- 
tution, &c., are for the present left out of account. 

54. (4.) A collection of points of any size or shape whatever, 
w^hich for the purpose of any investigation is treated together as 
a whole, is called a body. 

55. A few remarks may be subjoined. The above is a defini- 
tion of Matter, only as a term of Mechanics and as concerned 
with Force. It does not assert or deny that Matter may have 
other properties — e.g., the properties which distinguish the 
different chemical elements may be special properties unconnected 
with force. On the other hand, the definition does really embrace 
wliat are recognised as the general properties of Matter, such as 
Extension, Hardness, Colour, Temperature, &c. Of these Exten- 
sion is included by saying that the centres are distributed in space, 
and the remainder are now recognised as properties depending 
upon Force. Again, the definition does not preclude the exist- 
ence of different hinds of matter ; such, for instance, as that the 
particles of any one kind should only act on each other, and not on 
particles of the other kinds. Whether there is any such division 
into kinds in Nature is, however, doubtful, certainly it is not 
obvious or familiar ; and in this treatise it will be assumed that 
all the matter considered is of one kind, that the centres of force 
are all alike, and all act on each other by like laws. 

56. There is one fundamental fact with regard to matter which 
must be stated, before we can even commence our investigations. It 
is expressed by saying that any given body, under the action of any 
given force, will only be caused to move over a finite distance in 
a finite time. In other words, the motions caused by any known 
forces will always be finite or limited motions. 

57. The reason why we must make this limitation is obvious. 
Let us suppose there was a body which did not possess this pro- 
perty, and which, therefore, on being acted upon by any force, 
would assume a motion which was infinite. Then the first time 
such a body was acted upon by any force, it would be moved to 
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an infinite distance, and, therefore, we could never see or know 
anything concerning it. Everything we can measure or investigate 
in any way must itself be finite, and this applies to motion as much 
as to other things. 

58. This fact is generally expressed by saying that matter has 
Inertia ; and inertia is spoken of as a special property of matter. 
It is only so, however, as being a special case of the general fact 
that finite causes only produce finite efiects. Eetaining the name, 
the principle may be expressed as follows : — 

59. Principle of Inertia. — All things within ov/r range ofhnow- 
ledge being finite, any Icnown hody under the action of any known 
force will only assume afimite inotion in afi/nite time. 

60. Measurement of Matter. — Since matter consists of centres 
of force, which we assume to be all alike, the qua/ntity of matter 
in a body sim/ply means the number of centres of force contained 
in it, just as the quantity of shot in a given bag simply means the 
number of pellets. This might be called the absolute definition of 
Mass, mass meaning the quantity of matter in a body; and 
if we could actually count the number of centres of force, this 
would be a practical mode of measuring matter; but this is 
impossible, and we must find some other method. For this 
purpose we use the assumption that all centres of force act on 
each other alike, and with forces which are equal at equal 
distances (Art. 55). 

61. Let us suppose that we can isolate a certain centre of force, 
and place it so that it is at practically equal distances from all the 
centres of force in a body. Then the force which the body 
exercises on this external point is simply the force due to one 
centre multiplied by the number of centres, and, therefore, is 
proportional to that number. Hence the force existing between 
the point and the body will be a measure of the body's mass. 
Now we cannot really isolate a single point in this way, but 
practically we can treat the earth as a standard isolated body, 
having the whole of its mass concentrated at the centre ; and then 
we measure the mass of any other body by the force existing 
under standard circumstances between it and the earth. But this 
force is called its weight ; and therefore we arrive at the principle 
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laid down by Newton from experiment, that the mass of a body is 
to he measured by its weight. "We thus arrive at the following 
definition : — 

Definition. — The number of centres, or the quantity of matter, in 
a body is called its Mass ; and it is measured by its weight. 

62. We have seen that the weight of a body is determined by 
comparing it with a standard unit of weight — i.e., in England, the 
weight of the standard pound at or near London. In measuring 
mass, however, we need not make the latter restriction. Suppose 
we take the standard pound, or a copy of it, to any other place, and 
weigh it against a given body at that place : then, if the two weights 
are eqiial, we know that the number of centres of force in the two 
bodies are equal, since the total attraction exercised upon them by 
the earth at that place is the same. Hence the masses of the two 
are equal. In this way the standard pound is often looked upon 
rather as a standard of mass than of weight, since its mass is the 
same everywhere, while its weight depends to some extent on its 
position. "We may even suppose the earth annihilated, or removed 
to an infinite distance. The weight of the pound would then 
become nil; but its mass would remain the same, and if it were 
made into a ball and fired out of a gun, it would fly no faster and 
no slower than it does now. 



§ 7. Measurement op Force as related to Matter. 

63. We have already seen (Art. 38) that forces are proportional 
to the velocities they generate in the same or like objects and in 
the same or like times. We are now in a position, having defined 
matter, to go farther, and see how forces may be measured when 
they cannot be applied to the same or like objects; in other words, 
how they are to be measured when the matter on which they act 
is taken into account. 

64. We have seen that the solar system, considered mechanically, 
is a collection of like centres of force, or points, acting on each other 
by like laws, which vary with the distance. Let us now consider a 
single point, as related to any number, n, of other points, which are 
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all at the same distance from it, and form, in fact, an element or 
small part of the surface of a sphere, of which it is the centre. It 
is evident that the force existing between any one of these points 
and the first point will be the same ; and therefore, the total force 
acting between the first point and the element will be proportional 
to the number, n, of points — i.e., by the definition (Art. 61), to the 
mass of the element. If these forces are left to themselves, then, 
taking the central point as fixed, the element (since force causes 
motion) will move towards it or from it with ever-increasing 
velocity. But suppose another force to act directly upon the 
element and keep it at rest ; then this force must balance the force 
existing between the element and the centre, and therefore it also 
must be proportional to the mass of the element. Hence we see 
that if the velocity is to be unaltered, force must vary as the mass 
it acts upon. But we have already seen (Art. 38) that when the 
mass is unaltered force varies as the velocity generated in a given 
time. Hence, by the ordinary law of proportion, when both are 
altered force varies as the mass acted upon multiplied by the 
velocity generated in a given time. 

65. Definition. — The 'product of the mass by the velocity of a 
body is called the Momentum ; and forces considered in relation to 
the inass of the bodies they move are called Moving Forces. 

We may therefore state the conclusion at which we have 
arrived in Art. 64, by saying that moving forces are measured 
by the momenta which they generate in a given time. This is 
a principle laid down by Newton in Definition VIII. of the 
Principia, and in many later works announced as the Third Law 
of Motion. 

66. On this system the proper, or absolute, mode of measuring 
force would be to isolate two centres of force, place them at the 
\mit of distance from each other, and observe the relative velocity 
at the first instant after they began to move. This would form 
an absolute elementary unit of force j and the force actiuc 
between a centre of force and a body, in any other case, would 
be found by multiplying this absolute unit by the number of 
centres in the body — in other words, by its absolute mass — and 
by that function of the distance which expresses the law of the 
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forces. It is oTavious that this process is impossible. As in the case 
of mass, we must resort to the standard furnished us by the earth 
on which we live. As already described (Art. 34), we begin by 
taking a certain piece of matter — such as the standard pound — 
which we agree to regard as a standard of mass. The weight of 
this pound, taken in London — since the force exercised by the 
earth may differ at different places — we take as the iinit of weight. 
Any force, so long as it produces no motion, is measured by the 
number of such pounds which it will support — in other words, by 
the number of units of weight which it will balance. This is the 
measure of Statical Force, and its imit is the weight of a pound. 

67. Again, if we consider forces as acting always on a unit of 
mass, and if we suppose that there is no force acting in the 
opposite direction, then these forces will be measured simply by 
the velocities which they generate in a given time. This is the 
measure of Accelerating Force, and its unit is a unit of velocity 
generated in a unit of time on a unit of mass. In England the 
unit of velocity is 1 foot per second, and since gravity, or the 
attraction of the earth, generates a velocity of about 32-2 feet per 
second in one second, we say that the value of the accelerating 
force of gravity is 32-2. This value we shall call g. 

68. Thirdly, if forces act on different masses, and produce 
naotion in them, then the forces are measured by the product of 
the mass and the velocity generated in a unit of time. This is 
the measure of Moving Force, and its unit is a velocity of 
1 foot per second, generated in a mass of 1 lb. weight, and in a 
unit of time. Here, as before, we must consider that there are 
no forces acting in the opposite direction. In other words, the 
measure of moving force is only the measure of the unbalanced 
part of a force. The balanced part of a force is to be measured by 
statical standards only. 

69. It must be clearly understood that, when we speak of 
statical, moving, or accelerating forces, we do not refer to different 
kinds of force, but only to forces as measured in different ways. 
The same force may take any one of the three names, according to 
the circumstances under which it acts. 
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§ 8. Laws of Motion. 

70. We have now defined the things of which Mechanics is the 
science — viz., Motion, Force as the cause of motion, and Matter 
as that which exerts force and has force exerted upon it. "We 
may now go on to lay down the leading principles of the science 
itself. 

71. Newton, when he arrives at the same point in the 
Principia, proceeds by laying down three "Axioms or Laws 
of Motion," which, though not actually discovered by him, have 
ever since borne his name. Tliese, literally translated from his 
own words, are as follows : — 

" First Law of Motion. — Every body continues in its condition of 
rest, or of iiniform motion in a straight line, except in so far as it 
is compelled by impressed forces to change its condition. 

'^Second Law of Motion. — Change of motion is proportional to the 
moving impressed force, and takes place along the straight line in 
which the force is impressed. 

" Third Law of Motion. — Reaction is always opposite and equal 
to action ; or, the mutual actions of two bodies are always equal, 
and in the opposite directions." 

72. These laws are usually given as independent axioms, merely 
adding proofs, or rather illustrations, drawn from experience. 
The laws, however, are not really independent. They can be 
derived from our definitions, by the help of certain axioms or 
principles which are not peculiar to Mechanics, but may be looked 
upon as universal truths of physical science. This we shall now 
proceed to show. 

73. Derivation of the First Law of Motion. — This law can be 
deduced from a principle, which may be called the Principle of Con- 
servation. It is best expressed by the simple words — "Effects live." 
By this is meant that the eflfect of any physical cause does not 
die away or cease when the cause is withdrawn, any more than 
the life of an animal ceases when it is born ; nay, more, it will 
not cease at all, but will continue to live by its own vitality, as 
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it were, unless and until it is actually put an end to by some 
other cause of the opposite character. In a word, an effect does 
not cease of itself ; it is only destroyed. And even when destroyed, 
it is not as though it had never been ; for its destruction in itself 
produces an effect, and in some way an equivalent effect, on the 
agent which has destroyed it ; and by the same law this effect 
also lives, unless and until it likewise is destroyed by some third 
agent, to which in turn it also communicates an equivalent effect; 
and so the generation is continued for ever. 

74. The proof of the principle of conservation, like that of most 
other generalisations, lies mainly in the fact that the evidence in 
its favour is continually augmenting, while that against it is 
continually diminishing, as the progress of science reveals to us 
more and more of the workings of the universe. That it is true 
to some extent is shown by such every-day facts as that a stone 
continues to fly after it has left the hand, that waves continue to 
roll after the wind has dropped, that the horseshoe continues to 
glow after it has been withdrawn from the fire, and so forth. On 
the other hand, the apparent exceptions — i.e., the cases in which 
effects seem to die away altogether, after a longer or shorter 
interval — are so many that it is not to be wondered at if for many 
ages the principle failed to impress itself on the human mind. 
But the progress of modem science has shown so many of the 
exceptions to be apparent only, not real, and has at the same 
time brought to light so many additional instances of the rule, 
that the current of thought has changed ; and the danger is now 
lest men should follow the rule too blindly and implicitly, and 
extend it to regions where it has not been shown to hold. 

75. Assuming the principle, the proof from it of the first Law 
of Motion is as follows. Motion is the effect of force. But 
effects live. Therefore, the particular effect called motion lives. 
Therefore, a body once acted on by a force, and so set in motion, 
will retain that motion unchanged — i.e., the same both in 
intensity and direction — unless and until some other force 
supervenes to cause a change in it. But motion which is not 
changed in intensity, is uniform motion ; and motion which is not 
changed in direction, is motion in a straight line. Hence, a body 
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not under the iminediate action of any force, if it moves at all, 
will move uniformly in a straight line. 

76. Second Law of Motion. — This law, as enunciated by 
Newton, is practically the same as the principle that force is 
measured by the velocity which it generates, and has already been 
proved in Art. 38. But Newton added to the law a very 
important scholium, or explanation, to the effect that any force 
acting on a body will produce its full proportionate effect of 
motion, whatever other forces or motions the body may be 
subjected to at the same time > " the new motion being added 
to the previous motion, if it is in the same direction, or subtracted 
from it, if it is in the opposite direction, or obliquely combined 
with it, if the directions are oblique, and compounded with it 
according to the directions of eaeli." It is this corollary to the 
law which really introduces the new conception, and, accordingly, 
it has gradually been substituted for the law itself. The usual 
form in which the law stands is as follows : — Wlien any number 
of forces act upon a body, at once, each produces its wJwle effect in 
altering the magnitude and direction of the body's velocity as if it 
acted singly on the body at rest. 

77. As examples of this law various facts may be cited. If an 
object be dropped within a railway carriage in motion, it wUl fall 
perpendicularly on the floor, exactly as it would do if the carriage 
were at rest. If a bullet is fired from a rifle, it wiU fall to the 
earth exactly as fast as if it is dropped from the hand ; for which 
reason elevation has to be given to rifles or cannon whenever the 
distance is great. Again, the surface of the earth, and everytbinc 
on it, is always moving with great velocity round the axis joining 
the poles ; but of this motion we are not even conscious, and it 
does not affect in the slightest degree the other forces in motion 
on the surface. 

78. This law may be proved as follows. If a force, in the pres- 
ence of any circumstances, fails to have its full effect in impartino- 
motion, this can only happen for one of two reasons. Either the 
force does not act so as to produce its effect; or, although the force 
acts, yet the effect dies away again. But, by our definition of 
matter, forces are always acting, and if the distance be the same 
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are always the same ; and by the principle of conservation effects 
live and do not die away. Hence, neither of the above supposi- 
tions, upon these principles, can be true j therefore, forces do act 
under all circumstances to produce their full effects, which is the 
proposition required. 

79. Third Law of Motion. — Before we can understand this 
law, we must know what is meant by action, and how action is 
to be measured. Newton himself has not stated this explicitly, 
and hence there has been some confusion about the meaning 
of this law. In fact, if we are considering the action between 
bodies, that action must be measured in different ways, according 
as the bodies are at rest or in motion relatively to each other. 
In the first case, as Newton has elsewhere intimated, it is measured 
by the forces existing between the bodies, and in the second by the 
energy exerted, which we are not yet in a position to define. If^ 
however, we confine ourselves to the ultimate elements of matter, 
as given by our definition, then there is no difficulty. Por we 
have assumed matter to consist of centres of force, all alike, 
and all acting on each other according to the same laws. Hence, 
the force with which one centre acts upon a second is the same as 
that with which the second acts on the first, because the distance 
between them is the same whichever way it is measured. If we 
call either of these forces the action, the other will be the reaction ; 
and it will be equal to it in magnitude, and opposite to it in 
direction. But this is what is asserted by the third Law of 
Motion. 



§ 9. Fundamental Equations foe Motion in one Stkatght 
Line and under a Single Force. 

SO. The laws of motion, with our definitions, enable us to lay 
down at once the fundamental propositions as to the action 
between two points or centres of force, or between two bodies each 
of which may be supposed to be concentrated in a single centre. 
Practical examples of the latter case are the attractions of the sun 
and earth, neglecting the disturbing forces of the planets, or the 
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fall of a body to the earth, neglecting the resistance of the air. In 
such cases the ideas involved become greatly simplified. 

81. In the first place, since all motion is relative to some point 
assumed to be fixed, we shall naturally assume as our fixed point 
one of the two centres of force concerned, and thus investigate the 
motion of the other in reference to it. Thus, in the case of the 
earth and sun, we assume the centre of the sun as fixed ; and in 
the case of a falling body, we assume the centre of the earth as 
fixed. 

82. Secondly, if the body assumed to be in motion be a single 
centre of force, it is an absolute unit of mass ; and if it be a group 
of centres, the distances of all of them from the stationary body are 
assumed to be the same, and therefore each centre forming the 
group will be acted on by the same force. The total force on the 
group is therefore always proportional to its number. Hence, the 
motion will be the same whatever be the mass ; and therefore the 
idea of mass need not be included, at least as long as the two 
bodies are still at a considerable distance from each other. In 
other words, we have only to treat the forces as accelerating, 
not as moving forces. (Arts. 38 and 65.) 

83. Thirdly, as no other forces are acting, the whole of the 
action will take place in the straight line joining the centres, and 
the question of the combination of forces, which has not yet been 
settled, does not enter. 

84. Let us consider two bodies, A and B, and investigate the 
motion of A with regard to B, taken as fixed. The problem will 
be stated mathematically thus : — Given tJie distance, 1, between A 
and B, at the instant when A begins to move, and the accelerating 
force, f, with which B acts on A; to find the velocity of A {referred 
to B) at t seconds after that instant, and also the space, s, which it 
has passed over from its original position toviards B. 

85. Let us, in the first place, assume that the force with which 
B acts on A is constant. This is, of course, against our definition 
of matter, and is never exactly true in nature. But it may be 
assumed as true — according to the ordinary principles of mathe- 
matical reasoning — when either the interval of space or the interval 
of time, which we are considering, is relatively exceedingly small. 
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The former of these suppositions holds practically in the case of 
falling bodies, where the variation of gravity due to the ajjproach 
towards the centre of the earth may always be neglected. The 
latter supposition will enable us to calculate the effect of a varying 
force, by supposing it to be represented by the effect of an indefinite 
number of constant forces, each acting independently and for an 
indefinitely short interval of time. 

86. We therefore begin by assuming that the force is constant. 
It will therefore be measured by the velocity y generated in one 
second (Art. 38). Moreover, by the second law of motion, this 
velocity will in no way affect the action of the force, which in the 
next second will again generate exactly the same velocity,/! At 
the same time, by the first law, the velocity, f, generated in the 
first second will remain unaltei-ed. The velocity at the end of 
the second second will therefore be f-^f, or If. In the third 
second a third velocity,/) will have been added, making the velocity 
3y. By similar reasoning the velocity at the end of t seconds will 
be tf; or, if Y be the velocity of A at the end of t seconds, we 
have 

V=/< (1.) 

87. The above equation has been proved only when t is an 
integral number of seconds. It remains 'to show that it holds for 
any value of t. For this purpose we may suppose the force to act 
by a number of successive impulses given at equal small intervals, 
d t, and each generating the same small velocity, v. Then, just 
as above, the actual velocity at the end of any number, n, of such 
intervals will be the sum of the n velocities generated ; or, if "V 
be this velocity, V = ti u. Now, let w be the number of intervals, 
dt, which make up one second, so that ndt = \. In this case the 
velocity generated is the acceleration. Then 'V=f; hence the 

V 

equation, Y = nv, becomes /=«» = — , or v=fdt. 

Again, let n be the number of intervals making up any other 
time, t, so that ndt = t. Then the equation becomes . 

Y = nv = nfd t =/x ndt -ft. 
Since the interval d t may be any whatever, this equation is quite 
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general : and we may therefore take as the general relatioa 
between accelerating force and velocity 

Y=/<. 

88. We have now to iind the space, s, described in the time t. 
For this purpose we adopt the same artifice as before. Suppose 
the time, t, to be divided into a very large number, n, of very small 
equal intervals, cZi. Then we may suppose that during each of 
these intervals the velocity remains constant at the value it has 
at the beginning of the interval ; and the smaller the intervals, and 
therefore the larger their number, the nearer will this supposition 
be to the actual truth. But if the velocity be constant, the space 
described in each interval will be simply the velocity x the interval. 
Now, by equation (1), the velocities at the successive intervals, 
1 tow, are 0,fxdt,fx2 dt,fx3 dt, . . . .fx{n-l) dt. Hence 
the spaces described in the successive intervals are 0, f-x-dt"^, 
2fxdfi, 3fxd^, .... (m - l)fxdfi. But the total space must 
be the sum of the spaces described in the successive intervals, 
and it is therefore equal to fdt^ [1+2+ . . . .+ (re- 1)], or to 

fdt^x - — ^ — . But ndt = t ; hence this may be written 

ff_f± 
2 2 re 

The larger n is, the nearer will this expression be to the truth ; 
but the larger n is, the smaller does the second term of the 
expression become. Hence, in the limit this second term will 
vanish, and the true value of the space described in the time 

«isY- 

[For those acquainted with the Integral Calculus this proposition 
can be put more briefly and clearly. The total space described is 
clearly the sum of the indefinitely small spaces described during 
each of the intervals d t. But for each of these spaces we may 
suppose the velocity constant, and therefore the space described is 
the velocity at that instant multiplied by the length of the interval. 
This is expressed symbolically by 

ds = vdt. 
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But V =ft. Hence 



,= jds=f/tdt = ^.'] 



89. In the above investigation we have started with the instant 
when A began to move, so that A's initial velocity is 0. Let us, 
however, suppose that A has an initial velocity, v^, in the direction 
of B. Then, by the second law, this velocity will not in any way 
be affected by the action of the force,/, acting in the same direction. 
Hence the velocity at the end of the time t will be 

and the space described in the same time will be 

s^^v^t + i/t^ 

v^ t being evidently the space described by the point in the time 
t with the velocity v. 

If the velocity is in the opposite direction, it will be diminished 
by the action of the force /, and the corresponding equations 
will be 

Y = v^-ft 

90. Lastly, to find the relation between velocity and spac& 
described. If A start from rest, then, since v =ft, and s —^, we 
have 

If A have an initial velocity, «j, then 

v = v^±ft (A), 

« = ^i«±-^ (B). 

Hence fM 
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Therefore 

v'^ = v^^±1fs (C.) 

This last is the general form of the equation connecting velocity 
and space described. 

91. The equations (A), (B), and (C), are the general equations 
for the motion of a body in one straight line, and under the action 
of a single accelerating force; and they may be considered as 
fundamental equations for Dynamics. By Art. 68 they will also 
apply to the case of moving forces ; for if P be the force, m the 
mass moved, and/ the velocity generated in a unit of time, on the 
acceleration, we have by that article, 

P 

P = 7?i/, or -=/. 

This gives the value of the acceleration in this case, and the 
same proof will then apply; we may therefore use the above 

P 

equations, writing — iovf. 



§ 10. Composition op Foeces. 

92. Eepresentation of Forces by Straight Lines. — Many 
problems in Mechanics can be readily solved by geometrical 
methods, thus dispensing with the need of the higher calculus. 
This is due to the fact that forces can be completely represented, 
for mechanical purposes, by straight lines. Thus, if we take the 
absolute mode of measuring a force, it is represented by the 
velocity which it will generate in a unit of time and in a unit 
of mass. Now, this velocity has a certain value, which is 
measured by the number of feet moved through per second ; 
and it has a certain direction, which is measured by the angle 
it makes with some line taken as a fixed standard within the 
plane in which it moves. For example, the direction in which a 
ship is steering is given by tlie angle it makes with the meridian, 
or the line of north and south. But direction and number can 
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both be represented geometrically. Assume any point, 0, Fig. 1, 
in the plane of the paper to be the material n 
point or centre on which the force acts. Draw 
any line, O N, in this plane to represent the 
direction taken as the standard — for instance, 
north and south. Draw through the point 
O a line O P, making with this line the 
same angle which the direction of the force 
makes with the standard line ; and along 
O P measure O A, having the same num- ^^g- !• 

ber of units of length as the velocity has. These units of length 
may be actually the same — e.g., a velocity of 2 feet per second 
may be represented by a line 2 feet long ; or they may be on a 
different scale — e.g., we may represent the velocity of 2 feet by 
a line 2 inches long, which is said to be on a scale of Jj. In 
either case the line OP completely represents in magni- 
tude and direction — that is, in its only essential properties — 
the given force ; and if we represent other forces by similai' 
lines to the same scale, then any geometrical proposition we 
can prove to hold of these lines will also hold of the forces they 
represent. 

Or again, we may take the statical definition of force, and say 
that it is fully determined when we know its point of application, 
its direction, and the number of pounds pressure it will balance. If, 
then, we draw P from the point of application, and make O A 
represent to any convenient scale the number of pounds pressure in 
any given case, then O A will completely represent the force in that 
case. 

93. Having established the fact that forces may be represented, 
for the purposes of Mechanics, by straight lines, we are now in a 
position to go on and consider what will happen when not one, but 
several forces act together upon the same point. The funda- 
mental problem in this department is to find the resultant of 
any given set of forces acting together upon a point, where 
the word resultant is used in the sense of the following defini- 
tion : — 

94. Definition. — When the effect of several forces acting together 
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wpan a point is/otmd to be the same in all respects as that of a single 
Jorce supposed to act hy itself on the point in their place, then 
this supposed single force is called the Besultamt of the set of 
forces. 

95. Theorem. — There mu^t always he a single resultant for any 
set of forces acting on a point. 

Either the point begins to move (or alters its motion) under the 
action of the forces, or it does not. If it moves, it can only move in 
one definite direction, and with one definite velocity ; and by the 
definition of force, this eflfect is the same as if it were caused 
to move by the action of a single force tending in that particular 
direction, and of such amount as to generate that particular 
velocity. If it does not move, then the efiect, by the first Law of 
Motion, is the same as if the point were not acted on by any forces 
at all ; so that the resultant of the forces is zero. There is then 
equilibrium, according to the following Definition : — 

Definition. — Wlien the resultant of the forces acting upon a point 
is zero, there is said to he equilibrium between the forces, and the 
point is said to he in equilibrium. 

96. Problem. — To find the resultant of two forces acting 
on a point along the same straight line and in the same 
direction. 

By the scholium to the second law (Art. 76), or by the principle 
of conservation, which includes it, each force will produce its full 
effect independently of the other. Hence, if A and B are the 
absolute values of the forces, the point will have imparted to it 
a velocity of A feet per second, and also a velocity of B feet per 
second, both in the same direction. It will therefore have a 
velocity of A + B feet per second in that direction. This is the 
same effect as if it had been acted on by a single force whose 
measure was A + B. Therefore the resultant in this case is the 
sum of the forces. 

97. Problem. — To find the resultant of two forces acting on a 
point along the same straight line, but in opposite directions. 

As before, each force will produce its effect independently of 
■the other. Let A and - B be the forces (the negative sign indicat- 
ing the opposition in direction, as in Algebraical Geometry), and 
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lot A be tke greater and = B + C. Then, by the last theorem, 
the effect of A is the same as the effect of the two forces B and C, 
•of which it may be considered the resultant. Hence, we may treat 
the centre as being under the influence of three forces — viz., two 
equal forces, B and - B, acting in opposite directions, and a third 
force, 0, acting in the same direction as B. But, by the principle 
of symmetry, the effect of the two forces B and — B must be zero. 
Hence, the whole effect is that due to the third force C, or A - B, 
and the point moves as if it were acted on by a single force 
= A — B. Therefore, in this case the resultant is the difference 
of the two forces. 

98. What we have here called the principle of symmetry is 
very widely used in Applied Mathematics, but is generally assumed 
without any discussion. As this is the first time that we have 
introduced it, and as we shall use it in other cases, it is desirable 
to give some account of it. 

99. The principle, in its general form, may perhaps be best stated 
thus : — When a cause, or set of causes, is so related to two opposite 
effects that there is no reason whatever why one of those effects 
should take place rather than the other, tJien neither of the effects will 
he produced by the cause or causes ; and this relation is said to he a 
relation of symmetry. 

100. Of this principle, as of others, it may be true that when 
thus stated in its general form it is not easy at once to grasp its 
bearings. An illustration or two will make it clearer. We put 
a rein or a curb on each side of a horse's mouth, and then by pull- 
ing on both, together we know that we shall not cause him to turn 
to either side, because there is as much reason to turn to the 
one as to the other. In Euclid, the axiom that figures which 
coincide are equal to each other, really rests on this principle, since 
there is no reason why one of two such figures should measure 
more than the other, or why it should measure less. In ordinary 
mechanical practice we admit at once that two equal weights 
suspended over a pulley by a weightless string will remain at 
rest, because there is no reason why either should either rise or 
fall ; and for the same reason that two equal weights suspended 
from the ends of an equal-armed horizontal lever wiU also remain 
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at rest. This last fact has, indeed, been made the basis of a com- 
plete system of mechanics, which would thus rest directly on the 
principle of symmetry. 

101. Problem.^— 2'o find the resultant of any number of forces 
acting on one point and in one straight line. 

Let the positive forces (or those which tend in the positive 
direction) be A, B, C, &c., and let the negative forces be —a, — h,- c, 
&c. Then by Art. 96, the resultant of the forces A and B is 
a force (A + B); the resultant of the forces (A + B) and C is a 
force (A + B + 0), and so on; therefore the resultant of the 
positive forces is ( A + B + C + ...). Similarly, the resultant of the 
negative forces is - (« + 6 + c + . . .). And by Art. 97, the resultant 
of these two forces acting in the same line, but in opposite direc- 
tions, is given by taking their difference, or by (A + B + C + ...) 
~{a + b + c+ ...). Hence we have the law that the resultant of 
any number of forces acting in one straight line is found by taking 
the algebraical sum of the forces. 

102. We have now to consider the question of finding the 
resultant of forces which do not act in the same straight line. 
This we shall proceed to solve by the aid of the principles already 
laid down, including that of symmetry (Art. 99). "We shall begin 
with the simplest case, that of two forces whose directions are at 
right angles. 

103. Problem. — A point or centre is acted on by two forces whose- 
directions are at right angles; to find the resulting motion of ilia 
point. 

Suppose the two forces to begin to act on the centre at rest, and 
to act upon it for an indefinitely small time, d t, and then to cease. 
If we assume, for the moment, that only one force has acted, it will 
have generated in that time a certain velocity, f d t (Art. 87), 
where / is the measure pf the force, being the velocity which 
would be generated if the force continued constant for one second. 
Since the time considered is indefinitely short, we may consider the 
force as constant during that time. 

This velocity,/cZ t, will cause the centre to describe, in the next 
element of time, a certain indefinitely small space, d s, propor- 
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tional to the velocity. Hence, d s is proportional to /. 

Let P (Fig. 2), be the position of the d 

centre at the end of the first interval, dt, f^ q 

and let P Q be the element of space which 

would be described in the second interval. 

Then P Q is proportional to /. Let P R be 

the element of space which would be described 

in the second interval, supposing the other 

force, /i, to be the only one acting. Then 

by similar reasoning P E. is proportional to/j. And by hypothesis 

P E is at right angles to P Q. 

We have now to find the space actually described by P under 
the joint action of the two forces. By the second law (Art. 76), 
/will still produce its full effect, and will therefore actually cause 
P to describe the space P Q, except in so far as that space is 
increased or diminished — in other words, in so far as P is 
accelerated or retarded — by the action of fi. But since the 
direction of f^ is at right angles to P Q, it has no more tendency 
to produce an acceleration of P along P Q than to produce a 
retardation, and vice versd — in other words, _^ is sjTnmetrical with 
respect to motion along P Q, and therefore, by the principle of 
symmetry, it will produce no effect either in accelerating or 
retarding. Therefore P will still travel the full distance PQ 
in that direction. 

But by exactly similar reasoning, it will also travel the full 
distance P E, in that direction ; for by the same principle of 
symmetry, the fact that it is also moving in the direction P Q will 
have no effect on its motion in the direction P E. 

This amounts to saying that, at the end of the time dt,F will be 
found somewhere on the line, A Q B, which is drawn through Q at 
right angles to P Q ; and also somewhere on the line E D, which 
is drawn through E at right angles to PE. Hence its actual 
position must be the point S, in which these two lines meet. And 
since the elements of space here considered are indefinitely small, 
the path of the centre will not differ from a straight line joining 
its extreme positions; in other words, from the straight line PS. 

But P S is the diagonal of a rectangle, the sides of which are 

3 
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proportional to/ and /i. Hence, P S is similarly proportional to 
V/2 +/2 ; and, therefore, the path of the particle is exactly the 
same as if it had been acted on during the first interval, dtjhj a. 
force >J f^+fi, whose direction coincided with P S. Hence, we 
have this result : — When a centre is acted upon by two forces at 
right angles to each other, the effect is exactly the same as if it were 
acted upon hy a single force, which is represented in magnitude and 
direction by the diagonal of any rectangle whose sides represent in 
magnitude and direction the two forces acting. 

In the foregoing proof we have supposed, for simplicity, 
that the forces cease to act during the second interval ; but by 
the second law of motion the action of the forces during that 
interval will not alter the effect due to the action of the forces 
during the first interval, but must simply be added to or subtracted 
from it. But, by similar reasoning, we may show that the effect 
of this action in the second interval will be the same as if the 
diagonal force ^/f +f-^ continued to act during that interval ; 
and therefore the result which we have arrived at will hold also 
for the second interval, and also for the third, fourth, fifth, <fec., 
and is generally true for any time during which the two forces 
continue to act on the centre. 

104. Corollary. — The above proof gives the principle of the 
combining, or, as it is usually called, the compounding of two 
forces at right angles to each other, which act together on any 
centre. Conversely, if a centre is acted on by a single force, P S, 
we may in thought regard it as under the action of two forces in 
any two directions, P Q, P E, at right angles to each other, pro- 
vided we consider the values of these forces to be represented by 
P Q, PR, the sides of the rectangle of which P S is the diagonal. 
On this supposition we are said to resolve the single force into two 
component forces at right angles to each other. 

105. We have now to extend the proposition to cases where the 
forces are not at right angles. 

106. Parallelogram of Forces. — Problem : — A point is acted on hy 
two forces whose directions a/re at any amgle voith each other; to find 
the resulting motion of the point. 
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Precisely as in the last proposition, we may represent the effect 
of the two forces/ and/, considered singly, by two straight lines, 
P Q, P E (Pig. 3), drawn from the position of the point at the end of 
the first interval, d t. Complete the parellelogram P Q S E, and join 
PS. Draw QA, RB, perpendicular to PS, and complete the 

parallelograms Q A P, D R B P. Then, Q s 

by Art. 104, we may consider the force 
P Q as resolved into the two forces, P 0, 
PA, at right angles to each other, and °<, 
the force PR as resolved into the two 
forces, P B, P D, at right angles to each 
other. But by geometry it is evident that d' 

AQ = BR, and therefore PC = PDj ^'g- 3- 

hence the force represented by P C is equal in magnitude and 
opposite in direction to the force represented by P D ; and there- 
fore, by the principle of symmetry, they will cancel each other, 
and will have no effect upon the motion of P. Hence the 
motion of P will be entirely due to the forces represented by P B 
and P A, and therefore it will be along the common direction of 
those forces, that is, along the line P S. 

Moreover, by geometry, P B = A S j therefore PA = BA + AS 
= B S, and therefore PB + PA = PS. Hence the joint effect 
of the forces/and/i will be to make the centre, P, move through 
the space, P S ; which is the same as the effect of a single force 
represented by P S. 

Hence, just as before, we establish the general proposition : — 
If a point is acted upon hy two forces at once, whose directions make 
<my amgh with each other, the effect will he the same as if it was 
acted on hy a single force, represented in magnitude amd direction 
hy the diagonal of the pa/ralMogram, whose sides represent in 
magnitude and direction the two forces acting. 

107. Corollary. — Conversely, if a point be acted upon by a 
single force, P S, we may in thought regard it as acted upon by 
two forces in any two directions, P Q, PR, provided we consider 
these forces to be represented by P Q, P E, the sides of a paral- 
lelogram, of which P S is the diagonal. 

108. "We have thus established the proposition of the paral- 
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lelogram of forces, which forms practically the foundation of 
Statics. It should be observed that the forces, in the above 
proof, have been represented by the velocities genex-ated by them, 
as in dynamics, and not by the pounds weight they will balance, 
as in statics ; but it is clear that a proposition which is tnie of 
things when measured in one way cannot become false when they 
are measured in another way, and therefore the proposition may 
be at once assumed to be true for the science of statics as well as 
for that of dynamics. 

109. Let P Q, P R (Fig. 3) represent two forces, Q and R, 
acting on a point, and let P S, the diagonal of the parallelogram, 
represent the force S, which, as shown above, is their equivalent. 
Then S is the resultant of P and Q, and P and Q are said to be 
the components of S in the directions PQ, PR respectively. 
The forces Q and R are said to be compounded in the direction 
P S ; and the force S is said to be resolved in the directions 
PQandPR. 

110. Problem. — To find the numerical relation between the 
resultant of two component forces, and either of the components. 

This means simply to find an expression for the diagonal of a 
parallelogram in terms of its sides. Let P Q S R (Fig 3) be the 
parallelogram, in which the angles Q P S, R P S are supposed 
to be known. Then, by Trigonometry, 



PS=PQx 



PS=PRx 



sin Q P R 
sin R P S 

sin Q P R 



sinQPS 
If Q P R be a right angle, as in Fig 2, these equations become 

PQ = PSxsinRPS = PSxcosQPS 
PR = PSxsinQPS = PSxcosRPS. 

111. The above proof of the parallelogram of forces is not the 
same as has been given in most works on Mechanics. The proof 
usually given is known as Duchayla's ; and as the importance of 
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the proposition makes it desirable that the student should exatnine 
it from various points of view, we shall proceed to give this 
proof also. 

112. The proof rests on a new principle, which has been called, 
The principle of the transmission of force through a rigid body. It is 
enunciated as follows : — (Axiom) — A force may he supposed to 
act at any point in its direction, provided that point be considered 
as rigidly attached to the point or centre on which the force really 
acts. 

113. Thus, let P (Fig. 4) be a force acting on a point or centre at 
A, and let B be a point in P's /^ b 

line of action. Then, if we " *"'' 

suppose B to be rigidly con- ^^S- * 

nected with A, so that the distance between them is always 
unalterable, the effect on A will be the same whether we 
suppose the force to act at A or at B. 

114. With regard to this principle, it should be remarked 
that the point B, and the connection, of whatever kind, between 
it and A, must be considered to possess no mass : because the 
effect of the same force cannot remain the same if the mass on 
which it acts is increased. In reality, the principle applies to the 
action of force on finite bodies, not on single points : and accord- 
ingly it has been enunciated as follows : — If a force act upon a rigid 
body, it may be supposed to act at any point in its line of direction, 
without any alteration taking place in its effect, 

115. Thus, if we examine the force required to lift a ball of 
lead by a string, we shall find it to be exactly the same, whether 
the string is attached, to the top of the ball, or whether it passes 
through a vertical hole made in it, and is attached at the bottom 
or anywhere between the top and bottom. In this way the 
principle may be proved experimentally ; but it must be owned the 
instances of its truth are not very clear or familiar, because other 
circumstances almost always interfere. Its truth will scarcely be 
fully apparent, until the effect of a force of any kind u^Don a rigid 
body has been examined ; and this belongs to a later stage of the 
subject. Assuming, however, that the principle is true, we may 
use it to prove the parallelogram of forces, as follows. 
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116. Problem. — To prove the parallelogram, of forces so far as 
the direction of the resultant is concerned. 

When the forces are equal, it follows from the principle of sym- 
metry that the direction of the resultant will bisect the angle 
between the directions of the forces ; hence, if we represent the 
forces in direction and magnitude by two equal lines drawn from 
the point at which they act, the diagonal of the parallelogram 
described upon these lines will be the direction of the resultant. 

Next, suppose that the proposition, just proved for equal forces, 
is true for two unequal forces, P and Q, and also for P and E. ; we 
shall show that it will be true for P and Q + K. 

Let A (Pig. 5) be the point of application of the forces ; take A B 

to represent P in direction 
and magnitude, and AC 
to represent Q ; complete 
the parallelogram A B D 0, 
then by hypothesis A D is 
the direction of the resul- 
tant of P and Q ; and, 
since a force may be sup- 
posed to act at any point 




Q-m 



Fig. 5. 



of its direction, we may consider D as the point of application of 
the resultant of P and Q ; or we may suppose the forces, P and 
Q, themselves to act at D, P being parallel to A B and Q to A G | 
or still further, we may suppose P to act at C, instead of D, in 
the direction D. 

Again, the force E. which acts at A may be supposed to act at 
C ; take C E to represent it in direction and magnitude, and com- 
plete the parallelogram C D F E. Then by hypothesis C F is the 
direction of the resultant of P and R, taking both to act at C : 
hence the resultant of P and R may be supposed to act at F, or P 
and B may themselves be supposed to act at that point parallel 
to their original directions. 

Lastly, the force Q, which is at present supposed to be acting at 
D in the direction D F, may be supposed to act at F. 

Hence we have reduced the forces P and Q + R acting at A, to. 
P and Q + R acting in the same directions at F ; consequently F is. 
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a point in the line of action of the resultant, and therefore A F is 
the direction of the resultant : that is, if the proposition be 
true for P and Q, and also for P and R, it is true for P and 
Q + E. 

But the proposition is true for P and P, and also for P and P, 
therefore it is true for P and 2P, therefore for P and 3P, and so on j 
therefore generally for P and mP. 

In like manner the proposition may be extended to mP and mP 
(m and n being whole numbers), that is, to any commensurable 
forces.* 

The proposition is extended to incommensurable forces as 
follows : — 

Let AB, AC (Fig. 6), represent any two incommensurable forces; 
complete the parallelogram A B D C, and if A D is not the direction 
of the resultant, let it be A E. Suppose A C to be divided into a 
number of equal parts, each part being less than E D, and suppose 
distances of the same magnitude to be set off along D beginning 
at 0, then one of the divisions must fall between E and D ; let F 
be the point which marks the division, and complete the parallelo- 
gram AGFO; then AF is the 
direction of the resultant of the 
commensurable forces A G, A C. But 
A F makes a larger angle with A C 
than AE, that is, the resultant of 
A Gr and A C lies farther away from 
A C than the resultant of A B and 
A C, although A G is less than A B, which is absurd : hence A E 
is not in the direction of the resultant. It may be shown in 
like manner that no other line is in that direction except A D. 
Hence the proposition, which was true for com/mensurable forces, 
is true for incommensurable forces also. 

117. To prove the pa/rallelogram of forces with respect to the 
magnitude of the resultant. 

Let AB, AC (Fig. 7), represent the forces; complete the 

* Two quantities are said to he commensurdbk when their ratio can be 
expressed by the ratio of two whole nwmbers. 
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parallelogram A B D C, join D A and produce it to D', making 
A D' equal to the resultant of A 1) and A C in magnitude ; com- 
plete the parallelogram A BCD', and join AC. 

Then, since A D' is equal to the resul- 
tant of A B and A C, and drawn in the 
direction opposite to that of their resul- 
tant, the three forces A B, A C, A D' mU. 
balance each other, and therefore any one 
of them is in the direction of the resultant 
of the other two; hence AC is in the 
direction of the resultant of A B, A D' ; 
but A C is also in that direction, therefore AC, AC are in the 
same straight line. Hence A D B C is a parallelogram ; therefore 
AD = BC: but BC = AD', therefore AD = AD'. And by 
construction AD' represents the resultant of AB and AC in 
magnitude, therefore AD also represents the resultant, and the 
proposition enunciated is true. 




Fig. 7. 



118. The relations between two component forces and their 
resultants, as given in Art. 110, enable us to solve the general 
problem of the resultant of any number of forces acting together 
upon the same point. For simplicity, we shall first consider the 
problem in the case of two dimensions — in other words, when all 
the forces lie in the same plane. 

119. Problem. — Any number of forces act at the same point, t/ieir 

directions all lying in the same jila/ne : 
to find tlve directum and magnitude of 
their resultant. 

Let P be any one of the forces acting 
at the point A (Fig 8). Let the plane 
of the paper be that in which the forces 
act ; in that plane choose any two lines 
at right angles to each other, A X and 
AY, and let Q be the angle which 
the direction of P makes with AX. 
to 



Then 



Fig. 8. 
P is equivalent 
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P COS acting in the direction A X, 
together with P sin „ „ A Y. 

In like manner, a force P', the direction of which makes an 
angle ff with A X, is equivalent to 

P' cos ff acting in the direction A X, 
together with P' sin 0' ■ „ ,, AY. 

And so on for any number of forces. Hence, adding together the 
forces which act in the same direction, we shall have a system of 
forces P cos 0, P' cos ff..., acting along the line AX ; and by 
Art, 110 this is equivalent to 

P cos + P' cos ff + .. . . acting in the direction AX.* 
Similarly we have P sin + P' sin 0' + ...in the direction AY. 

For shortness' sake, let 

Pcos0 + P'cos0'+... = X, 
Psin0 + P'sin0'+...=Y, 

and let E. be the required resultant, ^ the angle which its direc- 
tion makes with the line A X ; then 

E, cos (p = 'K, 

R sin d) = Y ; 

.-. tan9!, = J, P2 = X2 + Y2- 
These formulae determine the direction and magnitude of the 
resultant of the system of forces. 

[120. Next, let us consider the general problem in three dimen- 
sions, in which there is no limitation whatever as to the forces. 
The enunciation will be as follows : — 

121. Problem. — Any number of forces act upon the same point; 
to find the direction and magnitude of their resultant. 

Let A be the point (Fig. 9), and take any three axes, AX, AY, 

* If any of the forces act in the opposite direction to A X, they must Ijo 
given the negative sign. . 
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A-Z, at right angles to each other, to which the forces may be 

referred. Let A P be any 
one of the forces P, and 
let X, y, z be the angles 
it makes with the axes : 
draw P M perpendicular 
to A Z, and P N per- 
pendicular to the plane 
Y A X, and therefore 
parallel to AZ. Then 
P M is at right angles 
• to PN, and PM, PN 

are the components of 
P in the directions A N, 
A Z respectively. Again, 
perpendicular to A X and A Y respec- 
N Q (or A Q and A E.) represent the 
components of AN in the directions AY and AX. Thus on 
the whole we have AP represented by the three components AE, 
A Q, A M. But A E is at right angles both to P N and N E : 
therefore it is at right angles to the plane PNE, and therefore to 
the line P E, which meets it in that plane. Hence, since A E P 
is a right angle, A E = A P x cos x. 

By similar reasoning A Q = A P x cos y. 
And by construction A M = A P x cos z. 

Hence, any force, P, is always equivalent to three forces acting 
poi/rallel to amy three rectangula/r aoces, and having the values, P cos x, 
P cos y, P cos z respectively, where x, y, z, are the angles which the 
direction of P makes with the axes respectively. 

Hence, as in the last article, the whole system will be equivalent 
to the following : — 



Fig. 9. 
if we draw N E, NO, 
tively, then NE and 



P cos a + Pi cos x^ + 
P COS y + Pi cos 2/1 + 
P cos z + Fi cos »i + 



= X along the axis of x. 
= Y « „ y- 



And if R be the resultant, we shall have 
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R COS (E X) = X, 
Ecos(RY)=Y, 
E cos (E Z) = Z, 

where E X is the angle which R makes with the axis of x, (fee- 
We also have 

E2 = X2 + Y2 + Z2.] 

122. Parallelogram of Velocities. — From the fact mentioned in- 
Art. 108, that in the proof of the Parallelogram of Forces the 
forces have been represented by the velocities generated by them, 
it follows at once that the velocity of a point at any moment may- 
be supposed to be resolved into two component velocities, on 
exactly the same conditions as a force may be resolved — viz., that 
the lines representing the components form the two sides of a 
parallelogram, of which the diagonal represents the actual velocity. 

This proposition is usually demonstrated independently as the 
Parallelogram of Velocities, and is often stated in the converse 
form — namely, that two velocities, existing at the same time, may 
be compounded into a resultant velocity. This, however, is a con- 
fusion of ideas. It is quite right to regard a body as under the 
action of two forces at the same time, and to compound their 
effects, because such forces may be separate realities ; but the 
velocity of a body at any instant must be in one definite direction, 
and of one definite amount, and it is only in thought that it is 
possible to analyse it into two velociiiies tending in two different 
directions, and capable of being studied independently. 

123. Resolution and Composition of Velocities. — Exactly as in 
Art. 121, it may be shown that any velocity, V, of a particle in 
space may be resolved into three velocities along any three rec- 
tangular axes that may be chosen, the values of the component. 

velocities being 

Y cos X, Y cos y, Y cos «, 
respectively. 

§ 11. Moving Forces — Energy — Work. 

124. In this section we propose to examine the leading; 
principles with regard to Moving Forces, as defined Art. 65.. 
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This investigation differs from that of Accelerating Forces, already 
discussed in § 9, in two main particulars. 

125. Firstly, instead of confining ourselves to the action of two 
centres of force on each other (or of two particles which may 
be treated as collected in two centres, and as equal in all respects), 
we have here to treat of the action of a centre of force upon 
a number of other centres, or of two sets of centres upon each 
other ; in other words, the idea of mass (which, as we have seen, 
Art. 60, means primarily the number of centres) comes here into 
the problem. 

Thus, let us take any mass, M, and suppose it to be acted upon 
solely by the accelerating force of the earth's attraction — in other 
words, to be let fall towards the earth. By Art. 67, the value of 
this accelerating force is 32'2 feet per second, a value which is 
always represented by g. But moving force is represented by the 
product of the mass and the velocity generated in a second ; hence 
the moving force of gravity on the mass M is represented by M g. 
Now the figure representing the moving force must be proportional 
to that representing the statical force, since they are the same 
thing, except that in the one case the cause produces motion, and 
in the other it only tends to produce motion (for which reason they 
are measured in different units). Hence, if W be the statical force 
acting on the mass — in other words, its weight in pounds — then by 
the meaning of proportion, we must have 

where C is a constant. 

It is convenient to get rid of this constant by assuming such a 
value for the unit of mass as shall make the constant unity ; so that 
the equation may be W = M g-. To fix what this unit of mass must 
be, let us take W = 1 lb. Then, the equation will be 1 = M ^, and 

in order to make the equation become 1 = 1, we must have M = -■ 

9 
But M is the mass of 1 lb. Therefore, the mass of 1 lb. is repre- 
sented by — , or is - of the unit of mass ; hence the unit of mass 
y g ' 
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is the mass of 32-2. lbs., instead of the mass of 1 lb., as we might 
otherwise have assumed it. 

The absolute unit of mass would naturally be the number of 
centres of force in the body which is the unit of weight : but this 
cannot be determined. The unit here given — viz., the mass of 
g lbs.- — is the most convenient. It enables us (from the general 
formula P = M/) to lay down the following law : — 

If P he any force measured statically, and M the mass it acts 
upon, the formula for accelerating force may he applied hy dmply 

P 

taking ^ as the value of tite acceleration. 

126. Secondly, we have no longer merely to do with two centres 
of force, and two forces acting in opposite directions and equal to 
each other. We now include the case where there is a third force, 
or set of forces, which acts upon one of the first two, but does not 
act on the second. To make this clear, let there be two centres or 
particles, A and B. Then in the case of accelerating forces. Art. 
84r, we considered only the mutual actions of A and B, and the 
motion of B with regard to A, as fixed. But we may now suppose 
that there is a third point, 0, which exercises an action upon B, 
and thus modifies its motion with regard to A, but which exercises 
no action upon A. This latter fact may be supposed to arise in 
several ways. Thus C may be supposed to be much farther from 
A than fiom B, and the forces to diminish so rapidly with the 
distance, as to make the force between and A insignificant as 
compared with that between C and B. For example, if we suppose 
one end of a bar of iron, 6 inches long, to be brought close to a 
magnet, the magnetic attraction on the farther end would be 
insensible as compared with that on the nearer. Or again, we may 
suppose A to be absolutely fixed in space by some other force, 
which does not afiect B or C. For example, in terrestrial 
mechanics the centre of the earth is regarded as being thus fixed, 
no motions of any ordinary bodies being able to produce any 
appreciable effect upon it. 

127. Taking the simplest case first, we will suppose that there 
are only two bodies, A and B, to be considered, and that the mass 
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•of the moving body, B, is represented by m. The action of A 
then takes the form of a certain unbalanced force, F, acting upon 
the mass m. We will assume that this force is constant. This 
assumption is not, of course, absolutely true for any of the known 
forces of nature, if they act for a finite time; but is practically true 
for many of them, — e.g., the attraction of the earth on bodies at its 
surface, — and is practically true for all, if the interval of time 
considered is exceedingly small. 

128. Making these assumptions, the fundamental question to be 
answered in this department is the following : — A constant un- 
balanced force, F, acts on a particle of mass m, which is in 
motion dwring the action ; how are we to measure the total effect of 
the force upon the particle whmi the action has lasted for a given 
time ? 

129. The answer to this question may be stated at once. It is 
that the effect is measured, with regard to the force, by The 
product of the force and of the distance m,oved through by the 
centre or body, in the direction of the force, duri^ig the action. 
And this product is called the Energy Exerted by the force. 
Again, with regard to the body moved, the effect is measured, if 
the body start from rest, by The product obtained at the end of 
the action, by multiplying together half the mass and the square 
of the velocity in the direction of the force ; or by the difference 
between this product and the similar product taken at the 
beginning of the action, if the body has already a velocity in 
that direction when the action commences. This product is 
called the vis viva, or the kinetic energy, or the actual energy, 
or the energy of motion, of the body ; and the effect of the force 
is therefore measured by the change in this quantity, whichever 
name be used for it, during the action. 

130. These principles are laid down in many text-books without 
any explanation of the reason why the energy exerted — i.e., the 
product of the force and the distance — is the proper measure of 
the effect of the force. Nor does it at first sight seem clear 
why the element of time should be altogether absent from the 
measure of the effect, or why this measure, referred to the body, 
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should be in terms of the sqiiare of the velocity, and not of the 
velocity simply. 

131. To elucidate this, let us suppose that the force, instead of 
being continuous throughout the motion, acts discontinuously at 
certain equal small intervals of space ds ; so that, at the beginning 
of each of these intervals, there is an instantaneous action which 
generates in the body exactly the same velocity as is really 
generated during that interval by the continuous force. Let 
the number of these intervals in any space s be n, so that s^nds. 
Then the total effect on the body, while traversing the space s, 
will, by the second law of motion, be the sum of the n effects 
due to the action of the n equal impulses at the beginning of the n 
intervals. It is evident, therefore, that, so long as the strength of 
the impulses remains the same, the total effect will vary as n. 
But s = nds, and ds is supposed always the same ; therefore, the 
total effect will vary as s. 

Again, if the number of the impulses remains the same, the 
effect will, of course, vary with the strength of each impulse; 
in other words, with the force. 

Hence, by the ordinary principle of variation, if both the spaces 
and the forces be different, the effect will vary as their product. 
But by considering the length of each interval ds as indefinitely 
small, and therefore the number n as indefinitely great, we may 
make the assumed circumstances approach indefinitely near to 
those of a constant force acting continuously over the same space; 
and hence we may say that the effect of such a force will vary 
as the product of the force itself, however measured, and the 
distance through which it acts. 

This, as already stated, is called the energy exerted by the 
force. It does not contain the element of time, because neither 
the number of impulses nor the strength of each impulse are in 
any way affected by the velocity with which the body passes over 
the successive intervals ds ; in other words, by the time which it 
occupies in describing the whole distance s. 

132. We have thus shown that if F be the moving force of a 
given centre A, and s the space through which it acts on any 
other body or centre B, its effect will be properly measured by the 
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product F s. This assumes that F is constant. If F vary with 
the distance, as will always be true in nature, then the same holds 
for each indefinitely small element of space ds — i.e., the effect of 
the force, while the moving centre B traverses this element, is 
measured by F ds. 

133. Let us now endeavour to express the same product in 
terms of the mass and velocity of the body B. Assume that the 
body starts from rest : let v be the velocity generated by the force 
in the time t, and let/ be the velocity which would be generated 
by' the force in a unit of time. Then / is a measure of the 
accelerating force acting on B, and by Art. 90 we have 

■»2 = 2/s, or/« = -^. 
Multiply both sides by the mass m ; then we have 

But mf represents the momentum generated in a iinit of time, 
and, by Art. 65, this is the measure of the moving force F. 
Hence we may write 

_, mv^ 
F« = ^. 

But by the last article F s, or the energy exerted, represents the 
effect of the force F acting over the distance s. Hence we see 
that, as referred to the moving body B, this effect is measured by 
multiplying the mass into the square of the velocity, and dividing 

2 

by 2. This quantity, —^ , we call the kinetic energy of the body 

whose mass is m and velocity v. 

134. As an illustration, let us suppose that two equal shots are 
fired successively out of the same gun, that the velocity of each is 
measured as it leaves the muzzle, and that the velocity of the 
second shot is found to be twice as great as that of the first. Let 
Fj and Fg be the forces of explosion in the two cases, supposed to 
be constant during the motion of the shot up to the muzzle. Then, 
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since s and m are the same in both cases, the equations for the two 
cases will be 

Hence we have F^ = 4 Fj^ ; in other words, the force of the 
explosion must have been in the second case four times what it 
was in the first. 

135. It may appear at first sight that this is not consistent with 
the fact (Art. 29) that force is measured by the velocity generated. 
If this is so, and if the velocity generated is double in. the second 
case, must not the force be double also, and not quadruple ? But 
the stiident must remember that the measure of forces is velocity 
generated in the same time, not in the same space. Since space 
described is proportional to velocity, and since Fj generates velocity 
twice as fast as Fj, it follows that the first shot will traverse the bore 
of the gun in half the time of the second. Hence, what Fj has 
really done, in comparison with Fj, is to generate double the 
velocity in half the time ; and to do this it must clearly be four 
times as great. 

136. We have hitherto supposed that the point started from 
rest. Let us now suppose that it had, in the direction of the 
force, an initial velocity Y. Then the equation of motion is 
(Art. 90) 

b2 = Y2 + 2/s, 
or 

«2 - Y2 

Multiplying by m as before, we have 

Fs = m — ^ — . 
Eut — ^r— is the vis viva, or kinetic energy, at the end of the time t, 
and — rr— is the kinetic energy at the beginning of the same time. 
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Therefore the expression on the right hand represents the change 
which has taken place in the kinetic energy during the motion; and 
therefore the correct general statement of the fact here proved is 
as follows : — If a constant unbalanced force act upon a moving body 
for a given time, its effect is m^easured, either by the energy acerted 
(Fs) as regards the forces, or by the change in the kinetic energy 

I m — ^ — ) •'s* regards the body. 

[137. The proposition proved above may easily be generalised. 

Problem. — To find the effect of a force F, acting for an element of 
time, d t, upon a point P, whose co-ordinates are x; y z, and which is 
moving with a velocity v. 

Suppose the co-ordinates of P, at the end of the time d t, to be 

x + dx, y + dy, z + dz; let vx, vy, vz represent the angles which 

P's direction of motion makes with the three axes respectively, and 

let Vx, Fy, F » be the angles which F's direction makes with the 

same axes. Then, by the laws of the resolution of forces, Art. 

121, we can resolve F into three forces — F cos Fa;, F cos Fy, 

F cos F z — parallel to the axes ; and by the resolution of velocities, 

Alt. 123, we can resolve v into three velocities — v cos vx, v 

cos vy, V cos vz — parallel to the same axes. Similarly, x£ dvhe 

the velocity generated by the force, we can resolve v + dv into 

(v + dv) cos vx, (v + dv) cos vy, and (v + dv) cos vz respectively. 

Then, confining our attention to the axis of x, we have a point 

which, in the tirnle d t, moves through a space d x under the action 

of a force F cos F x, and with a velocity which increases from 

V cos vx to (v + dv) cos vx. Hence, by Art. 136, the effect of the 

force will be measured, either by the energy exerted, F cos Fx cZa;, 

(v + dv)^ — v"^ 
or by the change in the kinetic energy, m ^ ^ cos^ v x. 

There will be a similar expression for each of the other two 
axes, formed by simply changing x into y and z respectively.] 

138. Hitherto we have assumed that there is no third force 
acting on the moving centre B so as to affect its motion towards 
the fixed centre A. This is what would be true if A and B were 
the only centres in the universe. In nature such a case, of course. 
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cannot occur. The number of centres in the mechanical universe is 
incalculable, and by the definition of matter these all act upon both 
A and B. There are cases, however, where the action of these 
extraneous centres, owing to their distance or other causes, is 
insignificant when compared with the direct action between A and 
B, and may for many purposes be neglected. One such case is 
that of a body falling to the earth in vacuo. Another is the case 
of impact, such as the blow of a hammer, where the action is 
almost instantaneous. In these cases the efiects are represented 
with sufiicient exactness by the expressions indicated above. But 
we must now go on to consider what modifications are introduced 
by the presence of other forces. 

139. Let us take the simplest possible case, and assume that, in 
addition to the fixed centre of force. A, and the moving centre, B, 
there is a third centre, C, placed in the prolongation of the line 
A B, on the other side of B, and therefore acting upon B in the 
opposite direction to the action of A.* For further simplicity, we 
shall assume, (1.) that C and A have no mutual action; (2.) that B 
is initially at rest ; (3.) that C as well as A is fixed ; (4.) that the 
forces with which A and C act on B are constant, or only vary by 
amounts that may be neglected. We will consider hereafter how 
far these assumptions can be realised in the universe, and how far 
they affect the conclusions. 

140. Problem. — To find the net effect of two inoving forces, 
acting in opposite directions upon the same particle. 

Let P and Q be the forces with which A and C respectively act 
upon B ; and let P be greater than Q. Then, by the second law 
of motion (Art. 76), each of these forces will produce its full effect 
exactly as if the other was not present, and the net effect upon B 
will be simply the difference between these opposite effects. Since 
P is greater than Q, B will move towards A. 

Let s be the distance through which B has moved towards A at 
the end of a given time. Then the effect of A will be measured, 
just as before, by the product P s. Por, as in our former proof 

* It is supposed througliout that the forces are attractive ; if they are 
repulsive the demonstrations will not be affected, but B's motion will be in 
the opposite direction. 



52 THE student's mechanics. 

(Art. 131), we may imagine the action of A divided into impulses, 
■which act at successive points in space separated by small intervals. 
These impulses are independent of the time occupied in describing 
the intervals between one point and another, because, by the 
definition of matter, the forces are not functions of time. More- 
over, each of these impulses will produce its full effect, by the 
second law, independently of the action of C. Hence, as before, 
the total effect will vary jointly as the number and strength of the 
impulses, and will, therefore, be represented by P s. 

Let us now make a similar assumption with regard to the action 
of C, namely, that it is divided into impulses acting at the same 
points in space as those of A. Each of these impulses will produce 
its effect, but this effect will be neutralised, as regards B, by the 
opposite impulse due to A ; and the net impulse actually given to 
B will be the difference between the impulses due to A and 
respectively. 

Let dv he the acceleration produced by one of the impulses 
given by A, and let n be the number of such impulses in a second. 
Now each impulse, being instantaneous, can be measured only by 
the total momentum it generates, that is, by mdv, where m is the 
mass of the body acted upon. And since the impulses are equi- 
valent to the force, it follows that the sum of the momenta 
generated in one second by the impulses must equal the momentum 
generated in one second by the force. But this momentum is the 
measure of the force itself. Hence we have 

p 

n (m d v) ^T, or m d V = ~- 
^ ' n. 

By precisely the same reasoning we have 

mdv-, = ~. 
n 

Here dv-^ is the acceleration due to each of the impulses given by 
C, and n is the same as before, because the impulses from A and C 
act simultaneously at the same place and at the same time. But 
if we take any pair of these impulses, they constitut* two forces, 
acting on the same point in opposite directions, and therefore, by 
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Art. 97, the net effect is that due to the difference betweeu them. 
But this difference is 

mav - mdv-, = . 

'■ n 

Heuce the net effect of all the impulses measured during one 
second is 

n 

therefore the effect on the point B is the same as if it were acted 
upon continuously by a single force (P - Q). Hence, by Art. 133, 
when the point P has described the space s, the net energy exerted 
will be represented, as regards the forces, by 

(P-QK 

and as regards the moving point by 



where m is B's mass, and v its velocity at the end of the space s. 

141. The various quantities considered in the foregoing funda- 
mental investigation have all received names, with which it is 
necessary that the student should be acquainted. To some of 
them different names have been assigned by different writers : we 
shall give in the text those which have been generally adopted ; 
but we shall mention the others in footnotes, in order that the 
student may not be at a loss, if he should hereafter consult books 
in which those terms are used. 

142. (Def.) If a point B is acted upon hy a force P in one 
direction, and hy a leaser force, Q, in the opposite direction (Art. 
140), then the name usually given to P is the Effort, amd that given 
to Q is the Eesistance. 

Again, we have seen that the net effect is the same as if the 
point had been acted upon by a single force equal to the difference 
of the two acting forces, or P - Q. This difference, P - Q, is 
called the Unbalanced Effort. 

Again, the gross effect of the effort P on B is represented by Ps, 
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s being the space moved through by B in the given time. This ia 
called the * Energy Exerted by A upon B. 

Again, the gross effect of the resistance Q on B is represented by 
— Q s (the negative sign being required, because Q acts in the 
opposite direction to P). This is called the fFotential Work 
done upon B. 

Again, the effect of the unbalanced effort (P - Q) on B is repre- 

sented by either of the expressions (P - Q)s, or -;j^ This effect is 

called the XKinetic Work done upon B. 

143. Now, with reference to these names, it may perhaps be 
asked by the student, why the potential work, — Qs, is not called 
the energy exerted by Q upon B, after the analogy of P s ? The 
answer to this is that this (as will be seen below. Art. 149) would 
not accord with the general definitions of work and of energy, upon 
which the above nomenclature is based. These definitions may 
now be given. 

144. Definition of Work. — If one centre of force, taken as 
fxed, acts upon a second centre, and if the second centre has a 
motion in the direction in which the force of the first tends to 
move it, then the first centre is said to do work upon the second ; and 
the work done is measfired hy the product of the force and of the 
distance moved through in the direction of the force. 

145. Definition of Energy. — Energy means the power of doing 
work ; and the total amount of energy possessed by any centre 
of force is measured by the total amount of work which it is capable 
of doing upon all the other centres upon which it acts. 

146. It will be observed that work, as defined above, is 
measured in terms of the forces, that is, in terms of the causes pro- 
ducing, not of the effect produced. It may be asked, therefore, 

* It has also been called the wovk accumulated or stored up in B, and 
also the total work done upon B hy P. 

+ It has also heen called the potential energy imparted to B, and also (by 
Eankine) the work done upon B simply. 

J It has also heen called the kinetic energy imparted to B, or the energy 
of motion, or (hy Rankine) the actual energy imparted to B : and lastly, it is 
known by the old term of vis viva. 
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how are we to recognise and measure work done in cases where 
we do not know the force acting, but can only observe the 
effect on the body acted upon ? The answer is that the effect is 
twofold. In the first jjlace, there will in general be an opposing 
force, or resistance, to the point's motion in the direction of the 
moving force ; and the motion of the body through a certain space 
against this resistance represents an effect, or work done, which is 
measured by the product of the resistance and the space described. 
This is, in fact, the commonest instance of what we call, in ordinary 
language, doing work ; as when we lift a body against the force of 
gravity, push it along a plane against the resistance of friction, and 
so forth. But, secondly, we may also consider ourselves as doing 
work when we throw a stone, or shoot an arrow; in which cases the 
resistances to the initial motion are insignificant, but we expend 
our energies (as we should say) in the simple fact of giving 
motion. Thus, if in the general case considered, the point has 
had its velocity increased while passing through the given space, 
then work will also have been done upon it in producing that 
increase ; and that work will be measured, as shown in Article 
136, by the increase of the vis viva. 

It is, of course, necessary that these two kinds of work, being 
quite distinct in character and measurement, should bear distinct 
names. Accordingly, the first is called the potential work, and 
the second the kinetic work,* as in Art. 143. 



§ 12. Conservation or Energy. 

147. Let us now consider the definition of energy. Since 
energy is the power of doing work, it follows that energy wiU be 
lost or expended whenever that power is diminished, gained 
whenever that power is increased. Now, as the body B approaches 
A, we suppose the action of A to be divided into a number of 
impulses, which act successively upon B. Each of these impulses 

*In Eankine's text-books, e.jr., his Applied Mechanics, the term work is 
restricted to the first of these classes, i.e., potential work, and must be so 
understood wherever it occurs. 
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has been given once for all, and has produced its proper effect in 
•work, potential or kinetic, or both. It cannot be given again, 
for the continuance of A's action upon B will only cause B to 
come closer and closer to A, and can never bring it back to those 
particular distances at which those particular impulses are always 
ready to act. Hence A's power of doing work upon B has 
been diminished by the amount of the work done by that par- 
ticular set of impulses : in other words, energy has been expended 
or lost. 

148. But let us now consider what has happened with respect 
to the action of C upon B. The effect of the motion has been to 
cause a series of attractive impulses, due to C, to take place upon 
B, as in the case of the impulses due to A ; but each of these 
impulses has been in the opposite direction to the motion, and it 
has been counteracted by the superior impulse due to A. At the 
end of the motion considered, B is farther from C than it was at 
the beginning, by the distance s. 

Now, if we suppose the action of A annihilated, and the points 
B and C left to themselves, what will happen ? The motion of B, 
being no longer kept up by the action of A, will be checked by 
the attraction of B, and finally stopped. Motion will then begin 
in the opposite direction — i.e., towards C. In time B will come 
again to traverse the space, which we have already described it 
as traversing, but now in the reverse direction. Since the action 
of C, by our definition of matter, is independent of time, and is 
always the same at the same distance, it follows that the first 
impulse given to B, on its returning road, will be exactly the 
same in magnitude and direction as the last impulse which it 
received on its outward journey. Similarly the second impulse of 
the new set will be precisely the same as the last but one of the 
old set, and so on throughout. Thus, while traversing the space s, 
B will receive over again a series of impulses precisely the same 
in number and amount as those it received on the former journey j 
in other words, an amount of energy will be exerted by C upon B, 
represented, as before, by - Q s. 

The power of expending this energy has been given to C by the 
action of A, in drawing B farther from : so that, while A has 



PART I. — FIEST PRINCIPLES. 57 

itself been losing energy, expended on B, it has increased C's 
energy {i.e., by definition C's power of doing work upon B) by 
the amount Q s. 

149. We now see why - Q s cannot be termed energy expended 
by C upon B : viz., because, as a matter of fact, instead of an 
expenditure of energy by C upon B, there has been an increase of 
energy, due to the more powerful action of B, tending in the 
opposite direction. 

150. We have here spoken of C as remaining fixed and B moving 
towards it, because that was the assumption with which we set 
ou.t. But of course we may just as well assume B to be fixed, and 
to draw C towards it by the equal mutual attraction subsisting 
between them ; or — which would really be the case if B and C were 
left to themselves — ^that they both move towards each other under 
the influence of that mutual attraction. The only difierence will 
be, in the last case, that the distance s, instead of being measured 
along B's path only, will be measured partly along B's and 
partly along C's; being, in fact, in aU cases, the distance by 
which the two centres have approached each other during the 
motion. 

We may therefore say that, on our definition of matter, the 
potential work done upon B in the course of its motion renders 
possible the exertion of a precisely equivalent amount of energy, 
due to the mutual attractions between B and C. 

151. We have thus proved that the energy lost by A in the 
case of the three points A, B, C, now considered, so far as it is 
expended in doing potential work, is balanced by an equiva- 
lent amount of energy gained by B ; in other words, so far as 
potential work is concerned, there is no gain or loss of energy on 
the whole, if we take the three points A, B, C, as constituting one 
system. We go on to consider whether the same will hold of 

the kinetic work, -^v^. 

152. To examine this question by itself, let us suppose that at 
the end of the space s the centres, A and C, are replaced by a 
single centre at C, acting with a force (P - Q) — that is, equal in 
amount, but opposite in direction, to the net force which has 
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generated the kinetic vork, —^ As before, we may suppose 

this force, P - Q, to act by impulses at intervals ds. Then, by the 
second law of motion, each of these impulses will produce its 
full effect upon B, irrespective of the fact of B's present motion ; 
it will therefore destroy a portion of B's kinetic energy precisely 
equivalent to that which was generated by any one of the n equal 
impulses which acted on B during its motion along the space s. 
Hence, by the time that n of these equal impulses, due to P — Q, 
have acted upon B, the whole of its kinetic energy will have dis- 
appeared, and it will be at rest. But in the meantime it has 
overcome the force P — Q through the distance nds = s, precisely 
as the force Q was overcome through the distance s in the former 
motion ; and therefore, as explained in Art. 148, the kinetic 

energy — =— > in disappearing, must have generated an amount of 

potential energy, due to the mutual attraction between B and C, which 
is represented by - (P - Q) s. This is precisely equal in amount to 
the energy by which the velocity v was originally generated in B. 
153. Here, as before, for the sake of clearness, we have repre- 
sented the energy as being destroyed by precisely the same steps 
as those by which it was generated ; but this representation is 
in no wise essential to the proof. We may suppose, for instance, 
that A and C are both annihilated, and that B flies on in a 
straight line, with undiminished velocity v, until it comes into the 
range of another centre, D, whose force, R, may be a repulsive one. 
The centre B will then be gradually stopped, and will come to rest 
in a distance S, which will depend on the value of E,, but which 

will certainly be such that E. S = -^'^ ; inasmuch as E, S is known 

to represent the total effect which E will, during the passage over 
the space S, have had on B, and this effect has been that of 

destroying the whole of the kinetic energy, represented by -^v^. 

We may, therefore, say that, on our definition of matter, 
the kinetic work done upon B in the course of its motion renders 
possible the exertion of a precisely equivalent amount of energy. 
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due to the mutual action between B and any otlier centre witliin 
whose range it may come. 

154. Let us now gather our results together. We started with 
an amount, P s, of energy exerted by A. We saw that the effect 
of this exertion was the performance of work, but work under two 
different forms — ^namely, potential work, represented by Q s, and 

kinetic work, represented by -^ v^. We then found that the per- 

formance of each of these amounts of work rendered possible the 
exertion of a fresh amount of energy, not due, like the first, to the 
action of A, but precisely eqtiivalent in amount to the original 
energy exerted by A in the two cases. Hence, we see that, taking 
the system as a whole, there has been no gain or loss of energy 
during the action. This is the principle of the Conservation of 
Energy as applied to this particular case. 

155. It wUl now be advisable to recur to the assumptions (Art. 
139) with which we started on this investigation, and see how far 
they affect the generality of the principle we have just stated. 

156. In the first place, we assumed that A is fixed. Since in every 
case of mechanics it is necessary to assume some fixed point, and 
to consider the motions relatively thereto, there is no difficulty in 
making A that point. In practice the centre of the earth may 
be considered as fixed for all questions of terrestrial mechanics,, 
and the centre of the sun as fixed for the purposes of astronomy. 

157. Secondly, we assumed that is fixed. But if have a 
motion in the direction C A, or the opposite, the only effect will 
be that we shall have to diminish or increase, as the case may be, 
the quantity Qs (expressing the energy imparted by C) by the 
quantity Qsj; where s^ is the space described by C, during the 
time of the motion, either in the direction C A or the opposite. 
The effect will therefore be the same (taking the first case) as if C 
were at rest, while the amount of Q was diminished in the ratio 
s - Si : s. There would thus be a diminution in the potential 
work, and, of course, a corresponding increase in the kinetic work, 
done by A. 

158. Thirdly, we supposed C and A to have no mutual action. 
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In reality this is not, of course, true, by our definition of matter ; 
but in many cases C and A may be fixed with regard to each other 
— as where coals are wound up from a pit by a steam engine at 
the surface, which is fixed with regard to the earth — and this 
amounts to the same thing. Moreover, as we shall see hereafter, 
the forces of cohesion are very great at insensible distances, but 
are quite inappreciable at sensible distances ; hence, in considering, 
for instance, the case of a rope in tension, we may treat any 
section as being influenced by the two sections on either side of it, 
but not by those beyond. If, however, A does act upon C, the 
effect is to move in the direction of A, and thereby make the 
distance between B and C, at the end of the motion, less than in 
the former case. Thus, let E. be the force which A acts on C, and 
S the distance through which has moved along the line C A. 
Then A will have exerted the additional energy R S, which will 
all take the form of kinetic work done upon C. 

On the other hand, the energy, P s, exerted on B will be just 
the same as before ; but the part of it which takes the form of 
potential work will be reduced from Q s to Q (s - S), because the 
number of impulses distributed over the space S wiU not have been 
given by C. 

Now the effect of this on B will be exactly the same as if, C 

remaining fixed, the strength of each impulse had been reduced 

in the proportion s - S : s ; for in that case the total effect would 

s - S 
be represented by Q x s = Q (s - S) as before. But if the 

resistance be reduced from Q to Q > then the unbalanced 

s 

elTort will be increased from P - Q to P - Q ^^^ : and the kinetic 

s 

work, due to this unbalanced effort, wiU be increased from 

(P-Q)sto ^P-qI::-^ )s, orto(P-Q)s + QS. 

Thus the kinetic work will be increased by Q S, which is exactly 
the amount, as shown above, by which the potential work is 
diminished. Hence the assumption that A acts on C does not 
introduce any gain or loss of energy on the whole ; the energy 
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exerted on C takes the form of kinetic work, and the energy 
exerted on B partly of kinetic and partly of potential work, as 
before, but divided in different proportions. 

159. Fourthly, we assumed that B is initially at rest. Now, 
let us suppose that instead of being at rest, the point B huA 
an initial velocity V in the direction B A. (If the velocity is in 
the opposite direction, B 0, the demonstration will be the same, 
simply writing - V for V throughout). Then, by virtue of 
this velocity, it will also have kinetic energy, represented by 

~9 ^^) ■which can be converted into potential work, as explained 

in Art. 152. Let t be the interval of time considered. Then, by 
Art. 91, since the net moving force (P - Q) has been acting on the 
mass m during the time t, it will have generated in B — irrespec- 

P_Q 

tive of B's initial motion — a velocity represented by i^ 

and will have caused B to describe a space represented by 

i -^i\ In addition to this B will have described, by virtue 

m 

of its initial velocity, a space V t. Hence the total energy exerted 

by A will now be represented by P ( V < + J 1 ^ ) ; and the 

total amount of energy which has to be accounted for at the end 
of the motion, is 



i^'^i'^"} 



Now the energy left at the end of the motion is as follows : — 
(1.) The potential energy, due to the potential work done in 

moving B through the space j V t + ^ —t ^ j in opposition to- 

the force Q. This is represented by 



{yt.^^t^)(i. 



(2.) The kinetic energy, due to the final velocity of B, or to. 
(V + * ) . This is represented by 
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Adding the two expressions, we get for the energy left 

2 2 m 

T^his is exactly the same expression as that given above for the 
total energy which has to be accounted for. It appears, therefore, 
that there is again no loss of energy during the motion, and there- 
fore the principle of the conservation of energy is not affected by 
the initial velocity of B. 

160. Lastly, we assumed that the forces P and Q are constant. 
This of course is never exactly true in the universe, although it is 
true within our limits of measurement in many cases — e.g., that of 
a stone falling to the earth. But we may always assume it to be 
true for an indefinitely small interval of time. Hence, for each 
such interval the conservation of energy will hold, and if so, it 
must also hold for the sum of the intervals ; that is, for any 
particular time that is considered. The energy exerted must, of 
course, be determined in this case by the methods of the integral 
calculus. 

161. We have thus proved that the principle of the conserva- 
tion of energy is true, with complete generality, fof the case in 
which there are only three centres of force, A, B, C, lying in the 
same straight line. 

So far as we have hitherto proved the principle, it may be 
expressed by saying : — " If we consider a system composed of three 
isolated centres of force, in the same straight line, then whenever 
energy, or the power of doing work, is lost by one of those centres, in 
consequence of their motions and mutual actions, an equivalent 
amount of energy will be added to one of the others, or to both 
combined ; and thus there is no loss or gain of energy in the 
fiystem as a whole. 

[Prom this we may deduce the truth of the general principle 
of the conservation of energy, as follows. 
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162. Theorem. — In any system of matter in motion under its 
own forces, the total energy, potential and kinetic, in the system 
remains constant. 

We have already proved this for the case of a point acted on 
by two other points, one on each side of it. We now pi-oceed to 
show that the case of a particle acted on by any number of other 
particles, in any position whatever, may be reduced to the above 
case ; and that the proposition is therefore generally true. 

Take the position of the particle, 0, at the instant under con- 
sideration, as the origin of co-ordinates, and let ajj, y-^, Hj, be the 
co-ordinates of any other particle, P, whose distance is r^, and 
which acts upon it. Then by the definition of matter, the mutual 
force between P and O varies only with the distance, and may 
therefore be expressed by the symbol 

mm^/{r^), 

where m m^^ are the masses of and P respectively, and / (r^) 
expresses any given function of r.^. 

iNow, to resolve this force parallel to the three axes, we have 
only to multiply this expression successively by the cosines of the 

angles which r, makes with the axes, that is, by J, ^, ^. Hence 
^ 1 ' ' •' r^' r^ r^ 

the resolved part along the axis of x is 

m w, ^ ^^ X-,. 
r^ i 

Let there be any number of similar points, whose co-ordinates are 
^2 2/2 ^2' ^3 2/3 ^3' ^^-i ^^^ 1^* them be resolved in a similar manner. 
Then the total force acting on O along the axis of x in the positive 
direction (assuming x^ x^, &c., to be all positive) is 

m m-.-'-^x, +m J ^ ^' a;,-l-. . . . I 
L ^ J-i ^ ^ '•2 J 

Now, let us suppose that there is a point distant X^ from the 

origin, and such that 

K + »n2 + )i^:L,= m/-^x^^m/-^x^^ 
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Then it is evident that the action on 0, in the positive direction 
of the axis of x, is the same as if it were acted on by a single 
particle of mass (toj + rog + . . . .) situated on the axis of x, at a 
distance X^, and having the same law of force, viz.,/(Xe). 

By precisely similar reasoning, the action on in the negative 
direction of the axis of x, by particles Mj, Mg . . ., may be reduced 
to a single force, m (Mj + M2 + . . .)/(X,), acting at a distance 
X,. from the origin, in the negative direction. 

But the case is thus reduced to a particle acted on by two 
particles in the same straight line, one of the forces forming the 
effort, and the other the resistance, and both varying according to 
the same law ; and for such a case the conservation of energy has 
been proved to hold. 

Therefore the principle holds generally for the resolved part of 
the forces along the axis of x ; and similarly it may be shown to 
hold for the resolved part of the forces along the axis of y and z. 
And by the second law of motion the actions of these resolved parts^ 
considered independently, make up together the totil action of the 
forces ; hence the principle holds generally.] 
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§ 1. Conditions op Equilibrium for Forces acting on 
One Point. 

163. In the first part of this treatise (Art. 120), we solved the 
general problem of the resultant of any number of forces acting to- 
gether upon one point. Let us suppose this resultant, E, to be found 
in any particular case, and let us now apply to the point another 
force, — R, equal in magnitude and opposite in direction to R. Let 
us also assume that the point is initially at rest. Then, by the 
principle of symmetry (Art. 99), the point will remain at rest, 
because there is no reason why it should move, under the action 
of the forces, in the direction E, rather than in the direction - E. 
The resultant of the whole system of forces is then R - E, or 
zero. 

164. Now when a number of forces, acting on a body, keep it at 
rest, and therefore have a resultant = zero, they are said to be in 
equilibrium * (Art. 95) ; and the position of a body, which is such 
that the forces acting upon it are in equilibrium, is said to be a 
position of equilibrium. 

165. The science which treats of points or bodies when in the 
condition of equilibrium — in other words, when the forces acting 
upon them have no resultant — is called the science of Statics. 

166. We proceed to consider the condition of equilibrium for a 
point acted on by forces in various circumstances. For the present, 
we assume that all the forces are in the same plane. 

167. If only one force acts on the point, it is obvious that there 
cannot be equilibrium. 

* The word equilibrium (being derived from the Latin words for equal 
and scale) refers to the common case of a balance, which is in equilibrium 
when the weights in the two scales are equaL 

5 
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168. Theorem. — If two forces act on a point in equilibrium, they 
must he equal amd opposite to each other. For, first, let them be 
opposite, but not equal. Then, by Art. 140, the point will move in 
the direction of the greater force, and as if it were acted upon by 
the difference between the two forces. Secondly, let them be equal, 
but not opposite. Then, by the parallelogram of forces (Art. 106), 
they will have a resultant, which is represented by the diagonal of 
any parallelogram of which they represent the sides ; therefore the 
resultant is not zero, and therefore the forces are not in equili- 
brium. 

169. Theorem. — If three forces act on a point, they ^DiU he in 
equilibrium if they me represented in magnitude and direction 
by the sides of a triangle taken in order. 

Let A B D be a triangle, whose sides, A B, B D, DA, taken in 
order, represent in magnitude and direc- 
tion the forces A B, AC, DA, acting 
at the point A. Complete the parallelo- 

c -^^D gram A B C D. Then, by Art. 106, the 

Fig. 10. forces A B, AC, have a resultant A D : 

that is, the forces A B, AC, DA, are equivalent to A D, D A, 
and, therefore, balance each other. 

It follows that the forces represented by AB, BD, DA, would 
be in equilibrium if they were applied directly at the point A. 

The converse is also true — viz., that if the forces balance, and 
the triangle be constructed, its sides will be proportional to the 
magnitudes of the forces. 

170. The above proposition is usually quoted as the Triangle 
of Forces. It supplies a very convenient method of estimating 
the forces in practice, for any case of equilibrium where three 
forces alone are acting. If we know the directions of the forces, 
and the amount of one of them, we have only to draw a triangle, 
whose sides are parallel to the directions, and make the side 
parallel to the known force represent it to any convenient scale. 
Then the other sides will represent, to the same scale, the forces 
parallel to them respectively. 

171. Theorem. — If amy number of forces act on a point, they wiU 
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be in equilibrium if they are represented in magnitude cmd direction 
hy the sides of a polygon taken in order. 

In the polygon ABODE, we know by Art. b 

169, that AB, BC are equivalent to a force 

represented by AC: similarly AC, CD are A^-^ — ^O 

equivalent to A D, and A D, D E are equivalent 
to AE. 

Therefore AB, BC, CD, DE, EA, are 
equivalent to A B, E A, and will balance each Fig. 11. 

■other. And the same will hold for any larger number of sides. 
Hence the proposition is true. 

172. It follows from the triangle and polygon of forces, that any 
conclusions, established by geometry concerning the relations of the 
sides and angles of a triangle or a polygon, may be extended to 
the magnitudes and directions of forces in equilibritim. Thus we 
may conclude, from Euclid, i. 20, that if three forces be in equili- 
brium, any two must together be greater than the third. Again, 
if the directions of two of the forces are at right angles, we conclude, 
by Euclid, i. 47, that the square of the third force is equal to the 
sum of the squares of the other two. Again, by trigonometry, the 
sides of a triangle are respectively proportional to the sines of the 
opposite angles. Hence, if P, Q, E. be three forces in equilibrium, 
and (Q E) represent the angle between Q and R, &c., we have 



sin (QE.) sin (PR) sin (PQ) 

173. The polygon of forces gives a geometrical condition for the 
equilibrium of any number of forces acting on a point, but it is not 
an analytical one, nor always easy of application. This defect is 
supplied by the following proposition. 

Problem. — To find the conditions of equilibrium of any viMmber 
offerees acting on one point and lying in one <plame. 

By Art. 119 we know that the resultant of any number of forces 
acting on one point and lying in one plane, is given by 

where X and Y are the algebraical sums of the^ components of the 
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several forces, taken along any two rectangular axes. Now, if 
there is equilibrium, we must have 

But by the form of the equation this is impossible, unless both 
X = Oand Y = 0. 

[174. Similarly, if the forces are not all in one plane, we must 
have, by Art. 121, 

X = 0, Y = 0, Z = 0. 

Hence, the general condition of equilibrium is that the alge- 
braical sums of the components of the forces, along any three 
rectangular axes, must separately vanish.] 



§ 2; Conditions op Equilibrium for a Eigid Body. 

175. Hitherto we have only considered the action of forces all 
acting on the same point. We now go on to consider the case 
of forces acting on several points, which are so connected together 
as to form a single body. This introduces several new concep- 
tions, which require to be defined. 

176. Definition. — A rigid bod]/ is a collection of material points 
or particles, the relative positions and distances of which, with regard 
to each other, a/re supposed, to he absolutely fixed, so that no external 
force can alter them. 

177. There is no such thing in nature as a body which is even 
approximately rigid. A steel bar fulfils the condition as well as 
almost anything ; but even a steel bar is extended or bent, under 
the influence of very moderate external forces, through distances 
which can be easily observed, and even measured by the aid of 
delicate instruments. At the same time such strains, or alterations 
in the internal arrangement of a body, are often numerically 
exceedingly small, as compared with the forces applied, or with the 
changes of position in the body as a whole, relatively to other 
things ; and in such cases they may often be neglected, and the 
body treated as if it were really rigid. By this means conclusions 
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may be drawn, which are correct for all practical purposes; whereas, 
if the strains in the interior of the body were taken into account, 
the problems would be rendered so much more complicated 
and difficult as to be unintelligible to the ordinary student, and 
sometimes quite insoluble. It must be remembered by the student 
that, while the methods of physics are generally exact, there is 
tactically no such thing as exactness in nature ; there are always 
small variations and sources of error, which must at some time or 
other be carefully investigated, although for many purposes they 
may be neglected altogether. 

178. Definition. — When all the points making up a rigidhody 
are in motion in the same direction, and with the same velocity, the 
motion is said to be one of translation. 

179. Definition. — When, oj" the points making up a rigid body, 
those which lie in one straight line are at rest, and the others m,ove 
in circles round that line as. an axis, then the motion is said to be 
one of rotation. 

180. If an axis in a body be fixed, then a motipn of rotation 
is the only motion possible. For if any point in the body moves 
parallel to the fixed axis, or moves at right angles to that axis in 
any curve but a circle, it alters its distance from the particles com- 
posing that axis ; which by the definition of rigidity it cannot do. 

181. Itis, of course, possible for abody to have a motion of trans- 
lation and rotation at the same time. A familiar instance is a rifle- 
bullet, which moves through the air as a whole, while it is at the 
same time twisting rapidly about its longitudinal axis. Another 
case is a screw-propeller, which turns about its axis at the same 
time that it partakes of the forward motion of the ship. As a 
matter of fact any motion whatever of a rigid body, at any particu- 
lar instant, may be treated as made up of a motion of rotation and 
translation combined. In such cases the axis of rotation is not 
fixed as regards space, but it is fixed as regards the direction in 
which the motion of translation takes place, being parallel to that 
direction ; and the points in that axis have that motion of transla- 
tion only. 

If the body be treated as being in one plane, or in two dimen- 
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sions only, the axis of rotation becomes a point in that plane, and 
the other points in the body describe circles round that point. 

182. In the case of a single point, such as hitherto we have 
considered, it is sufficient for equilibrium that there be no motion 
of translation ; for the motion of one point round another cannot 
exist where there is only one point existing. But in the case 
of a body or system of several points, it is necessary for equili- 
brium that there should neither be a motion of translation nor 
of rotation. 

183. Problem. — To find the conditions of equilibrium, for a rigid 
body or system consisting of two points only. 

In the case of two points the hypothesis of rigidity merely means 

that the distance between the two points is unalterable. Let A, 

B (Fig. 12), be the two points, and resolve the external forces 

p acting upon them in directions 

" fi along and perpendicular to 

A B. Let the resultant of the 
components perpendicular to 
A B be P and Q, and let the 
'^' ■ resultant of those along AB 

be E, and S. Then, since A tends to move, under the influence 
of P, in the direction at right angles to A B, and therefore with- 
out either increasing or diminishing the distance AB, it follows 
that the fact of rigidity will not prevent its motion. Therefore 
if P has any real value, A will move. Hence the first condition 
of equilibrium is 

P = 0. 

By similar reasoning, it follows that we must also have 

Q = 0. 

Next, turning to the forces which act along A B, it is evident by 
the principle of symmetry that there will be equilibrium if K. = S, 
since there is then no reason why the system should move in one 
direction rather than the other. Hence the condition of equili- 
brium is 

R = S. 



-^^ 
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These conditions may be summed up in saying that there must be 
no forces acting at right angles to A B, and that the forces acting, 
parallel to A B must be equal and opposite to each other. 

184. In the above proof we have assumed that both A and B 
are free to move. We may, however, suppose that one of them, as 
B, is absolutely fixed in space. Then the force acting on A, in the 
direction A B, may be any whatever ; for A can only move along 
A B by altering the distance A B, and by the definition of rigidity 
this is impossible. The only condition for equilibrium in this case 
is therefore 

P = 0. 

185. Theorem, — In amy rigid body, if there be no motion of 
rotation about a certain point, the resultant of the forces acting upon 
the body must pass through that point. 

For if not, draw a perpendicular from the point upon the direc- 
tion of the resultant. Then we may consider the system to be 
reduced to a system of two points, namely, the fixed point and the 
foot of the perpendicular drawn upon the resultant ; and the force 
acting upon the latter will have a component at right angles to the 
liue joining the two points. But, by Art. 183, this is impossible if 
there is to be equilibrium. Hence, if there is equilibrium, the 
resultant of the forces must pass through the fixed point. 

186. We shall now consider the conditions of equilibrium for 
a body or system consisting of three points; and we will fiffit 
assume that one of these points is fixed, and find the condition 
that the other two may not rotate round it. Practically, this is 
the same problem as that of a rigid rod, which can turn about one 
point in its length, and is acted on by forces at two other points, 
the weight of the rod being neglected. Owing to the great im- 
portance of this particular case, we shall present the problem 
under this form, as is usual in works on Statics. 

187. Sefiuitiou.^ — A rigid rod, movable about a Jixed point in its- 
length, is called a lever. The fixed point is called the fulcrwm, unci 
the parts between the fulcrwm amd the extremities tlie a/rms. 

188. Definition. — The moment of a force with respect to a given 
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point, is the product of the farce and the perpendicidar from the 
point on its direction. 

189. Theorem. — If two forces, acting at the extremities of a 
lever and tending to ttoist the lever opposite ways, produce equili- 
brium, the moments of the forces about the fulcrum a/re equal. 

Let P, Q be the two forces (Fig. 13) acting at A and B, the 
extremities of a lever. Produce the direc- 
tions of P and Q until they meet in C : 
take Cm, Cn proportional to P and Q, 
and complete the parallelogram Cmpn; 
join Cp and produce it to cut A B in O. 
Then the resultant of P and Q acts in 
^ the direction O, and therefore O must 
'"■ ■ be the fulcrum (Art. 185), otherwise there 

could not be equilibrium. Draw O D, E perpendicular to A C, 
BC; then 

P _ sin CpmG O sin B CO _ O E . 
Q "sin ?raC^~ C O sin A CO ~ O D ' 
Therefore PxOD = QxOE, 
or the moments of P and Q about are equal. 

190. If the forces act parallel to each other, their directions 
wiU not meet, as they are supposed to do in the preceding 
proposition ; in this case we must proceed as follows. We shall 
suppose, though it is not necessary, that the forces act perpen- 
dicular to the lever. 

At A and B (Fig. 14) apply any two equal and opposite forces 
S in the direction of the lever j this, 
by symmetry, wiU not affect the 
equilibrium. Then the resultant of 
P and S will be some force in the 
direction CA suppose, and that of 
Q and S some force in the direction 
CB. Suppose them both to act at 
C, and there to be resolved into their 
constituent parts P and S, Q and S; the portions S, S wOl 
counteract each other, leaving a resultant P -1- Q in the direction 




Fig. 14. 



PART II. — STATICS. 73 

C O parallel to the directions of the forces. As before, must 
be the fulcrum. 

Then the sides of the triangle A O C are parallel to the direc- 
tions of the forces P, S and their resultant ; hence 

POO 
S~AO' 

. ,., Q CO. 

in like manner, -g = r^-pr-J 

fe BO 

Therefore PxAO = QxBO. 

The same method is applicable, when the forces are not 
perpendicular to the arm. 

If we had first proved the proposition now under consideration 
for the case of parallel forces perpendicular to the arm, it would 
have been very easy to deduce the more general case. For if in 
Fig. 13 we suppose the forces P and Q to be each resolved into 
two, one parallel and the other perpendicular to the arm, it is 
manifest that in the latter components of P and Q only is there 
any tendency to twist the lever. Now these latter portions are 
respectively P sin A O, Q sin C B O j hence 

PsinCAOxAO = QsinCBOxBO, 

orPxOD = QxOE, 
as was proved before. 

191. In the above article it is clear that the fact of the three 
points. A, B, 0, lying in the same straight line, is in no way 
essential to the proof. Thus we may suppose the bent line DOE 
(Fig. 13) to be the form of the lever, without in the slightest degree 
altering the demonstration. Hence the principle is applicable to a 
system of any form consisting of three points only. 

192. Problem. — To find the conditions of equilibrium, for a system 
consisting of three points only. 

Taking the same diagram (Fig. 13), let D O E be the three points, ■ 
and let the two resultants of the forces acting on D and E respec- 
tively meet, as before, in 0. Then Gp represents this resultant in 
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magnitude aud direction; and, as before, if tkere is equUibrium, the 
direction of Gp must pass through O. Let the other forces acting 
upon have a resultant, E. Then is in the condition of a single 
point, acted on by two forces, Cp and E ; and, by Art. 168, the 
condition of equilibrium is that these forces are equal and opposite. 
If these two conditions hold, O wUl have no motion of translation, 
that is, it will be fixed ; and D and E will have no motion of 
rotation round it. Hence, the whole system wiU be at rest — in 
other words, there will be equilibrium. Hence the following are 
the conditions of equilibrium : The resultant of the forces acting 
upon any two of tlie points tnust pass through the third, and must be 
equal and opposite to the resultant of tlie forces acting upon that 
third. 

If the resultants of the forces on D and E respectively are 
parallel to each other, the demonstration will be the same, using 
Fig. 14 instead of Fig. 13. 

193. Theorem. — The proper measure of the power of a force, as 
tending to produce rotation of a body about a fixed point, is the 
moment of the force about that point. 

Taking Fig. 13, as before, we have the general equation 

PxOD = QxOE. 

Suppose P and O D to vary, but E to remain constant, and to be 
a unit of length. Then the turning power of P will always be repi"e- 
sented by that value of Q which makes the equation hold ; since, 
on giving Q this value, the body wUl be in equilibrium, and 
therefore the tendency of P to turn the body round O will be 
counteracted. 

First, suppose D to remain the same, and alter P to ni P, 
where m is any quantity whatever. Then, if Qj^ be the new value 
of Q, we have 

Qi = mPxOD = toQ. 

Hence, when P becomes m P, the turning effect becomes »ra Q ; 
that is, when the arm O D remains constant, the turning effect 
varies as the force P. 
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Similarly, if P remains the same, and O D is increased to- 
»i X O D, we have 

Qi = m Q, 

or, when the force remains constant, the turning effect varies as 
the arm. 

Hence, by the ordinary law of variation, the turning effect varies 
generally as the product of the force and the arm — i.e., as the 
moment. 

194. On account of the property just proved, the conception of 
moments is one of very special importance in mechanics, and the 
student is recommended to take special pains to make himself 
completely master of it. The following extension of the principle 
of equality of moments is very important. 

195. Principle of moments stated generally. — What has been 
inferred as to P and Q will be true however we increase the 
number of the forces. In order to arrive at the complete turning- 
effect of a number of forces acting in one plane, it suffices to add 
their separate moments, for in doing so we are only adding; 
numbers of the same kind. Moments tending to turn the body 
in one direction must be taken as positive, and in the opposite- 
direction as negative. 

The principle of the lever may therefore be stated generally as- 
follows. 

If any number of forces acting on a rigid body in one plane 
tend to turn it about a fixed axis, there will be equilibrium when, 
the sum of the moments of the forces acting to turn the body in 
one direction is equal to the sum of the moments of the forces 
acting to turn it in the opposite direction. In other words, the 
algebraical sum of all the moments must be zero. 

That point in the axis about which the moments are estimated 
is often called the centre of moments. 

196. Problem. — To find the resultant of two pctrallel forces. 

In Art. 190 we have shown that the resultant of two parallel- 
forces, P and Q, acting in the same direction, is a single force- 
equal to their sum, or P + Q, and cutting the line A B perpen- 
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dicular to the forces, in a point 0, such that P x AO = Q x BO, i.e., 
such that the moments about O are equal. 

Let us now suppose that the forces P and Q act in the opposite 
direction (Fig. 15). Apply two equal and opposite forces, S S, as 




Fig. 15. 

iDefore, and make the same construction. Then the resultant of 
P and Q will evidently be a force (Q - P) acting in the direction 
O C. Also, we have, as before. 



hence. 



p 


^0 andQ 


CO 


s ~ 


AO'^'^'^S 


~ BO 



PxAO = QxBO. 



Hence the resultant of the parallel forces P and Q, acting in 
■opposite directions, is a force equal to their difference, or Q — P, 
and cutting the line A B produced in a point O, such that the 
moments of the forces about that point are equal. 

197. Let us now examine the case where P and Q are equal, and 
see how we are to interpret the results. In this case the resultant 
is equal to P - P, or zero, and the equation of moments gives 
A = B 0. This must mean one of two things. Either A and B 
coincide, in which case we are brought back to the case of two 
forces acting on one point, or else A O and B must alike be 
infinite. In other words, the resultant of two equal parallel forces, 
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acting in opposite directions, but not in the same line, is represented 
by an infinitely small force at an infinitely great distance ; and 
therefore it has no finite value. There is no single force Tyhich 
will balance such a pair of forces, or prevent them from having 
their efiect in causing rotation in the body to which they are 
applied. This effect requires to be further developed. 

198. Definition. — A pair of equal and parallel forces acting in 
opposite directions, is called a couple. The perpeindicular distance 
ietween the forces is called the arm; and the product of eith^ force 
into the arm is its moment. 

199. Definition. — A straight line drawn perpendicular to the 
plane of a couple, and proportional in length to its moment, is called 
the axis of the couple. 

200. Theorem. — The effect of a couple is com.pletely represented 
hy its axis. 

1. The plane in which the forces act is perpendicular to the 
axis, and therefore the direction of the axis determines the plane 
of the couple. 

2. Let the forces P, P, act at the ends of the arm A B, and let 
the axis cut the plane of the couple, either in A B, or A B pro- 
duced, as at E, F. 

The turning effect round E p 

= P V AE + PxEB = Px AB. F . A E [ 

So also, the turning effect round F \ 

= PxFB-PxFA = PxAB; Fig. 16. 

and this is equally true in the extreme case when E coincides 
with either A or B. 

Hence the turning effect of the couple is proportional to the 
moment P x A B, which is proportional to the axis. 

201. Since a couple is correctly represented in all respects by 
its axis, which is a straight line fixed in magnitude and in direction, 
it follows that we may apply to couples the same principles of 
composition and resolution which we have proved to be true in 
the case of simple forces. Also we can add and subtract the 
parallel axes of a set of couples just as we add or subtract simple 
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■forces acting in the same straight line. By this process we obtain 
■what is called a resultant couple. 

202. We are now in a position to attack the general problem, 
■which we may take as the fundamental one of statics, — ■viz., the 
-conditions of equilibrium of any number of forces, acting on a 
rigid body or system of any number of points. Without the 
conception 'of moments and couples this cannot be solved. 

203. Problem. — To find the conditions of equilibrium of any 
number of forces acting in one ploffie upon different points of a rigid 
body. 

Let A be any point in the body, Pj Pj, . . . the forces acting on 
"the body, Kj aj . . . the angles their directions make with a fixed 
line, X A Xj. 

Let Pj act at B, and apply at A two opposing forces, each equal 
P, and parallel to the force Pj ; by S3m!imetry, 
this will not disturb the equilibrium. 
Draw ADi pei-pendicular to BPi. Then 
Pi at B is represented by Pj at A, parallel 
to B Pi, and by the couple Pj Pj, ■whose 
moment is Pi x A Dj. 

The remaining forces, Pj, P3 . . . may be 
-treated in like manner. We thus obtain a set of forces, P^ Pg, P3 
. . . acting at A in directions parallel to their actual directions, 
and also a set of couples -whose axes are parallel. 

The couples are represented by their moments Pj x A Dj^, 
P2 X A Dj, &c., and are equivalent to a single resultant couple 
■whose moment is 

Pi X A Di + Pg X A D2 + &c. 

The forces acting at A must be in equilibrium. Hence, by 
Art. 119, 

Pi cos «! + P2 COS Kj + &C. = . . . (1.) 

Pi sin osi + Pg sin a^ + "^c. = . . . (2.) 
Also, the resultant couple must disappear j therefore, 

Pix ADi + PjX AD2 + &o.=0 . . . (3.) 
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These three conditions are necessary and sufficient for the 
«qnilibrium of a rigid body under the action of forces in one plane. 
Since the line X A Xj^ is any whatever, they are expressed by 
saying that the sum of the components of the forces in any direc- 
tion m.ust be zero, and the sum of the moments of the forces rownd 
any point must he zero. 

204. Corollary 1. — In the foregoing proof we have in effect 
stated that a force P acting at the point D, in the arm A D of 
a, lever, and tending to turn it about A, produces a push at A, 
which is equal to P. 

Corollary 2. — If any number of forces acting on a rigid body in 
one plane tend to turn it about a fixed axis, there will be equili- 
brium when the algebraical sum of all the moments about that 
axis is zero. 

[205. Problem. — To find the resultants of any number of forces 
acting in any directions on a rigid body. 

Let the forces be referred to three rectangular axes Ox, Oy, Oz 




Fig. 18. 

^Fig. 18); and suppose Pj, Pj, Pj,... the forces; let a^, j/i, % be 
the co-ordinates of the point of application of Pj ; let x^, y^, z^ be 
the co-ordinates of the point of application of Pa ; and so on. 

Let Aj be the point of application of Pj ; resolve P into com- 
ponents Xj, Yi, Zi, parallel to the co-ordinate axes. Let the 
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direction of Zj meet the plane of {x, y) in Mj, and draw MjNi per- 
pendicular to Ox. Apply at Nj and also at O two forces each 
equal and parallel to Zj, and in opposite directions. Hence Z, at 
Ai or Ml is equivalent to Zj at O, and two couples, of which the 
former has its moment = Zj x NjMj, and may be supposed to act 
in the plane of (y, z), and the latter has its moment = Zj x O Nj 
and acts in the plane of (z, x). 

We shall consider those couples as positive which tend to turn 
the body round the axis of x from y to z, also those which tend to 
turn the body round tho axis of y from z to x, and those which 
tend to turn the body round the axis of z from a; to y. 

Hence Zj is replaced by Z^ at 0, a couple Z^ y.^ in the plane 
of (y, z), and a couple - Z^ x^ in the plane of {z, x). Similarly 
Xj may be replaced by'X^ at 0, a couple Xj^ a^ in the plane 
of (z, x), and a couple — X^ y^ in the plane [x, y). And Yj may 
be replaced by Yj^ at O, a couple Y ^ a;-i in the plane of {x, y), and 
a couple -YjZj in the plane of {y, z). Therefore the force Pj 
may be replaced by Xj, Y^, Z^ acting at O, and three couples, of 
which the moments are, by Art. 201, 

Zj yi - Y^ ^1 in the plane of {y, z), 
Xi»i-Zja;i „ „ {z,x), 

Yi ^1 - Xi y-^ „ „ (x, y). 

By a similar resolution of all the forces we shall have them 
replaced by the forces 

2X, SY, SZ, 

acting at O along the axes, and the couples 

S(Zy-Y2;) = L suppose, in the plane of (y, z), 

2(X.-Za=) = M „ „ „ (z,x), 

X{Yx-Xy) = N „ „ „ {x,y). 

Let R be the resultant of the forces which act at O ; a, J, c the 
angles its direction makes with the axes ; then by. Solid Geometry, 

E2 = (SX)2 + (SY)2 + (2Z)2, 

2X , 2Y 2Z 

cos a = -—--, cos 6 = •— -, cos c = ±r. 
E, R R 
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Let G be the moment of the couple which is the resultant of the 
three couples L, M, N ; X, /x, v the angles its axis makes with the 
co-ordinate axes ; then, by Art. 201, 

L M K 

C0SX = ^, cos fl, = -^, COSv = q;' 

206. Problem. — To find the conditions of equilibrium of amy 
number of forces acting upon a rigid body in any directions. 

A system of forces acting upon a rigid body can always be 
reduced to a single force and a couple. Since these cannot balance 
each other, and cannot separately maintain equilibrium, they must 
both vanish. Hence E = 0, and G = j therefore 

(SX)2 + (SY)2 + (SZ)2 = 0, 
and L2 + M2 + ]Sr2=:0. 

These lead to the six conditions 

2X = 0, SY = 0, 2Z = 0, 
2(Z2/-T«) = 0, 2(X«-Za;)=0, 2( Y a; - X j/) = 0.] 

§ 3. Centee of Geavitt. 

207. The case in which all the forces acting on a rigid body are 
parallel to each other and act in the same direction, is a very 
important one, inasmuch as it includes all ordinary cases where 
gravity may be considered as the only force acting. For this 
reason it requires special consideration. 

208. First take the casp of a weightless rod A B, acted upon 
by two parallel forces, P, Q, at 

its extremities. Divide A B in Ct,^ / 

O, so that j=pp = p) a-nd draw ^L '-.^^ /^ 

0, OD perpendicular to P / ~~^-^ /q 

and Q. Then, by similar ^ ° 

,. , OA Q Fig. 19. 

triangles, ^^ = ^ = -j 

. •. X P = D X Q, or the moments of P and Q about are 

6 
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equal. Hence A B will have no tendency to turn about O, and 
if it be supported at O by a force P + Q, parallel to P and Q, it 
will be in equilibrium. 

The above proof is quite independent of the inclination of the 
forces to AB. Conversely, therefore, if A B be acted upon by 
two parallel forces of constant direction (such as the forces of 
gravity), it may be turned in any way about the point O, and 
wUl still be in equilibrium. 

209. The same principle may be extended to any system of 
parallel forces whatever, as follows. 

Theorem. — Every system, of pa/rallel forces has a centre. 

Let Wj^, Wj, Wg, W^ . . . be a rigid system of particles, the 

forces on which are Wj, W^, 
Wg, W^, . . . respectively. 
Suppose Wj, Wg joined by a 
rigid rod without weight, and 
divide the same rod in G^, so 
that 




Fig. 20. 



then, by Art 208, W^ and Wg 
will balance in all positions 

about Gj, and if we suppose Gj supported, the pressure npon the 

support will be W^j + Wj. 

Again, join G^Wg, and divide it in Gj, so that 

GiG2:W3G2::W3:Wi+Wj; 

then, if we suppose the rod W^Wg to rest upon the rod G-^Wg, and 
Go to be supported, the pressure W^ + W2 at G^ and Wg at Wg 
will balance about Gj. Hence the three bodies W-^, W^, Wg, 
supposed rigidly connected, will balance in all positions about Gj. 

Similarly we may find a point Gg about which W-j, Wj, Wg, 
W^ will balance in all positions, and so of any number of particles. 
Hence every system of parallel forces has a centre. 

It is obvious from the method of proof that the system of 
particles need not lie all in one plane. 
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210. Theorem. — A system of parallel forces can have only one 
■centre. 

For suppose there are two, and let the system be so turned that 
"the two centres lie in the same plane perpendicular to the forces. 
Then the different forces form a system, the resultant of which 
must pass through each centre of parallel forces, otherwise the 
system could not balance about that point ; hence the said resul- 
tant must pass through two points in the same plane at right angles 
to its direction, which is absurd. Therefore there are not two 
■centres of parallel forces. 



211. Problem. — To find the centre of any number of parallel 
forces in the same plcme. 

Let Wj^, Wg, Wg, ... be the points of application of the forces 
Wj, Wg, Wg, . . . ; in the plane y 
in which they lie, take any rect- 
angular axes, A.X, A.y, at right 
■angles to each other, and let A^, 
Ag, Ag, . . . be the distances of 
^i> ^2' ^3' • • • i^om A X, and 



Kj, «2, fCg. 



their distances 




from Ay; also, let h, h be the * 

•distances of the centre of the ^' 

system from Kx, k.y respectively • then it is evident that if we 

find h and h, we shall have solved the problem. 

Join "Wj, Wg, and let G^ be the centre of parallel forces for 
Wj, W^; from W^, W^, G^, draw W^ a-^, W^a^ and G^ h^ per- 
pendicular to A a; j then we have 

W,xW,G,=W2xW2Gi; 
but it is evident, from similar figures, that 

"WiGi :ai6i rtW^G^ -.a^h^; 

. ■ . Wj X a-j^ h-^ = Wj X a^ b-^, 

OTW^{Ab^-k^)^W,{k,-Ab^)i 

W, + Wj • 



A6,= 
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If we consider another force, Wg, we may, in searching for the 
centre of the three, Wj, Wj, Wg, suppose the two former to act 
together at their centre, Gj, already found; hence, if Gj be the 
centre of the three forces, and we draw Gg b^ perpendicular to A ar, 
we shall have 

■*-°2- W1+W2 + W3 

and so on for any number of forces. Hence we shall have 

7. Wi^i+Wg^a +W„&„ 

''- W1 + W2 .... +W„ ' 

and, in like manner, 



W, +W, . . . . +W, 



n'^n 



[212. Problem. — To find the centre of any number of 'pa/raUd 
forces not in the saime plane. 

Take any three planes perpendicular to each other, to form a 
system of rectangular axes. Let h-^, h^, l^ be the perpendicular 
distances of Wj^ from the three planes respectively, and so on of 
the other particles, and let h, Tc, I, be the perpendicular distances 
of the centre ; then we may prove, in like manner as in the last 
proposition, that 



similarly, 

and so likewise, 



W +W2 .... +W„ ' 
W^h^ + W^h^ +W„fe„ . 

Wi+Wg .... +"W„ ' 

_ WJ^+W^k^. . ■ . +wj„ -] 
'-- W^ + W, 4W„ J- 



213. We have thus solved the general problem of finding the 
centre of parallel forces under any circumstances. As already 
mentioned, the interest of this case arises from the fact that the 
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■weight of any body (that is, the attraction of the earth -upon its 
several points or particles) forms such a system of parallel forces. 
The force in this case having the name of gravity, the centre of 
parallel forces naturally takes the name of the Centre of Gravity ; 
and in the remainder of this section this name will be used. 

214. In discussing the centre of gravity of any body, it is always 
assumed (unless the contrary is stated) that the particles of the 
body — that is, the centres of force which it contains — are uniformly 
distributed throughout its volume. In nature, of course, this is 
never absolutely true, and the results obtained are therefore 
approximate only. Also, in speaking of the centre of gravity of 
any plane figure, such as a triangle, we are really considering that 
of a thin uniform lamina or slice of that particular form. 

215. Problem. — To find the centre of gravity of a fhysieal straight 
line, or of a uniform thin rectilinea/r rod. 

The middle point will be the centre of gravity; for we may 
suppose the line to be divided into pairs of equal weights, equidis- 
tant from the middle point, and the middle point will be the centre 
of gravity of each pair, and therefore of the whole system. 

216. Problem. — To fimd the centre of gravity of a triangle, or 
of a thin lamina of matter in the form of a triangle. 

Let A B C be the triangle : bisect B in D, and join AD; 
draw any line, hdc, parallel 
to B C ; then it is evident 
that this line will be bisected 
by A D in d, and wUl there- 
fore balance about d in all 
positions; similarly all lines 
in the triangle parallel to 
B C will balance about 
points in A D, and there- b' 
fore the centre of gravity 
must be somewhere in A D. 

In like manner, if we bisect A C in E, and join B E, the centre 
of gravity must be in B E ; hence G, the intersection of A D and 
B E, is the centre of gravity of the triangle. 
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Join D E, which will be parallel to A B {EuoUd, vi. 2), then the 
triangles A B G, D E G are similar. 

.-.AG: GD::AB:DE 
BC:DC 
2 : 1, 
or AG = 2GD, 
and.-. AD = 3GD. 

Hence, if we join an angle of a triangle with the bisection of the 
opposite side, the point which is two-thirds of the distance down 
this line from the angular point is the centre of gravity of the 
triangle. 

217. Corollary. — If three eqtcal particles be placed at the angular 
points of the triangle ABC, their centre of gravity wUl coincide 
tvith that of the triangle ABC. 

For the construction for the centre of gravity will evidently be 
the same as that just described. 

218. Problem. — Given the centre of gra/oity of a heavy hody, and 
also that of a certain portion of it, to find the centre of gramty of 
the remainder. 

Let G be the centre of gravity of the body (Fig. 23), W its 

weight : G^ the centre of gravity 
of the given portion, W^ its 
weight. Join G^G, and in that 
line produced take G2, such 
that 

G.GiG^G :: Wi iW-W^. 

Then Gg will evidently be the 
centre of gravity required. 

The preceding proposition is 
applicable to a variety of ex- 
amples : it will enable us, for 
instance, to find the centre of 
Kg. 23. gravity of the frustum, of a 

pyramid or of a cone, that is, the centre of gravity of a portion 
of the body cut off by a plane parallel to the base. 
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219. The foUovdng is one of the most important properties of 
the centre of gravity. 

Theorem. — When a body is placed upon a horizontal pkme, it 
vdll stand or fall according as the vertical line through the centre 
qfgra/oity falls within or without the base. 




Fig. 24. 



Kg. 24a. 



Suppose the vertical line G C through the centre of gravity G, 
to fall within the base, as in Fig. 24 ; then we may suppose the 
whole weight of the body to be a vertical pressure W acting in the 
line G C ; this will be met by an equal and opposite pressure W 
from the plane on which the body is placed, and so equilibrium 
will be produced and the body will stand. 

But suppose, as in Fig. 24a, that the line G falls withoat the 
base ; then there is no pressure equal and opposite to W at 0, and 
therefore W will produce a moment about B (the nearest point in 
the base to C), which will make the body twist about that point 
and fall. 

220. According to the proposition just proved, a body ought to 
rest without falling upon a single point, provided that it is so placed 
that the centre of gravity is in the vertical line passing through 
the point which forms the base. And, in fact, a body so situated 
would be, mathematically speaking, in a position of equilibrium, 
though practically the equUibrium will not subsist. 

This kind of equilibrium, and that which is practically possible, 
are distinguished by the names of unstable and stable. Thus an 
an egg will rest upon its side in a position of stable equilibrium, 
but the position of equilibrium corresponding to the vertical posi- 
tion of its axis is unstable. The distinction between stable and 
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tmstable equilibrium may be enunciated generally thus : — Suppose a 
body or a system of particles to be in equilibrium under the action 
of any forces ; let the system be arbitrarily displaced very slightly 
from the position of equilibrium, then if the forces be such that 
they tend to bring the system back to its position of equilibrium 
the position is stable, but if they tend to move the system still 
farther from the position of equilibrium it is unstable. 

/ 

221. Theorem. — When a heavy body is suspended from a point 
about which it cam, turn freely, it will rest with its centre of gr amity 
in the vertical line passing through the point of suspension. 

For let O be the point of suspension, G the centre of gravity, 
and suppose that G is not in the vertical 
line through O ; draw O P perpendicular 
to the vertical through G, that is, to 
the direction in which the weight W of 
the body acts. Then the force W will 
produce a moment W x O P about O as 
a fulcrum, and there being nothing to 
counteract the effect of this moment 
equilibrium cannot subsist. 

Hence G must be in the vertical line 
through 0, in which case the weight 
W produces only a pressure on the point 
0, which is supposed immovable. 




Fig. 25. 



§ 4. Friction. 

222. It nearly always happens that amongst the pressures which 

keep a body at rest are the reactions 
of one or more surfaces in contact 
with each other. Thus, suppose a 
mass M to rest on a table AB, 
I and suppose it to weigh 1000 
lbs. ; that weight must be sup- 
ported by the table, which must 
therefore exert upwards a pressure of 1000 lbs. in a direction 



Fig. 26. 
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opposite to the direction of the weight. This reaction forma what 
is called a distributed pressure, for the under surface, C D, will 
be in contact with the table at many points, and at each point 
there will be a reaction. The magnitude of the reactions at the 
different points is not commonly known; they must, however, be 
such that their resultant shall act vertically upward through the 
centre of gravity of M, and shall equal 1000 lbs., otherwise there 
could not be equilibrium. And, in general, if a body is at rest 
when pressed against a surface, the various points of that surface 
must supply reactions whose resultant is equal and opposite to the 
resultant of the pressures by which that body is urged against the 
surface. This resultant reaction is called the reaction of the 
su/rface. 

223. The amount and the direction of the reaction, which a 
given surface can exert, depend upon the form of the surface, and 
the nature of its substance. 

224. With regard to its form, a plane surface, such as a table, can 
exert reaction at an indefinite number of points, as in the last 
article. But a curved surface, such as a sphere, can only exert 
reaction through a single point, that, namely, which is in contact 
with the pressing body. The only exception is where the curvature 
of the pressing body is the same, but in the reverse direction, as 
in an ordinary ball-and-socket joint. In this case, as in that of 
a plane surface, the exact distribution of the reactions is very 
difficult to determine in practice. 

225. With regard to the nature of the surface, let us suppose the 
forces causing the pressure to be resolved into two components, 
R and F, the first being perpendicular, and the second parallel, 
ro the reacting surface. It is evident that, if there is equili- 
brium, there must be reactions, - E. and — F, equal and opposite 
to these respectively. 

226. With regard to the first, or normal reaction, it is found that 
however we increase the value of the pressure R, the reaction — II 
will increase to correspond with it, up to a certain limit. When 
that limit is reached, the reacting surface gives way, and is either 
crushed or punctured. The crushing of an egg under a weight is 
a familiar example of the first ; the piercing it with a pin, of the 
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second The exact limit for any case depends upon many 
oircumslances connected with the form and natvire of the two- 
bodies. 

227. With regard to the second, or tangential reaction, this is- 
evidently the same thing as the resistance opposed hy the surface to 
the motimi of a body along it. To this particular resistance is 
given the name of Friction. 

228. Friction, like the normal reaction, is found to increase, as 
F increases, up to a certain limit : when this is reached, friction is 
overcome, and the body slides over the surface. The limit of 
friction is found to vary very greatly, according to the nature of 
the surfaces in contact. In some cases it is very large, in others 
very small. The interposition between the surfaces of some 
lubricant, such as oil or grease, is found to diminish friction in a 
remarkable manner. In such cases it is probable that the surfaces- 
are not in contact at all, being divided by a film of the lubricant, 
over which they slide ; and the limit is found to depend greatly 
on the nature and amount of the lubricant. The laws of statical 
friction {i.e., of friction between bodies relatively at rest) have been 
investigated by careful and numerous experiments, especially 
those of the late General Morin, but the results are only to be 
considered as general approximations. They have been formulated 
as follows : — 

229. First Law of Statical Friction. — The limit of friction between 
two bodies at rest is proportional to the normal pressures between the 
bodies. 

230. Second Law of Statical Friction. — Tlie limit of friction 
is independent of the area of the surfaces in contact. 

231. Both laws are expressed symbolically by saying that 
F = (itEj where f« is a number which is constant for any variations 
of pressure, or of area in contact, and which is approximately the 
same for all surfaces of the same kind, and under the same 
conditions as to lubrication, &c. This number is called the 
co-efficient of friction. It is always less than unity. 

232. This equation will necessarily be true, if we suppose that 
each sui'face is covered with little hills and hollows, like a file 
(Fig. 27), and that the hills of each fit more or less into the hoUows 
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of the other. The resistance of friction would then be the resist- 
ance to the lifting of one 
surface A away from the 
other sufficiently to allow the 
respective hills to pass over 
each other; and, other things 
being equal, this resistance 
would clearly be proportional 
to the normal pressure. There Fig. 27. 

is no doubt that even the smoothest surfaces are thus roughened ;- 
and it is probable that the above explanation accounts for at least 
the main part of the resistance, in the case of statical friction. 

233. The laws of friction cease to be even approximately correct 
when the normal pressure is very great, that is, when it approaches 
the limit at which the surface would be crushed or punctured,, 
as explained in Axt. 226. This is, no doubt, due to the great 
deformation or alteration of shape which then occurs in th& 
surface. 

234. If we suppose ft to vanish, the whole of the reaction between 
the surfaces becomes normal to the surface. In this case the 
friction is nothing, and the surface is said to be "absolutely smooth." 
No such surfaces occur in nature, but it is often convenient to 
neglect friction, and to treat surfaces as being absolutely smooth. 
In such cases they are generally called, for brevity, "smooth 
surfaces." Since /* = o, we have the principle, that the reaction of a, 
smooth surface is always normal to the swrfaoe. 

235. Problem. — To find the angle at which a rough plame may 
he inclined, so that a hody may just rest upon it without sliding. 

Let a be the angle of inclination of the plane ; "W" the weight 
of the body j E the normal pressure on the plane ; fii E. the forc& 
of friction. Then, resolving the forces perpendicular to the plane 
and parallel to it, we have these equations of equilibrium : 

E = W cos a, 
fj, E = W sin a ; 
.*. tan a = |(4. 
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This equation determines the limiting value of the inclination of 

the plane, for which equilibrium 
is possible; for any smaller value 
there will be equilibrium & 
fortiori. 

236. It will be observed that 
if the condition which has been 
investigated be satisfied, equili- 
brium will subsist however great 
Fig. 28. "W may be ; the reason being 

that in whatever manner we increase W, in the same proportion 

we increase the friction upon the plane, which serves to prevent 

W from sliding. 




237. Definition. — The Angle of Repose, for any two surfaces is the 
cmgh at which one of the surfaces is inclined to the horizon, when 
the other, being acted upon hy the force of gravity only, just rests upon 
it without sliding. 

It will be seen by the last article that the tangent of the angle 
of repose is equal to the co-efficient of friction. 

238. Theorem. — Tlie direction of the reaction of a rough surface 
{when motion is on tlie point of beginning) is inclined to the per- 
pendicular at an angle equal to the angle of repose. 

Let E be a point of some body in contact with the plane AB, 
and just prevented from sliding by the friction F. 

Let R be the pressure at E in a direction perpendicular to A B, 
and E.' the resultant of E and F inclined at an angle ^ to E R. 

Then R' sin tf = F, R' cos tf = R, 




F 
R' 



R' sin 6 
R' cos 



= tan 6, 



But t5 = iti ; therefore fi = tan d, 
a 

^ But ft> = t&a. a, 

therefore 6 = a, 

i.e., the direction of the resultant reaction, or R', is inclined at 

an angle a to the perpendicular. • 



Fig. 29. 
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§ 5. Virtual Velocities. 

239. Let us suppose a body, or system of particles, to be acted 
on by a certain number of external forces which are in equilibrium 
among themselves. Further, suppose the body, instead of being 
actually at rest, to have a motion of its own ; but a motion such 
that its change of position does not affect the amount or the 
relations of the external forces, so that, at the end of any given 
displacement, these are the same as they were at the beginning. 
Such a displacement may be called a Conservative Displacement. 
For a displacement to be conservative, any rigid body in the 
system must retain its exact form, any two bodies in contact must 
remain in contact, any rods or strings in the system must remain 
unbroken, and so forth. 

240. Theorem. — If the external forces acting on a system are in- 
equilibrium, and if the system receive a conservative displacement, 
the net energy exerted by the external forces will he zero. 

The net energy exerted by the forces is the same thing as the 
net effect produced by the forces during the displacement (Art. 
136). Now if this net effect be not zero, it must be an effect 
tending either to increase or to retard the motion of the system. 
But, by the principle of symmetry, if the forces are in equilibrium, 
they must have no more tendency to increase motion than to 
retard it. Hence the net energy exerted by the forces must be zero. 

The same thing will follow from considering that, if the forces 
could produce an accelerating effect by any displacement, they 
would of themselves cause that displacement, and therefore they 
could not be in equilibrium. 

241. Definition. — If the point of application of a force he 
supposed to he displaced through an indefiniiely small space, then 
this hypothetical displacement, as measured im the direction of the 
force, is called the virtual velocity of the force ; and the product of 
the force a/nd the virtual velocity is called the virtual moment. 

Thus, let P be the force, A the .B 

original, and B the new point of 
application, and draw BN per- ^ 
pendicular to P. Then AN is Fig. 30. 

the virtual velocity, and P x A N is the virtual moment. 



"94 THE student's mechanics. 

242. The terms virtual velocity and virtual moment are here 
retained, as they are used in many works on Mechanics. But it 
will be seen that the expression for the virtual moment is the 
same thing as that for the energy exerted by the force during 
the displacement (Art. 129). Hence, by the last theorem. Art. 
240, we have the following principle : — If a system in equilibrium 
receive a very small conservative displacement, the sum of the virtual 
moments of all the external forces (or the sum of the products of 
the forces and their virtual velocities respectively) is zero. 

243. This principle is generally known as the principle of "Virtual 
"Velocities, and is of very great use in the solution of practical 
problems in Statics. It may be proved independently of the 
conception of energy ; but the proof is cumbrous and difficult, 
and is quite needless, if the principles of energy have once been 
explained. 

244. It will be observed that, in Art. 240, the limitation to an 
indeiinitely small displacement was not made. In many cases (as 
will be seen farther on. Arts. 295, 300) a finite displacement may 
be conservative, and it may even be more convenient to consider a 
finite displacement. In many other cases any finite displacement 
is sufficient to alter the amount or direction of the forces, so as to 
prevent the principle of Art. 242 from being applicable. This 

■ difficulty can always be got over in practice by supposing the 
displacement to be indefinitely small. For, let P be any force, and 
p its virtual velocity under any displacement ; and let the efiect 
of the displacement be to alter P to (P + d P). Then the true 
value of the virtual moment would be (P + ci P) p. But if p be 
exceedingly small, e?P will be exceedingly small, and therefore 
their product, pdF, will be exceedingly small as compared with 
the other term p P. Hence the product p d P may be neglected 
without sensible error, and we may use the principle of virtual 
velocities as if P remained absolutely unaltered. 

245. One special advantage of this principle is that it enables us, 
in forming the equations of equilibrium for any given problem, to 
omit altogether a number of forces which would otherwise have 
to be included. Such forces evidently are : — 

(1.) Forces acting at a point in the system which remains at 
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rest during the displacement : for their virtual velocities are 
aero. 

(2.) Equal and opposite forces, such as the reactions between 
two surfaces in contact : for their virtual moments are also equal 
and opposite, and cancel each other. 

(3.) Forces whose directions are at right angles to the displace- 
ments of their points of application : for their virtual velocities are 



§ 6. Machines in General. 

246. A machine is a mechanical contrivance for enabling power 
to be applied in the most convenient way fqr the doing of a certain 
required work. The power may be that of men, of horses, of the 
steam-engine, &c. ; and the work may be of any kind, such as the 
drawing of a cart, the lifting of coals from a pit, the planing of a 
piece of metal, &c. In all such cases there is some resistance to 
be overcome : and as the resistance of gravity is the most common 
and familiar form of resistance in practical work, the name of the 
Weight has been commonly given to the resistance, the overcoming 
■of which constitutes the work to be done. The force exerted by 
the power is also called, for shortness, the Power ; and the general 
problem with regard to machines may be stated as being to find 
the relation between the power and the weight. Sometimes it is 
most convenient that this relation should be one of equality : in 
other words, that the force applied by the power should be equal 
to the force applied directly to the weight. The common 
L-shaped crank, used in bell-hanging to alter the dii-ection of the 
wires, is a good example of this. Generally, however, it is most 
•convenient that the power should be very difierent from the 
weight. Thus, if a man has to lift a weight of 1 ton hanging by 
a rope, it is clear that he cannot do it unless the pulleys, or other 
mechanical contrivance provided, enable him to lift the weight by 
exercising a pull of, say, 1 cwt. When, as in this case, which is 
a very common one, the power is smaller than the weight, 
mechanical advantage is said to be gained. When, as in some 
other cases, it is desirable that the power should be greater than 
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the weight, mechanical advantage is said to be lost. A machine, 
therefore, may be described generally as an apparatus for 
obtaining mechanical advantage. 

247. Theorem. — Whenever, in a machine, the power amd th^ weight 
may he taken as the only forces acting, then thevr a/mouvis are in- 
versely proportional to the displacements of their points of application. 

Let P be the power, W the weight, and let all other forces be 
left out of account in applying the principle of virtual velocities. 
Let ;? be the displacement of P, and w of W, in any small con- 
servative displacement of the system. Then the resulting equation 
must be 

P w 

P B = W M, or .TFF = — . 

'■ W p 

Hence the smaller P is in comparison with W, the smaller w will 
be in comparison with p. But the smaller P is in comparison 
with W, the greater is the mechanical advantage gained. Hence 
we arrive at the impoi-tant principle, that the greater the 
mechanical advantage gained, the less will be the displacement 
of the weight in comparison with that of the power. Since, if 
motion actually takes place, the velocities of the points of applica- 
tion will be in proportion to their displacements, this principle 
may be put in another form, in which it is usually known — viz., 
WJiatever is gained in power is lost in speed. 

248. There are no cases in which the assumption just made, 
namely, that the weight and power are the only forces to be con- 
sidered, rigorously holds. In every movement of a machine ther'e will 
always be a certain amount of friction ; and friction can never be 
left out of the equation of virtual velocities, because it always acts 
along the line in which the point of application moves. There are, 
however, cases (as that of a balance resting on a knife-edge) where 
the friction is exceedingly small ; and for these the principle, that 
what is gained in power is lost in speed, is very approximately 
true. Where the friction is considerable this is no longer the case. 

249. If we include friction, the equation for any machine will 
take the form, 

Pp - W M! + F/= 0, 
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■where F is the friction, / its virtual velocity. In general, if we 
attempt to make p very large, and thus get P very small, we 
introduce complexities, which increase the value of F ; and this 
puts a practical limit to the mechanical advantage which it is 
possible to obtain by the use of machines. 

250. The name of Mechanical Powers has been given to certain 
simple contrivances for obtaining mechanical advantage, which are 
constantly used, and form the elements, as it were, out of which more 
complicated machines are built up. They are generally enumerated 
as follows : — The lever, the wheel and axle, the toothed wheel, the 
pulley, the inclined plane, the wedge, and the screw. In addition 
to their importance as elements of machinery, they form very 
instructive examples of the application of the principle of virtual 
velocities ; and they will therefore be considered separately. 



§ 7. The Lever. 

251. The conditions of equilibrium of the lever, considered as a 
system under three forces, have already been discussed (Art. 186) ; 
but its great importance, forming as it does the type to which 
almost all other contrivances may be ultimately reduced, requires 
that we should give it a fuller description. 

252. Problem. — To 'prove the principle of the lever hy the method of 
virtual velocities. 

Let AB be the lever (Pig. 31), having its fulcrum atiO, and let 
P, Q be the forces acting at A and B. Draw D, O E perpendicular 
to the directions of P and Q. Suppose the lever to be turned 
round the fulcrum O through a very small angle, d 6, into the posi- 
tion a b. Then the total distance through which A will have 
moved will be represented by A x ci ^ ; and the distance measured 
in the direction of P will be 

A X ff ^ X cos (-^t A D) = O A X sin (D A 0) X (f ^ = O D X ci ^. 

Similarly, the displacement of B, measured in the direction of Q, 

will be O E X c? ^. 

7 



58 




Fig. 31. 

Hence, if we form the equation of virtual velocities, it will be 
as follows : — 

or PxOD = QxOE. 

This is the principle of the lever, as previously demonstrated, 
Art. 189. 

In the above, we have supposed friction to be neglected ; and if 
the lever turns about a sharp edge, like the scale beam of a balance, 
the friction will really be exceedingly small. In machines, how- 
ever, the levers usually consist of flat bars, turning about rounded 
pins or studs, which form the fulcrums ; and between the lever 
and the pin there will, of course, be friction. It is easy to form 
the equation of equilibrium in this case. Let us call P the power, 
Q the weight ; and let us make the usual assumption that P is 
about to overcome Q, so as to make the lever turn in its own 
direction. , Then the friction will act as against P. To find the 
amount of the friction, let us remember that the pressure on the 
fulcrum must be equal to the resultant of P and Q — say R. The 
resistance of friction (Art. 231) will be found by multiplying this 
by the coefficient of friction, or fi. Hence the amount of the 
friction is fx E., and it acts tangentially to the surface of the pin. 
Let r be the radius of the pin ; then the displacement of the point 
■of application of the friction, by the turning of the lever through 
the angle d 6, will be rdS. Hence the virtual moment of the 
■friction will be 

fjb^. X rdO. 
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Hence the eqviation of virtual moiuents -will now be formed as 
follows : — 

PxOD = QxOE + y«,R»-. 

253. Cor. Let 'p, q be the lengths of the two arms of a straight 
lever, and let P, Q be parallel to each other. Then E, = P + Q, 
and the equation becomes 

P^=Qg + ^(P + Q)r, 
or P <^-^9-) = Q (q + M-r). 

254. We shall give yet another proof of the principle of the lever, 
■which is independent of the parallelogram of forces, being derived 
directly, from the principle of symmetry. Prom this principle 
it follows that a uniform heavy rod will balance about its middle 
point, since there is no reason for its turning in one direction 
rather than the opposite Therefore, an upward pressure applied 
at the middle point, and equal to the weight, would keep the rod 
at rest ; and therefore the statical effect of the rod is to cause a 
downward pressure at the middle point equal to its weight. 

This being premised, let ^ E 9 ? iE- ^ 

A B be a heavy uniform rod 

«qual iu weight to the sum 

of two given weights, P 

and W; then the rod AB Fig. 32. 

balances about its middle point C. 

Divide AB in D, so that AD ; D B : : P : W, and let E be the 
middle point of A D, F of D B ; then A D or P may be conceived 
to be collected at E, and B D or "W at P. Consequently P acting 
at E will balance, about the point C, W acting at P. 
But 

EC = AC-AE = BC-ED = DB-EC; 
.-. DB = 2EC,- 
similarly 

AD = 2CF; 
.-. P:"W :: AD:DB, 
:: CF:ECj 

orPxEC = WxCF. 
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255. Upon the doctrine of tlie lever thus demonstrated, it is 
possible to construct a complete system of statics ; the steps are as 
follows. From the preceding proposition it is easy to conclude that 
two forces, acting at the extremities of the arms of any lever, wiU 
produce equilibrium when their moments are equal and tending to 
twist in opposite ways. And this being premised, we can demon- 
strate the parallelogram of forces. 

Let Am, An represent in magnitude and direction two forces 

P and Q acting at the point A; complete the parallelogram AmBn, 

and join A B. Also draw B C, B D perpendicular to Am, An 

A produced. Now suppose A B to be a lever 

movable about B, and acted on by the forces 

P and Q at A. Then 




sin (to B A) sin {n A B ) BD 
' sin (m A B) ^ sin (m A B) ^ BC' 

^i.?-33. or PxBC = QxBD; 

therefore the forces P and Q would keep the lever at rest. 

And since the resultant of P and Q would produce the same 
effect as P and Q together, it also acting at A would keep the 
lever at rest. But no single force acting at A can keep the lever 
at rest, unless it act in the direction A B ; consequently, A B is 
the direction of the resultant. 

That A B represents the resultant in magnitude must be proved 
as in Art. 117. 

256. Levers are frequently divided, for convenience, into three 
classes, according to the position of the fulcrum. 

257. The first class has the fulcrum between the power and the 
weight. In this case any amount of mechanical advantage may be 
gained, by making the arm upon which the power acts sufficiently 
long. A crowbar used to lift great weights, a poker, a pair of 
scissors, are examples. Thus, with the poker, the coals are the 
weight, the bar of the fireplace the fulcrum, the force exerted by 
the hand the power. 

258. The second class of lever has the weight between the fulcrum 
and the power. The oar of a boat is an example, in which the 
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water forms the fulcrum, the resistance of the boat applied at the 
rowlock the weight, and the power is applied by the hand of the 
rower. In this case mechanical advantage is gained. 

259. The third class has the point of application of the power 
between the fulcrum and the weight. The most interesting example 
is the human arm, when applied to lift a weight by turning about the 
elbow ; here the fulcrum is the elbow, and the power is applied at 
the wrist by means of sinews, which exert a force when the muscles' 
of the arm contract. In this case mechanical advantage is lost, _ 
but this is more than made up by the quickness of action obtained. 

260. In all the cases here mentioned, and in the mechanical powers 
generally, the object is to produce motion, not rest ; in other words, 
to do work. The statical investigation of these cases shows only 
the limit of force to be applied before any work can be done. 
For any useful effect, the force applied must exceed this limit, and 
the greater the excess, the greater the amount of work done. 
There is, however, one class of applications of the lever where the 
object is not to do work, but to produce equilibrium, and which 
are therefore specially adapted for treatment by statics. This is 
the important class of measuring machines, where the object is not 
to overcome a particular resistance, but to measure its amount. 
A testing machine is a good example, measuring the pull which a 
bar of any material will sustain before breaking. But the most 
familiar examples are weighing machines. These are of two 
kinds — (1.) those in which the arm is constant, but the weight 
varies, or balances ; (2.) those in which the weight is constant, but 
the arm varies, or steelyards. 

261. We proceed to describe the common balance. 

Let A B be a rigid rod, D a small rigid piece attached to its 
middle point and perpendicular to it, and let D be fixed ; E, F two 
scales or pans of equal weight depending from P 

the extremities A and B. Then it is evident 
that if the scales be equally loaded, the beam 
A B will be horizontal ; and if not, that the 
more heavily loaded scale will cause the 
extremity to which it is attached to pre- Kg, 34. 
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ponderate. For, if B sinks, turning about D, the moment of F 
about D will diminish, while that of E increases ; and this will go 
on till the two moments become equal, which will be the position 
of equilibrium, if the beam have no weight. The weight of the 
beam also tends to produce equilibrium, since its moment is in 
the opposite direction to that of F. For the sake of clearness of 
explanation we have spoken of C D as a small piece attached to 

• A B ; in reality D is merely the point of suspension of the beam to 
the extremities of which the scales are attached. In practice, the 

" weight of the beam may be used alone to balance the excess in one 
scale ; and then the points D and C may coincide. 

262. The preceding explanation represents the balance in its- 
simplest form, and exhibits its principles ; in practice many modi- 
fications and additional contrivances must be introduced. Much 
skill has been expended upon the construction of balances, and 
great delicacy has been obtained. Thus, the beam should be 
suspended by means of a knife edge, that is, a projecting metallic 
edge transverse to its length, which rests upon a plate of agate 
or other hard substance. The chains which support the scales- 
should be suspended from the extremities of the beam in the same 
manner. The point of support of the beam should be at equal 
distances from the points of suspension of the scales ; and when 
the balance is not loaded the beam should be horizontal. 

263. To test the accuracy of a balance, first ascertain that the 
beam is horizontal when the balance is not loaded : then place two 
weights in the scales such that the beam shall be horizontal : 
lastly, change these weights into opposite scales ; then if the beam 
still remain horizontal the balance is a true one. 

264. The chief requisite of a good balance is what is termed 
sensibility; that is to say, if two weights which are very nearly 
equal be placed in the scales, the beam should vary sensibly from. 
its horizontal position. In order to produce this result two con- 
ditions should be satisfied. 

(1.) The point of support of the beam and the points of suspen- 
sion of the scales should be in the same straight line. The conse- 
quence of this will be that two equal weights in the scales will 
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produce a resultant through the point of support ; they -will there- 
fore have no effect whatever in twisting the beam, and the devia- 
tion from horizontality will be the same for a given difference of 
weights, however great the weights themselves may be. 

(2.) The point of support should be very near the centre of 
gravity of the beam, and a little above it. The nearer these two 
points are to each other the greater will be the sensibility, for the 
weight of the beam acting at its centre of gravity must in this 
case be in equilibrium with the small difference of the weights,, 
acting at one end of the beam, and this difference of the weights- 
will act; at a greater mechanical advantage the nearer the centre of 
gravity of the beam is to the fulcrum. 

265. These facts may be examined analytically, by forming the 
equations for a balance when in equilibrium. Let A C B (Fig. 
35) represent such a balance. Let E, F be the weights in the 
scales, and let G be the weight of the beam itself. Let the angle 
DAC = a, CAE = /3j then OBF = 7r-/3. Then if we take 
AD = c, DC = a, CA = <^, the equation of moments about D may 
be written 

Fc sin (/3-a) =Ec sin (/3 + a)+-Ga eosi8. 




Fig. 35. 

Prom this equation j8 may be calculated when the weights are- 
known: or conversely, if /3 be observed, the difference between 
the weights F and E may be calculated. 
If a = 0, the equation becomes 

(F-E) c sin /3 = G a cos |8, 
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a being now the distance of the centre of gravity of the beam 
below D. Hence it follows that /3 diminishes as a diminishes, or 
the nearer the centre of gravity to the centre of suspension, the 
greater will be the sensibility. 

266. We will now proceed to the other form of weighing 
machine, or the steelyard. 

If a beam A B (Fig. 36) is suspended about an axis passing 

through its centre of 
gravity C, and on the 
arm B C is placed a mov- 
able weight G, then if a 
body Q, equal in weight 
to G, is suspended from 
A, the beam will balance 
when G- is at a distance 
from C equal to A C. 
K the body Q equals 
twice the weight of G, 
the beam will balance 
when G's distance from 
C equals twice AC; and 
so on in any proportion. The beam is made heavy at the end 
A, so that is very near that point; then the arm BC can 
be divided into equal divisions, which indicate the weight of a 
substance suspended at A by means of the position occupied by 
G when it balances that substance. An instrument constructed 
on this principle is called a steelyard, and is used when heavy 
substances have to be weighed, and extreme accuracy is not 
required ; the advantage it possesses arises from the fact that the 
weights employed are much less heavy than the substance to be 
weighed. 

267. If the point of suspension is not coincident with the centre 
of gravity, the graduation will be performed as follows : 

Problem.— To graduate the common steelyard, when tlie fuUyrum 
is in any position. 

Let C be the fulcrum (Fig. 37), W the substance to be weighed, 




Fig. 36. 
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hanging at the extremity A, P the movable weight. Now if the 

weights W and P were re- n 

moved, the longer arm of 



r 



BCD 



T 



the steelyard, which is that * 
upon which P hangs, would 
preponderate ; suppose then ^^ 
that B is a point such that Pig. 37. 

P hanging from it would keep the steelyard in a horizontal posi- 
tion, and take C D = B C. Then the moment about 0, produced 
by the weight of the steelyard itself, is equivalent to the moment 
of P hanging from D. 

N^ow, let W hang from A, and P from any point E, then for 
equilibrium we must have 

WxAO=PxOD+PxCE=PxBE; 

W 
.-. BE= p:xAO. 

Suppose that P = 1 lb., and make W successively equal to 1 lb., 
2 lbs., 3 lbs,, &c., then the values of BE will be AC, 2 AC, 
SAC, &c., and these distances must be set oflF, measuring from 
B, and the points so determined marked 1 lb., 2 lbs., 3 lbs., &c. 



> 



§ 8. The Wheel and Axle. 

268. This machine consists of two cylinders having their axes 
coincident (Fig. 38), the two cylinders 
forming one rigid piece, or being cut 
from the same piece ; the larger is called 
the wheel, the smaller the axle. The 
cord by which the weight is suspended is 
fastened to the axle and coiled round it ; 
the power acts sometimes by a cord coiled 
round the wheel, sometimes by handspikes, 
as in the capstan, sometimes by handles, 
as in the windlass. 

269. Ficoh\em.—To Jind the ratio of the Power to the Weight, 
when there is equilibrium upon the Wheel and Axle. 




w 



Kg. 38. 
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Let AB^ CD (Fig. 39) be the wheel and axle, having the 
common centre O ; P and W the power 
and weight, supposed to act by strings at 
the circumference of the wheel and axle 
respectively. 

For simplicity's sake P, W, and the arms 
at which they act are represented in the 
figure as in the same plane. 

From the common centre O draw OA, 
O D to the points at which the cords snp- 
§■ porting P and W touch the circumferences 

of the wheel and axle respectively ; these lines will be perpen- 
dicular to the directions in which P and W act ; hence, by the 
principle of moments, 

Px AO = WxOD, 
P O D radius of axle 




or 



W A O radius of wheel 



270. It is evident that, by increasing the radius of the wheel, any 
amount of mechanical advantage may be gained. It will also be 
seen that the principle of the wheel and axle is merely that of the 
lever; the peculiar advantage of the wheel and axle being this, 
that an endless series of levers (so to speak) are brought into play, 
which is essential to the practical use of the lever, when applied to 
such purposes as raising a bucket in a well, heaving an anchor, or 
the like. 

271. In the above investigation we have neglected friction, or, 
which comes to the same thing, have assumed that the point on 
which the axle turns is indefinitely small. In practice, of course, 
the pivot has a certain radius r, and a certain coefficient of friction 
/x. Then, the pressure on the pivot is F + 'W + w (where w is the 
weight of the apparatus), and the friction is /x (P + W + w) acting 
tangentially to the radius r. If we suppose P to be about to 
overcome "W, this force will act in opposition to P. Hence, the 
true equation of moments will be 

P + AO = 'WxOD + |u(P + W + w)5-. 
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Fig. 40. 
Suppose ttat two axes at 



§ 9. The Toothed Wheel. 

272. Toothed wheels are wheels provided oa the rina with projec- 
tions or teeth, which interlock, as shown in Fig. 40, and which are 
therefore capable of transmitting 
force. When the teeth are shaped 
correctly, the wheels will roll upon 
one another, just as two ideal 
circles, indicated by the curved 
lines a be, dec, and called pitch 
circles, will roll together. The 
pitch circle of a toothed wheel 
is thus the element which deter- 
mines its value in transmitting motion. 
a distance of 10 inches are to be connected by wheel-work, and ar& 
required to revolve with velocities in the proportion of 3 to 2. 
Now, two circles, centred upon' the respective axes, and having radii 
4 and 6 inches, would by rolling contact move with the desired 
relative velocity : hence these must be the pitch circles of the- 
•wheels when made. Thus, whatever may be the forms of the 
teeth upon the wheels to be constructed, the pitch circles are 
determined beforehand. 

273. The curves to be given to the teeth in order that the- 
wheels when made shall run truly upon one another are described 
in Goodeve's Elements of Mechanism and elsewhere. The direction 
of the transmission of force between the wheels is not absolutely 
fixed in direction, but the teeth commonly used are so shaped 
that the main part of the action takes place in a line touching 
the two pitch circles at their point of contact. 

274. It follows from the above, that in treating of toothed wheels, 
we may treat them as if they were reduced to their pitch circles, 
rolling against each other. Suppose that ABC, ADB (Fig. 41) are 
two such circles, in contact with each other at A, and that the power 
P acts at 0, and the weight W at A. Then, if we suppose the 
wheels to turn through a small angle, their peripheries must move 
through the same space, and therefore the displacement of P -will 
be the same as that of W. Hence, by the principle of virtual 
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velocities, P must = W, or no mechanical advantage is gaineA 

Motion is often transmitted in such a manner, for the purpose of 

gaining space, but no mechanical advantage is gained thereby. 

If, however, we place a smaller wheel, O F G, on the axis M of 

ABC, and a larger wheel, OHK, on the axis N of ADE, and then 

slip ABC and A D E past each other, so as to make O F G and 

OHK gear at 0, then the case is altered. The wheels, ABC and 

O P G, then form a wheel and axle, and a tangential pressure is 

AM 
given at O, the value of which is P x -^ ■. The wheels, OHK 

and A D B, also form a wheel and axle, of which the power is 

AM 

represented by the pressure P x at O, and the weight by W 

at A. Hence, by Art. 269, we have 

W = Px^xO|. 

OM AN 



275. In such an arrange- 
ment, the larger wheel of 
each pair is called the 
wheel, and the smaller the 
pinion. Any number of 
such pairs may beemployed 
in succession, and form 
what is termed a Train of 
Wheels. If E^, E^, Eg 
... be the radii of the 
wheels in such a train* 
and rj, r^, r^ '. . . those 

of the pinions, it is evident that the relation of power to weight 

will be given by 

P 

W' 




Fig. 41. 



r. X r^x r^x 



Ej X Eg X Rg X ... 

276. In the above we have not taken any account of friction. It 
is clear that in this case there will be two sorts of friction : — (1.) the 
friction of the bearings in which the axle moves, and (2.) the 
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friction of tlie teeth (as at O), which cannot move past each other 
without a certain amount of grinding. 

The amount of the first, or axle friction, will be proportional 
to the pressure on the bearing, and it will act at an arm p, where 
p is the radius of the bearing. 

The amount of the second will be proportional to the pressure 
between the teeth, and if this be called Q, we may take the friction 
to be m Q. It will act at an arm which will be nearly equal to 
the radius of the wheel, and may be taken as exactly equal to it. 

Taking two pairs of wheels and pinions only, and following the 
notation of the last article, the equation of moments for the first 
pair will be 

P X R^ = Q X T-j + TO Q X r^ + ^ (Q + P) Pj. 

The equation for the second pair will be 

Q X Eg = W X 7-2 + ju (Q - W) pg. 

Combining the two equations, we have 

P X (Rj - ^ p,) = (r^ + ^ri + ^ pO X ^^^^^> 

K2 - W2 

which gives the proportion between P and W. 
The weights of the wheels, &o., themselves are here neglected. 

277. It will be observed, in toothed gearing, that the smaller the 
radius of the pinion as compared with the wheel, the greater will 
be the mechanical advantage gained. There is, however, a practical 
limit to the size that can be given to the pinion, because the teeth 
must be of a certain size for strength, and must not be too few in 
number. Six is generally the least number admissible for the teeth 
of a pinion. They are often joined together by a solid rim at each 
end, beyond the teeth of the wheel. Such a pinion is called a 
lanthorn pinion. 

278. The equation, Art. 275, shows that by a train consisting of 
a very few pairs of wheels and pinions, an enormous mechanical 
advantage may be gained. Thus, suppose there are three pairs, 
and that the ratio of the wheel to the pinion in each is 10 to 1. 

Then the ratio of P to W is y^^ ^ Tr]^ T7\~ foflO" '^^'"'^ ^ is only 
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■one thousandth part of W ; but on the other band, W will only 
make one turn where P makes one thousand. Such trains of 
"wheels are very useful in machines such as hand cranes, where it 
is not essential to obtain, a quick motion, and where the power 
available is very small in comparison to the weight. 

§ 10. The Pulley. 

279. The pulley, in its simplest form, consistsof a wheel, capable 
•of turning about its axis, which may be either fixed or movable. A 





Kg. 42. 



Fig. 43. 



•cord passes over a portion, of the circumference ; if the axis of the 
puUey is fixed (Fig. 42) its only effect is to change the direction 
of the force exerted by the cord, but if it is movable, as at B 
(Fig. 43), a mechanical advantage may be gained, as we shall see 
immediately. Combinations of pulleys may be made in endless 
variety ; we shall here consider only the simple movable pulley, 
and some of the more ordinary combinations. 

280. No account will here be taken of the weights of the pulleys 
themselves, or of friction, or of the weight and rigidity of the 
cords. With regard to the first, the weight of a set of pulleys 
is generally small in comparison with the loads which they lift ; 
and the friction also need not be large. The stiffness of the cord. 
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if the pulleys are small, is not inconsiderable ; but to introduce 
it -would complicate the problem too much. We therefore, in 
this and similar cases, treat the cord as a " string ; " by which 
is meant in mechanics a thin, -weightless, flexible line, simply 
serving to transmit tensile force along its length. The force -which 
a string exerts has no component at right angles to its direction 
when in equilibrium. It is therefore incapable of opposing any 
resistance to a force acting at right angles to its direction ; it 
simply takes up the position which such a force assigns to it, 
without modifying its tension in any way. Hence, if a string pass 
over any smooth surface, its tension is unaltered ; for all the 
reactions of such a surface are normal to the direction. This is 
sometimes expressed by saying that the tension of a string is the 
same throughout ; but this is misleading, if used without qualifica- 
tion, because it does not hold for points where the string is acted 
upon by forces, such as friction, which have components parallel 
to its direction. 



281. Problem. — To find the ratio of the power to the weight in 
the single movable pulley. 

Let O be the centre of the pulley, which is p , 

supported by a cord passing imder it and attached 
to some fixed point C at one end, and stretched 
by the force P at the other. Suppose the weight 
W to be suspended from the centre O. 

Join the points A, B, at which the contact of 
-the cord with the pulley commences, by a straight 
line AB, which will pass through the centre O. '^r 
Then we gaay consider the mechanical conditions 
of the problem to be the same as those of a lever 
A B, kept in equilibrium about the fulcrum O by 
the force P at A and the tension of the string at B. 
But the tension of the string, neglecting friction, 
must be the same throughout, and is therefore 
equal to P. Hence the force at each end of the Kg- 44. 
lever is P, and the resultant of these two parallel forces 2 P, 

But this resultant supports W ; 



O 
w 
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P 1 



282. The same result follows by tlie principle of virtual velo- 
cities. For suppose the pulley, and the -weight W with it, to be 
lifted by any distance. Then both the halves of the string, C B 
and A P, must be shortened by the same distance, and hence P 
must move through double the distance. In other words, P's 
displacement is double Ws displacement, and therefore P = J 
W. 



283. Problem. — To find the ratio of the power to the weight, 
in a system of pulleys in which each pulley hangs by a separate 
string. (First system of Pulleys.) 

This system of pulleys is represented 
in Fig. 45. Suppose there are n pul- 
leys ; then the tension of the string pass- 

W 
ing under the first = ^ (by the property 

of the simple pulley). The tension of the 

W 

string passing under the second = -^, 

and so on. That of the string under the 

W . 
last pulley = -^ > but this must be equi- 
valent to the power P ; 

• P-^ 

Fig. 45. ""^ W 2»" 

284. Problem. — To find the ratio of the power to tlie weight, 
in a system of pulleys in which the same string passes rownd 
all the pulleys. (Second system of Pulleys.) 

This system is represented in Fig. 4G. There are two blocks. 
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the lower one movable, and each contain- 
ing a number of pulleys. Since the same 
string goes round all the pulleys, the 
tension throughout will be the same, and 
equal to the power P. Let n be the 
number of strings at the lower block, then 
the sum of their tensions will be n P, and 
we shall have 

wP = W, 



W 



1 

n' 



285. Problem.— ^'o find the 
ratio of the power to the weight, 
in a system of pulleys in which 
all the strings are attached to 
the weight. (Third system of 
Pulleys.) 

Pig. 47 represents the system. 
The tension of the string by 
which P hangs is P ; that of 
the next = 2 P (by the property 
of the simple pulley); that of 
the next 22P, and so on. Let 
there be n strings, then the 
tension of the last = 2""ip, 
and the sum of all the tensions 



1 



a 



flh 



O 




Kg. 46. 



Fig. 47. 



= (1 + 2 + 22+ +2"-i) P = W; 



W 1 + 2 + 22+ +2"-i 2»-r 



286. The second system is the only one of practical importance. 
In practice the pulleys are made all of the same size, and placed side 
by side in one frame, the rope being inclined slightly aside to pass 
from one pair to the next. This forms what is called a set of 
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Blocks and Falls, which is very commonly used on shipboard, and 
■wherever weights have to be lifted at irregular times and places. 

The weight of the lower set of pulleys in this case merely forms 
part of the gross weight W. 

287. The friction on the spindle of any particular pulley is 
proportional to the total pressure on the pulley, which is clearly 
2 P. It may therefore be taken as ^ x 2 P, and the amount of 
its displacement, when W is raised, will be to the displacement 
of W in the ratio of the radius of the spindle, r, to that of the 
pulley, R. 

§ 11. The Inclined Plane. 

288. In the mechanical powers, as hitherto considered, the fric- 
tion is mainly that of lubricated bearings, and is relatively smalL 
In the three which remain — the Inclined Plane, Wedge, and 
Screw — the friction is, however, considerable, and must not be 
neglected. 



289. Problem. — To find the force required to overcome the resist- 
ance of a heavy body on an inclined plane. 

Let AB be the plane (Fig. 48), a. its inclination to the horizon. 

Let "W" be the weight of 
the body acting at B. Re- 
solve this into two com- 
ponents, parallel and per- 
pendicular to the plane. The 
value of these will be W sin a, 
and "W cos a respectively. 
The former oflFers a direct 
resistance to movement up 
the plane, and the latter 
occasions a resistance of fric- 
tion |(i W cos a, which acts 
in the same direction. Hence 
the force P, which, acting along the plane, will just overcome the 
resistance of W to upward movement, is given by 




Fig. 48. 
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P = W sin a + ju W COS a. 

290. Cor. 1. If P does not act along the plane, but makes an 
angle j8 -with it, we may resolve it into components, P cos /3 and 
P sin jS, parallel and perpendicular to the plane respectively. 
The latter goes to diminish the component W cos a, and therefore 
the force of friction, while the former acts directly to overcome 
the resistance. Hence the equation in this case is 

P cos /3 = W sin a + ft (W cos a - P sin |3), 
or 

P (cos jB + fi sin ^)='W sin a + fi Wcos a. 

291. Cor. 2. If we suppose the friction to be zero, the relation 
between P and W is given by 

P = W sin a. 

292. It follows from Cor. 2, that the smaller the inclination to the 
horizon, the greater will be the mechanical advantage gained. If, 
however, we take in friction, this is no longer necessarily the case, 
for the term /j, W cos a increases as a diminishes. 

The gradients on railways are the most common examples of the 
use of the inclined plane ; these are always made as low as is con- 
venient, in order to enable the engine to lift the heaviest possible 
train. Is there, however, a limit to the advantage thus gained ? 
We will consider this questipn. 

293. Problem. — To Jmd the limit to the mechanical advantage 
■on am inclined plane, the co-efficient of friction being given. 

Let a be the limiting angle sought, and let {a + da.) be another 
angle very near this, so that d a is exceedingly small. Then the 
equations for the values of P in these two cases are, 

P = Wsina + /iW cos a (1.) 

P = W sin {a + d a) + ixW cos {a + d a) 

= (W sin a + /A W cos a) cosda+ (W cos a — /x. W sin a) sin d a (2.) 
Since dais very small, we may put 
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sm a a = a a, cos d a = 1 - ^— ^ ' 
Then the equation (2) becomes 

P = W sin a + ;u W cos a + (W cos « - yti W sin a) (^ a 

-(Wsina + ziWcoso)^'^;^ (3.) 

Now let us suppose that the value of a is such that 

W cos a - /x W sin a = (4.) 

Then the co-efficient oi d a vanishes ; therefore, in this case, 
•whether c?a be positive or negative, the value for P -with the 
inclination (a + da) will be less than the value for P with the 

inclination a, by the quantity ( W sin o + /u W cos a) ^^-^ . In such 

a case P is said to have a maximum value for the inclination given 
by equation (4), that is, for the angle given by 

cot a = II. 

Hence it follows that there is a certain angle, depending 
on the value of (i, for which P is greater than it is if we make 
a = 90°, in which case P = W. For this angle, and for angles on 
either side of it, mechanical advantage is not gained, but on the 
contrary is actually lost. Since /i is generally a small fraction, 
this limiting angle is usually not very far from 90°. An inclined 
plane at all approaching this limiting angle will have a disadvan- 
tageous effect. To find the greatest angle at which the plane will 
have an advantageous effect, we must put P = W in equation (1). 
Then we have 

W = W sin a + fj. W cos a, 

or 

1 - sin a 



cos a 



■fX. 



If a be found from this equation, we shall know that an inclined 
plane will be of no practical use unless it be inclined at a less angle 
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than a. On the other hand, the equation shows that if it be 
inclined at a less angle, there is no other maximum or minimum 
value of P, and therefore the mechanical advantage will always go 
on increasing the more we diminish the gradient. 



§ 12. The Wedge. 

294. The wedge is a double inclined plane, movable instead of 
fixed, as are the planes considered above, and used for separating 
bodies. The force is applied in a direction perpendicular to the 
height of the plane, or parallel to the base, and the resistance to 
be overcome consists of friction and a reaction due to the mole- 
cular attractions of those particles of the body which are being 
separated. This latter reaction will act in a direction at right 
angles to the inclined surface of the wedge, or length of the 
plane. 

295. Problem. — Tojmd the mechanical advantage in the case of 
the wedge. 

Suppose the wedge has been 
driven into the material a distance 
equal to D C by a force P acting 
in the direction D C, then it is 
clear that the energy exerted by 
P is PxDC. Draw DE, DF 
perpendicular to AC, BC. Then, 
since the points E and P of the 
material were originally together, 
the work done against the resist- 
ance R is E,xDE + ExDE = 
2 E X D E. Fig- 49. 

Lastly, the friction at E will evidently be represented by fx. R, 
and its point of application will have moved from C to E. Hence 
the work done upon it is /a E. x E 0. Therefore the equation of 
Energy, or of Virtual Velocities, will be in this case 




PxDC = 2ExDEx2/iExEC. 
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If the angle of the wedge, or A C B, be 2 a, this becomes 
P = 2 E X sin a + 2 ;u E. X cos a. 

296. Cor. If friction be neglected, the equation is 

P = 2 E X sin a. 

It follows that the smaller the angle of the wedge, the greater wiU 
be the mechanical advantage gained. 

297. In general, the wedge is driven, not by a steady pressure, 
but by a series of violent blows. Now between the blows there is 
a powerful reaction E, acting to push the wedge back again out of 
the cleft, and this is resisted by the friction, and in some cases by 
the weight of the wedge. The latter is small, and may be neglected. 
Eesolving the two reactions and the two resistances of friction, all 
parallel to C D, the limiting equation of equilibrium wiU be 

2 E sin a - 2 jU E cos a = 0. 

The value of a thus obtained is a = tan-^yu. If a be greater than 
this value, the wedge will fly back again after being struck, as 
sometimes happens in practice. 

§ 13. The Screw. 

298. The screw is another application of the principle of the 
inclined plane, in cases where a straight inclined plane would be im- 
practicable. Thus, suppose it is wished to provide access to the top 
of a lofty round tower, at a slope up which people can walk con- 
veniently. To make a long straight staircase, or inclined plane, 
reaching from the bottom to the top, would be very expensive, and 
perhaps impossible. But if the inclined plane be made to wind 
round and round the inside of the tower, still keeping the same angle, 
the ascent may be constructed with ease. This forms the ordinary 
spiral staircase. If the tower be large, so that the staircase pro- 
jects but a little way from the wall, and if the steps be replaced by 
an inclined plane, we have a^representation on a large scale of 
what is called a female screw, or an ordinary nut. The projecting 
rib or staircase is called the thread, the distance by which it rises 
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vertically in one complete turn is called the pitch, and its slope to 
the horizon is called the angle of the screw. The bolt, or male 
screw, is a cylinder, having an exactly corresponding thread cut 
on its outside, and just of a size to fit into the nut. The work is 
done by holding the bolt fast, and turning the nut round (or vice 
versd), -when the nut screws itself along the bolt, this being the only 
■way in -which motion is possible. 

299. There are two modes of form- 
ing the thread in practice, which are 
indicated in Fig. 50 j in which it is 
also shown how one complete turn of 
the thread may be represented by the 
wrapping of a triangle round the 
cylinder. The reactions of the nut 
will, of course, be perpendicular to the 
surface of the thread at each point, as 
P and Q ; but if we consider any par- 
ticular point on the thread, we shall see 
that the forces acting on it are as 
follows : — 

(1.) The resistance to motion Wj, 
•^'g- ^^- acting parallel to the axis of the screw ; 

(2.) The reaction Rj at right angles to the thread ; 
(3.) The friotional resistance, ;u Rj, parallel to the thread ; 
(4.) A force, Pj^, produced by the power ; this we may consider 
as acting at right angles to W, and tending simply to turn the screw 
on its axis. 

If a be the angle of the thread, we have, by resolving the forces 
perpendicular to the thread, 

Rj^ = Wj cos a + Pj sin a, 

which gives the value of the reaction Rj 

If we form the equations of equilibrium for this and every other 
point, and add them together, we shall obtain the general equations 
for the screw : but this would be a troublesome process. The 
principle of virtual velocities saves us this trouble. 
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300. Problem. — To find the relation between the power amd the 
weight, in the screw. 

Suppose the power P, which need only be employed to make the 
screw revolve, to act in a plane at right angles to the axis, and at 
the end of an arm r. Now, suppose the screw to have made one 
complete turn, and consider what the displacements will be for the 
several forces. 

(1.) The power P will have been moved through the whole 
circumference of its circle of motion, or through 2 tt r ; 

(2.) The weight W will have been moved through the distance 
A B, or the pitch ; 

(3.) The total friction, ju (W cos a + P sin a), will have moved 
through the whole length of the thread, or A C. 

The reaction R will not appear, because the motion is always at 
right angles to its direction. 

Hence the equation of virtual velocities will be 

P X 2 TT r = W X A B + yu (W cos a + P sin a) X A C. 

AB 

Since A C = , this equation may be written 

sin a 

Px(27rr-/xxAB) = WxAB(l + (UC0ta). 

301. Cor. If friction be neglected, the equation becomes 

Px27r»- = WxAB. 

302. It will be seen that the mechanical advantage gained is 
greater as the pitch A B is less. In some cases, as in ordinary bolts 
and niits, it is desirable that the screw should work at fair speed, 
and then the pitch must not be too small. In cases where the 
screw is specially used for obtaining pressure (as in screw-presses 
for cotton, (fee), this does not apply ; but a practical limit to the 
pitch is given by the fact that, if the angle of inclination is 
very flat, the threads run so near each other as to be too weak. 
In that case the screw is apt to " strip its thread," that is, to tear 
bodily out of the hole, leaving the thread behind. 

303. Where great pressure is required, it may be obtained by 
means of the Hunter screw, in which the main screw has another 
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screw, of somewhat finer pitch, fitting into it, and turning in the 
opposite direction. The advance of the screw at one turn is then 
only the difference between the two pitches, and this difference 
may be made as small as we like without weakening the thread 
of either. 
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PAET III.— KINEMATICS. 
§ 1. Motion in one Straight Line. 

304. Kinematics, taken as a separate branch of Mechanics, deals 
■with problems of motion only, without reference to the forces 
which cause the motions. 

305. A body, left to itself, moves uniformly in one straight line, 
and any change in this motion must be due to some cause, that is- 
to say, to some force. It follows, therefore, that in every problem 
of motion the existence of some force must be assumed, and there- 
fore that everything in Kinematics falls really under the head 
of Dynamics. Strictly speaking, this is true ; but there are cer- 
tain cases in which, the forces being simple and constant, the 
changes of motion which they produce may be studied by them- 
selves, and as if they existed of themselves, without any further 
reference to the forces which cause them. These are the cases 
which will be studied in the present division. They may practi- 
cally be classed under one heading — namely, as those in which 
there is only one force, and that constant in direction and amount. 
In this case the acceleration is also constant, and we may treat it 
as a change in the velocity, independently of the force which 
causes it. 

306. The ordinary example of such a case is that of a body mov- 
ing under the action of gravity, which for small distances, vertical 
or horizontal, may be treated as constant in direction and amount. 
In practice other forces, especially the resistance of the air, act on 
a flying body ; these for simpliflcation are omitted, although in 
practical cases at high speeds {e.g., in artillery) the resistance of the 
air must be taken into account. 

307. We shall treat this subject, therefore, as applying to bodies 
moving in vacuo under the action of gravity — that is, with a 
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constant acceleration g, of about 32"2 feet per second ; but it must 
be remembered that they apply equally to bodies under any other 
constant acceleration, y. 

308. The subject falls into two divisions, according as the initial 
velocity of the body is, or is not, in the same direction as the 
acceleration. "We shall begin with the first division. In this it 
is evident that the whole of the motion under gravity will be in 
one vertical line. We shall assume that velocities are positive 
when measured upwards. 

309. Problem. — To find the equations of motion for a body in 
vacuo moving in a vertical line under the acMon of gravity. 

These equations are precisely those which have been deduced in 
Part I., Art. 90. If u be the initial velocity of the body at time 
t = o, V its velocity at the time t, and s the space it has described, 
then 

V =u-gt 

Here u must, of course, be taken positive or negative, according- 
as the initial velocity is upwards or downwards. 

These formulse will enable us to solve any problems with regard 
to bodies moving in one vertical line. 

310. Problem. — Tofmd the time during which a body rises when 
projected vertically upwards. 

Let u be the velocity of projection. Then 

v=u—gt 

is the velocity of the body after any time t. But when the body 
has reached its highest point, its velocity is zero. If, therefore, 
we put v — o in the above equation, the corresponding value of f 
will be the time of rising. 

.-. t = '^. 
9 
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311. Problem. — To Jmd the time of flight, i.e., the whole time 
before retv/ming to the starting point. 

q fi 
The formula s = ut — ^-^ gives the distance of the body from 

the starting-point after t seconds. Now, when the body, having 
risen to its maximum height, has returned to the point of projec- 
tion, s=0. If, therefore, we put s = in the above equation, the 
value of it will be the time of flight ; but from the equation 

ut-S-^=Q 

■we get « = 0, or < = — . The former of these two values corre- 

g 

sponds to the instant when the body starts; the latter to the 
instant when the body has returned. Hence — is the whole 
time of flight. 

312. Cor. 1. — Since - has been proved (Art. 310) to be the time 

of rising, — must also be the time of falling ; i.e., the time of rising 
equals the time of falling. 

313. Cor. 2. — The final velocity = g'x - = u; hence a body 

returns to any point in its path with the same velocity at which 
it left it. 

314. Problem. — To find the height to which the body will rise. 
Generally v^ = u^ -2 gs ; but v = at the summit, and the 

corresponding value of s will give the height to which the 
body will rise ; 

.-. u^=2gs. 



315. Cor. — Since u^ = 2 gs, where s is the height from which a 
body falls to gain the velocity u, it follows that a body will 
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rise through the same space in losing a velocity u as it would fall 
through to gain it. 

316. By an extension of the same fundamental formulae, we may 
treat the case of a body sliding from rest down a smooth inclined 
plane. 

317. In this case we must conceive the force of gravity to be 
resolved into two parts, one parallel to the plane, the other perpen- 
dicular to it. The latter will merely produce pressure on the plane, 
while the former will accelerate the motion of the body, and is 
the only part with which we shall be here concerned. 

318. Problem. — To find the acceleration with which a heavy 
body will move, if it slides down or is prelected up a given inclined 
plane. 

Let the body be moving down 
the plane AB, and suppose it to 
be at a. 

Draw ab vertically downwards, 
and make it equal to A B. Take 
ab to represent g, the vertical 
acceleration of gravity. Then, if 
6 c be drawn at right angles to 
A B, the triangle abc is in every 
respect equal to the triangle 
ABC, and a c represents the re- 
solved part of the acceleration g 
in the direction A B. Hence, if 
/ be the required acceleration, 

AC 




Fig. 51. 



- ac 
■' ab ^ 



AB 



i ^9- 



Let A C, the height of the plane, equal h, and A B, the length 
of the plane, equal I. 
Then 



If the body be projected up the plane, the retardation due to the 
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body's tendency to fall will also be represented by a c, and will be 
•equal to -jx- g. 

The motion of the body, if allowed to fall down the plane, can 
be ascertained • by putting /= j g (or /= g sin a.) in the equations 



v=ft; «=■ 



/*2 



= 2/s. 



If the body be projected up or down the plane, the motion can 
be determined by substituting this value ofyin the equations 



v = u±ft; 



£1 



■8)2 = ^2 + Ifs. 




319. Problem. — To Jmd the velocity acquired by a body in 
Jailing down a given inclined plane. 

Let A B be the inclined plane, 
a its inclination, P the place of 
the body at a given time, 

B P = s, v= the velocity at P ; 

then we have by our formula, 
since u = o, 

v^=2g sin axs, 

^' ■ which gives the velocity. If 

we draw B perpendicular to the horizontal line through A, and 
<!all V the velocity at A, we have 

V2 = 2^. ABsina 

= 2g. BC. 

Hence the velocity is the same at A, as if the body had fallen 
through the vertical space B C : that is to say, the velocity gene- 
rated by gravity depends solely upon the vertical space through 
-which it is allowed to act ; a result which might, perhaps, have 
been anticipated. 



320. Problem. — A body is projected upwards along an inclined 
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plaTie with a given velocity ; to find how high it will ascend, and 
the time of ascent. 

If V be the velocity at the time t, whea the body has ascended 
through a space s, a, the angle of the plane, and V the given 
velocity of projection, we have 

^2_,Y2_2grs sin a. 

When « = the body will stop ; hence, the distance required will 
be given by the equation 

Ag sin a 
I'or the time, we have the equation 

v = Y — gt sin a; 
and the body stops when « = 0, or when 

V 

« = — -. — • 
g sin a 

321. Theorem. — Let A CB he a circle in a vertical plane, A its 
highest point; the time of descent down 
all chords drawn through A, con- 
sidered as inclined plames, will he the 
sarnie. 

Let AP be any chord, a its inclina- 
tion to the horizon: draw the verti- 
cal diameter AB, and join BP, then 
ABP = 90°-BAP=a. Now if t be 
the time of descent down A P, we 
shall have (Art. 318) 

2- 




Fig. 53. 



A.'P=g sm os-hJ 



but, A P = AB sin «, 



•AB=f^ 



and < = 



v/^ 



2AB. 
9 
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This value of t is independent of a, and is therefore the same for 
all chords. 

322. Problem. — From a given point to draw the line, down 
which as an inclined plane a particle will descend to afiooed line 
in the shortest time possible. 

Let A be the given point, and through it draw a horizontal line 
to meet the given line in B; in the 
given line take BC equal to BA; 
join AC, which shall be the line 
required. 

It is easily seen by geometry that 
a vertical circle having A for its 
highest point will touch the given 
straight line in C. Now if AC be 
not the line of quickest descent, let 
°' ' A E D, cutting the circle just men- 

tioned in E, be the required line ; then the time of descent 
down A C is equal to the time down A E, and therefore is less 
than the time down A D. Therefore A C is the line of quickest 
descent. 

323. Similarly it may be shown, that in general the line of 
quickest descent from a point to any given curve will be found by 
describing a circle, to touch the horizontal line passing through 
the given point at that point, and also to touch the given curve. 
The chord joining the points of contact will be the line of quickest 
descent. 

§ 2. Motion of Peojectiles. 

324. We now go on to the case where the initial velocity of the 
body is not vertical, which is that of a body flying through space, 
such as a cricket ball or a rifle bullet j in this case the body will 
clearly describe a curve, and our first object is to discover the 
nature of this curve. 

325. Def. — A body flying through space under the action of 
gr amity is called a Projectile; and the path which it describes is 
called its Trajectory. 
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Fig. 55. 



326. Theorem. — The path of a projectile in vacuo will he a 
parabola. 

It is evident that the path will lie in the vertical plane through 
the direction of projection : let it be the 
plane of the paper, and let P (Fig. 55) 
be the point of projection, P N R the line 
in -which the body is projected, which 
will manifestly be a tangent to the curve 
described. 

Let V be the velocity of projection, and N 
the point at which the body would arrive 
with this velocity in the time t, so that 
V^ = Yt. 

Prom N draw NQ vertical, and make 

N Q = ^jr- ; then, since the space which the body would describe 

in the time t, under the action of gravity only, is N Q, and since if 
gravity had not acted the body would have been at N, therefore 
when the body is simultaneously under the action of its original 
velocity V, and that generated by gravity, it will be at Q. 
Complete the parallelogram P S Q N ; then 

PS = NQ=?^', 

.-. QS2 = V2«2=^^-^ X P8 = 4PSx ~. 

9 ^9 

But in the parabola QS2 = 4PSxOP, where O is the focus. 
Hence Q lies in a parabola, of which the m 
axis is vertical, and the distance of P 

from the directrix or focus is -rr- ■ 

^9 
Cor.— From the point P (Fig. 56) 
draw P M perpendicular to the directrix ; 
then 

V2 = 2^. 0P = 2£r. PM. 




Fig. 56. 
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Hence, the velocity at amy point of the parabola is that whdch 
would be acquired in falling from the directrix, 

327. Problem. — To determine the position of the focnis of the 
parabola. 

Let P be the point of projection, 
P Q the direction of projection, A S B 
the axis of the parabola, P M vertical, 
P B horizontal ; and let Q P B (which 
is called the angle of projection) = a. 

From P draw P S, making the same 
angle with PQ as PQ makes with 
PM; then, by a property of the 
^'g- 57. parabola, the point S, in which P S 

meets the axis, is the focus. 

NowSPB = QPB-QPS = QPB-MPQ 

= a-(90°-a) = 2a-90°; 
.-. PB = SPsin2a, andSB= -SPcos2a; 

batSP = „— ; .-. PB = ^ sin2a, andSB=-j^cos2a.* 
Zg Zg Zg 

The lines P B, S B determine the position of S ; for we have 
only to measure the distance PB horizontally and BS verti- 
cally, and we shall determine S. Or we may determine the posi- 
tion of the line P S as above, and take in it a point the distance 

. V2 
of which from P is ^r— ; this will be the focus. 

328. Cor. — If a = 45°, the focus of the parabola is in the hori- 
zontal plane passing through the point of projection. 

329. Problem. — To determine ilie greatest height to which the 
projectile will rise. 

*The CLuantity - =— cos 2 « will be posUme, because in the figure 2 a has 
been supposed to be greater than 90°. 
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The velocity of projection may be supposed to be resolved into 
two velocities, one horizontal = V cos a, the other vertical = V sin a. 
The vertical motion of the body will be the same as if it were pro- 
jected vertically with this latter velocity ; hence, if h be the height 
required, we have 

, V^ sin^ a 

n= p; . 



330. Problem. — To find the latus rectum of the 
parabola. 

Draw the perpendicular SY on the tangent 
P Y, which is the line of projection ; let A be the 
vertex, then AY is a tangent at the vertex, and 
therefore horizontal. 

Then 

SYA = 90°-a, andSPY = MPY = 90'' 




Fig. 58. 



the latus rectum = 4AS = 4SY cos a = 4 S P cos^ a. 
2V2 „ 



331. Problem. — To find the Bange of the projectile, that is, the 
distance from the point of projection at which the body Ttieets the 
horizontal plane through the point of projection; and also the time 
<f flight. 

The range wUl evidently be twice the distance of the point of 
projection from the axis of the parabola. But this distance was 



shown in Art. 327 to be 



^9 



V2 

. •. the range = — sin 2 a. 
9 

To find the time of flight we have only to observe, that the 
horizontal velocity of the body is uniform and equal to V cos a, 
and therefore that the time which elapses between the moment of 
projection and the moment of the body striking the ground is that 

occupied by a body moving through the space — sin 2 a with the 

velocity V cos a. 
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.•. the time ot iliant = — == = — sin a. 

° gr \ cos a g 

The same result may be arrived at from the consideration of the 
vertical motion of the body. For since the vertical velocity of 
projection is V sin ot,, the time of flight will be that which elapses 
before a body projected vertically with a velocity V sin a falls and 
strikes the ground ; and this time is manifestly expressed by 

, since the time of ascent will be and the time of 

9 9 

falling the same. 

332. Cor. — The greatest value which sin 2 a can have is 1, 
which corresponds to a = 45° ; hence, the range of a projectile 
will be greatest when the angle of projection is 45°. 



333. Problem. — To find the relation between the velocity and 
angle of projection, in order that the projectile may strike a given 
point. 

Let O be the point of 
projection, O M horizontal, 
and M P vertical ; let P be 
the given point, and let 
OM = h,M.V = k Draw 
A B the axis of the para- 
bola, and P N perpendicular 
to AB. 

Then we have proved 

V2 sin 2 a. 




Fig. 59. 
(Arts. 327, 329) that 



0B = 



and AB = 



^^^V^sin^_ 



2 V2 

Also the latus rectmm = oos^ 

<f 



Y^ sin^ a 

PN = A- 
hence 



V2| 



2^ 
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2 V^ 
PN2 = — ---cos^a.AN: 
9 



/, V2sin2a\2 2V2 „ /V^sinSa A 

or (ft s 1 = COS'' a I — -;-, k] ; 

\ ^9)9 \ ^9 ) 

or A^ _ 2 A — - sin a cos a + 2 ^ — cos? a = 0, 
9 9 

which is the relation between » and V required. 



§ 3. General Theorems. 

334. There are one or two general facts with respect to the 
motion of bodies, which are properly included under the head of 
Kinematics. The first of these is the conception of Angular 
Velocity, as distinguished from Linear Velocity. 

Definition. — If the motion of a particle in a plane be considered 
with reference to a fixed point in that pla/ne, the angular velocity of 
the former about the latter means the rate of increase of the angle, 
which the line joining the two makes with some fixed line in the 
plane. 

335. By the rate of increase of the angle, we mean the ratio 
of any given increase of the angle (supposed to take place uni- 
formly) to the time during which it takes place. If the increase 
of the angle be d 6, and the time d t, and if both be very small, 
then we may always consider the increase to be uniform : hence 
we shall have, as the proper value of the angular velocity ai, 

dO 

dt 

The increase of the angle, in angular velocity, thus takes the 
place of the increase of the distance from a fixed point in linear 
velocity. 

336. Cor. — If the increase of the angle be constant for any 
time f, we shall have 

(i)t = 6. 

337. The following general proposition as to the relative move- 
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ments of the particles in a system is a very important one, from the- 
convenience it affords in solving dynamical problems. It will be 
observed that no condition whatever is attached to the motion, 
and therefore the proposition holds, whatever be the forces acting 
on the system. 

338. Theorem.— 7/" we suppose the velocity of any one particle of 
a system, reversed in direction, to he communicated to each particle 
of the system in addition to that which it already possesses, then 
the relative motions of all about the first thus reduced to rest, 
will he the same as their relative motions about it when all were in^ 
motion. 

It is evident that if at every instant the distance of two 
particles, and the direction of the line joining them, be the same 
as for two other particles, the relative motions of one of each pair 
about the other will be the same. 

Now let P and Q be the positions which the first particle and 

any of the others would have 
occupied (if undisturbed) at the 
end of a time 8 i. Suppose that 
the same additional velocity v, 
in any direction P^, is im- 
pressed on both during the 
interval St; then the particles 
will be at the end of the 
interval in the positions p, q, 
and pq \s evidently equal and 
parallel to PQ. This will be 
true for all indefinitely small 
values of ht, and therefore at every instant the relative motion of 
the two particles p, q is the same as that of P, Q. But by im- 
pressing on the whole system a velocity equal and opposite to that 
of P, the latter is reduced to rest. Whence the proposition. 

339. We have given a formal proof of the above proposition, but 
in fiict it follows immediately from the principle that all known 
motion is relative. Thus the motion of P, which we suppose to be 
known, could not have been absolute motion, but merely motion 
relative to some point assumed to be fixed, such as the centre of 




Kg. 60. 
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the earth. Therefore we may, if we choose, take P to be the fixed 
point, instead of O ; and this we shall clearly do if we suppose each 
particle to have impressed upon it a velocity equal and opposite 
to the velocity of P relative to the point 0, originally supposed 
to be fixed. 

340. "We are thus enabled to determine, from the actual motions 
of all the particles of a system at any time, their relative motions 
with respect to any one of them; or conversely, from the actual 
motion of one particle, and the motions of the others relative to it, 
we can determine the actual motions of the latter. In practice, 
of course, the term " actual motion'' can only mean motion relative 
to some point generally taken as fixed. In many examples of 
dynamics, the action of the forces becomes much simpler and easier 
to grasp, if we can take some particular point in the system as 
fixed; and this is always possible, on the above principle, by 
finding the velocity of this point, and impressing that velocity, but 
in the reverse direction, on every particle of the system. 

341. Two examples of the above principles may be given. 

342. Theorem. — Two particles ivill always describe similar orhiis 
about each other, and about their common centre of gravity. 

Let A and B be the particles, G their centre of gravity at any 

time. Then 7=5-= = -r-, if A and B represent their masses, and this 

is a constant ratio. 

The path of B about A will evidently be the same as that of A 
about B, since the length and direction of the line A B are the 
same whichever end be supposed fixed. Also if G be fixed, the 
path of B about it will evidently differ from that of B about A 
by having corresponding radii vectores diminished in the ratio 

—. =r. But this is the definition of similar curves. The same, of 

A + B 

course, would hold with respect to the relative path of A with 

respect to G. This proposition enables us materially to simplify 

the equations of motion of two mutually attracting free particles. 

343. Problem. — Suppose two particles, one of which moves 
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wmformVy in a straight line, while the other moves wmformly in 
a circle about it as centre ; to deterrmne the path of the latter, the 
motion being in one plane. 

Take the line of motion of the first as the axis of x, and let v 
be its velocity; let the plane of the circle be the plane oi xy, a 
the radius of the relative circular orbit, a the angular velocity in 
it. Suppose the revolving particle to be initially in the axis of x. 
Also at time t suppose the line joining the particles to be inclined 
at an angle 6 to the axis of x. Then for the co-ordinates of 
the revolving particle we have 

y = a sin 6, 



But 



x = vt + a cos 6. 
i=cut ; 



x = vt-i-a /i_^=-sin -+J(a^-v^); 
which is the equation to the absolute path required. 
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PART IV.— DYNAMICS. 

§ 1. Introductory. 

344. The principles on whicli the Science of Dynamics proper is 
founded have been already laid down in Part I. We now go on 
to consider how these principles may be used, as in the case of Statics 
and Kinematics, to develop the leading facts relating to this branch 
of our subject. 

345. The central problem in Dynamics may be stated as follows: — 
Given the mass, velocity, and position of every particle of a system 
at a given tim,e, and also the forces acting upon it, to determine 
their velocities and positions at any subsequent time. 

This problem is immeasurably more difficult than the corre- 
sponding central problem in Statics (Art. 202), and we shall not 
attempt its solution. The reason of this difficulty is that in this 
case the relative positions of the particles are continually altering, 
and this alteration causes variations in the forces which they 
exercise upon each other (by the definition of matter). All these 
variations have to be taken account of, and they complicate the 
question so much that even in the case of three particles, free to 
move ' under their mutual attractions, the problem, in the form 
stated above, has never been solved. This problem, which is 
known as that of the Three Bodies, is the fundamental problem 
of the Lunar theory; but it is there solved only by approximate 
methods, based on the circumstance that one of the three bodies 
the sun — is very much larger than either the earth or the moon. 

346. Hence, to study Dynamics at all, it is necessary to make 
certain assumptions for the purpose of simplifying the question. Of 
general assumptions, the most convenient is that the system is a 
rigid one — i.e., that the geometrical relations of its particles, or their 
positions relative to each other, are always constant (Art. 176). 
This, of course, never holds exactly in nature, but it holds approxi- 
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mately in cases where the external forces are small in comparison 
with the internal forces, which tend to resist any change in the 
geometrical relations of the system. This branch of Dynamics is 
called Rigid Dynamics : but even this, if treated in a general 
manner, is of great difficulty, and requires the aid of high 
mathematics. 

All that we can do, therefore, in Dynamics is to investigate 
certain cases, in which by special assumptions very great simplicity 
may be attained. In some of these cases the hypothesis of rigidity 
will be introduced, in others not. 

347. Generally, it may be said that the aim, in all dynamical 
problems, is to find the velocity and the resultant acceleration of 
each particle of the system, at a given instant. When these are 
known, its path, for the next instant, is given at once by the 
ordinary equations of acceleration (Art. 90). 

§ 2. Motion of Two Bodies under Gravity only. 

348. In this class of problems the acceleration is constant, and 
it might be supposed that they should be treated, like those of 
projectiles, in the chapter on Kinematics. But in these problems 
it will appear that the acceleration can only be determined when 
the mass moved has been considered. We have therefore to use, 
not only the equations of acceleration, but the fundamental equation 
connecting the statical and dynamical measures of force. This 
equation is (Art. 125) 

P = M/, 

where P is the resultant force or unbalanced eflFort (Art. 142), acting 

on the system, measured in the pounds weight it will lift j 
„ f is the acceleration, or change of velocity produced on the 

system, measured in feet per second; 
„ M is the mass moved, the unit of mass being the mass of 

g lbs., where g is the accelerating force of gravity, and 

= 32-2 nearly. 

349. Problem. — To find tJie motion of two bodies, the masses of 
which are M and M respectively, and which are connected hy a fine 
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weightless string passing over a smooth peg or small pulley, the-- 

only effect of the peg being to change the direction of the string. 

Let M be greater than M'; then the moving force 

producing motion, or the unbalanced effort (Art. 142), 

is the difference of the weights, or Mg- M/g ; but the 

whole mass moved is M + M'; consequently (by the 

M-M' 
equation P = M/) the accelerating force is ^ — tvp^' 

Hence, if x be the distance of M from the peg at the 
time t, V its velocity, a the distance when the motion 
commenced, we shall have 

_M--M' ^ 

M 

M-W gt^ Fig. 61. 



M 



x = a + 



M + M' 2 



350. Problem. — In the same case, to determine the tension of 
the string. 

To do this we observe, that if the weight Wg were suspended 

at the extremity of a string and were at rest, the tension would 

be M^', the force being entirely employed in producing tension. 

As it is, however, a portion of the force acting on M is employed 

in producing motion, and the remainder in producing tension of 

the string. 'Now, the acceleration corresponding to the former- 

M-M' 
portion we have determined to be ^-^^ — j-t^> and the acceleration 

corresponding to the whole is g. Hence the accelerationy corre- 

M-M' \ 
spending to the tension T is (p' - -^ -^ Ph or (since T = M/) 



the tension T = M 



1^ M + M'^ I 



2 M M' . 

an expression which, it may be observed, involves M and M'' 
symmetrically, as manifestly it ought. 



140 THE student's MECHANICS. 

351. This problem may be solved in another manner, which will 
give us at once the tension of the string and the accelerating 
force. 

Thus, let T be the tension of the string ; then the moving force 

upon the body M will be M gr - T, and the accelerating force 

T 
therefore ff — ^' In like manner, the accelerating force upon M' 

T 
will he ff — ^,> and these two must be equal, but of opposite 

algebraical signs, since one of the bodies necessarily ascends with 
the same velocity with which the other descends. 
Therefore, 

T T 

or 

„ 2MM' ■ . 

T 2M' M-M' 

And the accelerating force = 9 - ttf = 9 - vr — ^tf/.?' = v? — ^r«v 9- 

Example. — Suppose M = 2 M', and a = o, to find how far M will 
•descend in 1". We have 

2-1^ 16.1 .„ . , 



Also in this case the tension of the string = | M g' = two-thirds 
of the heavier weight. 

352. Problem. — Two weights are placed upon two opposite 
inclined planes, and connected hy a fine string which passes over 
a smooth pulley at the highest point of the planes: to determine 
the motion. 



PART IV. — DYNAMICS. 



141 




Let A B, AC be the two planes, a, ^ 
their respective inclinations. 

Then the part of the weight Mg 
which is effective in producing motion is 
Mgr sin a, and that of M'g is M'gr sin /3 ; 
the difference, or M g" sin a - Wg sin j8 
is the moving force ; the mass moved 
is M + M' ; therefore the accelerating 
force is 

M sin 06 - M' sin (3 
M + M' 



If X be the distance of M from A at the time t, a the distance 
at the beginning of the motion. 



Fig. 62. 



x = a + 



M sin « - M' sin /3 gfi 



M + M' 2 • 

The tension of the string may be found as in Art. 350. 
Example.— Suppose M = 3M', a = 30°, /3 = 60° : then, 

^ = ''■^-3^1 




= a + 



3 -1.7 
16 



gt^ = a+2.6fi, nearly. 



353. The case of two falling bodies connected by a string is 
especially interesting, because it enables us to prove by direct experi- 
ment the constancy of gravity, and its amonnt. A weight suffered 
to fall freely acquires almost instantaneously so high a velocity that 
accurate measurement is diiScult; and, moreover, the resistance of 
the air at once begins to have a considerable effect. But in the 
case of Art. 349, it will be seen that the velocity at any moment is 
proportional to M — M', and therefore, by making these very nearly 
equal, we are able to reduce the velocity as much as we please. 
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Its measurement then becomes easy, and tte resistance of tlie air 
becomes at the same time insignificant. On the other hand, some 
fresh conditions are imported into the problem, as the -weight and 
stiffness of the string, and the friction upon the pulley; but by 
various contrivances these may be got rid of or allowed for. An 
apparatus arranged for this purpose is called an Atwood's machine, 
from the name of its inventor, and is often seen in physical 
laboratories. 



§ 3. Impulsive Forces. 

354. Forces in dynamics are usually divided into continuous 
forces and impulsive forces; and though there is no essential differ- 
ence between the two, yet they require different treatment, and 
must therefore be sepai'ately considered. 

355. A continuous force is such as we have already discussed in 
Part I., acting continuously for a finite time, and producing a finite 
change of velocity in that time. Such a force is measured, in its 
effect on a body of mass M, by the product of the mass it moves, 
and the acceleration, /, which it causes — that is, by the increase 
which it causes in M's momentum during a unit of time 
(Art. 68) : and the momentum which it generates in any other 
time t is expressed by M./t. Again, its total effect on the mass, 
while acting upon it over any space, s, is expressed by the energy 

exerted, M/s, or — ^ ^ , where u is the initial 

velocity in the direction of the force (Art. 129). 

356. So long as the acceleration of a force is of moderate amount, 
compared to the ordinary units of space, and so long as the time 
during which it acts is not very small, there is no difficulty in 
applying the above formula. If the acceleration be small, and the 
time small also, the measurement of the momentum becomes 
difficult : but as this momentum is then insignificant, this difficulty 
is of no importance. If, however, the force be very great, and the 
time very small, the difficulty becomes serious. A typical case 
is the blow of a hammer. Here the time during which there is 
contact is apparently instantaneous — certainly too small to be 
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measured by any ordinary methods : yet the effect produced is very 
considerable. In such cases it is impossible accurately to deter- 
mine _/ and t ; but We can determine their product, ox ft, since this 
is merely the change in velocity caused by the blow. Hence, in 
the case of blows, or impulsive forces, we do not attempt to 
measure the force and the time of action separately, but simply 
take the whole momentum produced, as the measure of the im- 
pulse. Similarly, we cannot measure the space s described under 
the action of the force, in order to determine the work donej but 
must content ourselves with measuring the change in the kinetic 

energy, or in — ^ — , in which there is generally no dif&culty, since 

the change in the velocity can easily be determined. Hence, we 
arrive at the following as the definition of an impulsive force. 

357. Def. — An impulsive force is a force so large in amount, and 
acting for so short a time, that we have to measure its effect simply 
by means of the change in velocity which it produces. 

358. It was formerly usual to define an impulsive force as an 
indefinitely large force acting for an indefinitely short time ; and 
then to explain that, while there were, of course, no such forces in 
nature, there were forces, such as the blow of a hammer, which 
had to be treated on that supposition. But this seems quite 
unnecessary. As a matter of fact, improved modes of measure- 
ment are frequently enabling us to apply the ordinary formula to 
forces formerly considered impulsive. Thus the explosion of a 
oannon would once have been considered almost a type of an 
impulse : but now that we can measure accurately to the ten- 
thousandth of an inch, or of a second, the effect of time in an 
explosion may be studied, and has been studied with important 
results. 

§ 4. Motion of a Particle in a Cueved Line. 

359. Theorem. — A particle moving in a curved line, withoiii 
friction, does not lose any of its velocity in consequence of the reac- 
tions which compel it to move in that line. 

Suppose a particle to move along a smooth plane, A B, Fig. 63, 
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and at B to meet another plane, B C, inclined at an angle a, to the 

former. An impulsive action will 
then take place, due to the reaction 
of the plane, BO, which will cause 
the particle to follow that plane. Since 
the plane is smooth, this impulse must 
be normal to the plane B C (Ai-t. 234); 
and it will be measured by the velocity 
which it imparts to the particle (Art. 
Fig- 63. 357). Let B M, drawn at right angles 

to B 0, represent this velocity, and let B N represent the 
original velocity of the particle. Then, by Art. 122, the 
resultant velocity will be fixed, in amount and direction, by 
the diagonal of the parallelogram, of which B M, B N are the 
sides. But we know that this velocity must be in the direction 
of B C ; hence, the fourth point O of this parallelogram must lie 
on B C. Draw B P perpendicular to O M. Then the velocity 
B M may be considered as compounded of a velocity P M, which 
goes to diminish the original velocity B N, and a velocity B P, 
which is at right angles to the original velocity, and alters the 
direction of the particle's motion from A B to B C. The values 
of these two component velocities are : 

Velocity P M = B M sin a, 

Velocity B P = B M cos a ; 

also the resultant velocity, or B 0, = B N cos a. 

Now let us suppose the angle a to be indefinitely diminished. 
Then we may consider A B, B C as two successive elements of a 
smooth curve, considered as made up of an indefinitely large 
number of indefinitely short planes following each other. But in 
this case, sin a approaches the value 0, while cos a approaches the 
value 1. Hence, the ratio of P M to B P, or of the part of the 
impulse which destroys velocity to the part which changes direc- 
tion, becomes indefinitely small : or, in the limit, the whole of the 
impulse is employed in changing direction, and none of it in 
destroying velocity. The same will be true for the sum of any 
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number of successive impulses ; that is, the ratio of the velocity 
destroyed to the velocity employed in changing direction will be 
indefinitely small. But the velocity employed in changing direc- 
tion is itself a finite quantity ; therefore the velocity destroyed is 
an indefinitely small quantity, or the particle does not lose any 
velocity from being constrained to follow the curve. 

The same appears from the expression for the resultant velocity, 
B N cos a, which, in the limit, becomes equal to B N. 

360. The above proposition is often proved by simply saying that 
the reaction at any point of the curve is normal to the curve, and 
therefore can have no efiect on the velocity, which is tangential to 
the curve ; but since it is clear that, if a is a finite angle, there is 
a distinct loss of velocity at each change of direction, it seems 
desirable to show at length that, when a becomes indefinitely 
small, the sum of all these losses of velocity vanishes. 

361. In the proof it has been supposed that the particle is con- 
strained to move in the curve by the resistance of a smooth rigid 
body, as would be the case with a small ring sliding on a smooth 
curved wire, or a ball rolling in a smooth bowl. But it is clear that 
the proof does not depend upon this supposition. The impulse B M 
may be given in any other way; for instance, by the tension of a 
string, as in the case of a stone tied to a cord and whirled round in 
the hand ; or by the tension of the inner parts of the same piece, 
as when a sledge hammer is being swung by a smith ; or, lastly, 
by a force of attraction acting across the intermediate space, as in 
the case of a planet describing its orbit round the sun. All 
that is required is that there should be a force of some kind 
normal to the curve, and thus causing the particle to follow the 
curve instead of proceeding along the tangent, which, by the first 
law of motion, it otherwise would do. 

362. Any curve may be considered as the limit of a polygon, 
the number of whose sides is made indefinitely great, and their 
length indefinitely small. Let A B, B C, Fig. 64, be two successive 
equal sides, or elements, of such a polygon. Bisect them in D, E, 
and draw perpendiculars, D O, E O, to meet in O. Then, D O 
will be equal to E 0, and a circle described with radius 
DO or E will touch both B and A B. Hence, A B, B 

10 
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may be considered as successive elements of a polygon circum- 
scribed round this circle; and when 
the sides of the polygon are made 
indefinitely small, the lines A B, B C 
will form elements alike of the curve 
and of the circle. Such a circle is 
called the circle of curvature for that 
point of the curve, and O D is called 
the radius of curvature. 

363. Definition.— T^e circle of cwr- 
vature at any point of a curve is that Fig. 64. 

circle of which two successive elements coincide with two successive 
elements of the curve; and its radius is called the radius of 
curvature. 

364. Hence it follows that, to study the conditions of a particle at 
any point on a curve, we may conceive it to be moving, not in the 
actual curve, but in the circle of curvature at that point. On this 
supposition the normal impulse, which keeps the particle on the 
curve, will pass through the centre of the circle. Such an impulse 
is called a centripetal impulse {centrum = centre, petere = to seek). 
If we now suppose the particle to continue to move in the circle 
of curvature, instead of following the curve, then, since the circle 
is a curve everywhere symmetrical, it follows, by the principle 
of symmetry, that each successive impulse must be equal to 
the last. The sum of these small equal impulses wiU take 
the form of a constant force, always acting towards the centre 
of the circle; and this force is called the centripetal force. By 
Art. 359, it also follows that the velocity in the circle will be 
constant. 

365. Definition. — A particle moving uniformly in a circle is 
under the action of a constant force tending always to the centre; 
and that force is called the Centripetal Force. 

366. Problem. — To find the centripetal force for a particle of 
given mass, moving in a given circle with a given velocity. 

Let M be the mass of the particle, Y its velocity, and r the 
radius O E of the circle. Fig. 64. Let the angle E B F be a, then 
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HOD also = a, and E B = ■=. Let dt he the element of time 

during whicli the particle is describing the space D B E with 
velocity V. Draw E G perpendicular to B E. Then, if the 
centripetal force had not acted, the particle would have been, at 
the end of the time dt, on the line B F, instead of which it is now 
in the position E. Hence E G represents the space which it has 
been caused to describe by the centripetal force in the direction 
normal to its original direction. Hence, by the formulae for 
-acceleration, we have 

■EG = lf{dtf (1.) 

Here f is the acceleration due to the centripetal force, or, in other 
■words, the velocity it will generate in a unit of time. 
But BG = EBsin a, 

and E B = O E tan E O B = ?• tan I - 

Also E B + B D, or 2 E B, is the distance described by the particle, 
in the time d t, with the velocity V ; hence 



Hence the equation (1) becomes 



, a . / /2rtan-=\2 

T tan ^ sm a = -x- I l\ 

But in the limit, when a becomes very small, we may write ^ for 
ian g, and a for sin a. Then the equation becomes 



2' 



whence 



„2 / 



This is the centripetal acceleration acting on the mass Y. The 
•centripetal force is therefore 



Y2 
Mx— • 

T 
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367. The above proof does not depend upon the fact that the 
particle continues to move in the circle, except so far as this is the 
condition that the centripetal impulses shall all be equal, and there- 
fore the centripetal force constant. Hence, if a particle move in 
any curve whatever, we may apply the proof to determine the value 
of the centripetal force at that point; that is, the value which the 
centripetal force would have, if the particle continued to move in 
the 6ircle of curvature at that point. The centripetal force at that 
moment is exactly analogous to the velocity at any moment, in the 
case of a particle moving with variable velocity. The demonstra- 
tion will be exactly as in Art. 366, taking the circle of curvature 
for the circle in which the particle moves. Hence we have the 
theorem : If a particle of mass m move in any curve whatever, it 

may he taken as acted on at any point by a centripetal force = m — ' 

where Vis the velocity, and r the radius of curvature at that point. 

368. When the moving particle is kept to its curvilinear path by 
a tensile force (as in the case of a stone whirled round at the end of 
a string), the centripetal force takes the form of a tension in the 
string. As this must act both ways, the hand holding the string 
will feel a pull upon it, which, if the circular motion be left out 
of consideration, may be taken to be the pull due to an actual 

M V2 

force, such as would be caused by a weight, equal to , and 

r 

acting at the end of the string. To this supposed force the 

name Centrifugal Force has been given. But, according to our 

definition of force, this is not a force at all. For a force is a 

cause of motion, and if not counteracted, it will always produce 

motion in its line of action. But suppose, by suddenly cutting 

the string, we leave this centrifugal force free to operate. 

Then the stone will not move a single inch in the line of action 

of this force, but will " fly off at a tangent;" in other words, 

continue to move in a straight line at right angles to the supposed 

force, In point of fact, it is not the stone which is pulling at my 

hand, but my hand which is pulling at the stone, and continually 

causing it to move in a new direction. If I were pullinw ife 

towards me along a smooth table, I should in the same way have 
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to exert force in order to start and increase its motion, but there 
would be no force upon the stone, tending to make it move away 
from my hand ; and if the string were broken, the stone would 
continue to move forward with the exact velocity it had at that 
moment. Centripetal force is expended, not in balancing a 
centrifugal force, but in causing the body to move in a new direc- 
tion ; and the work done by the force is represented by the actual 
energy, in that direction, imparted to the body. 

369. Centrifugal force is, however, a convenient term to express 
generally the tendency which bodies have, when whirled round in 
a circle, to move farther and farther away from the centre. This 
tendency is very often taken advantage of in the mechanical arts. 
Thus, in an ordinary centrifugal pump, water is admitted to the 
centre of a hollow disc, rapidly revolving, and escapes at a high 
velocity, but of course in a tangential direction, at the circumference. 
Centrifugal fans, for producing a blast of air, are similarly con- 
structed. Again, since the expression for the so-called force is 

, it will be seen that, other things being the same, the ten- 
dency is greater as the mass is greater. Hence, if a mixture of 
two fluids, one heavier than the other, be set in rapid rotation, the 
heavier, owing to its greater mass, will pass more rapidly towards 
the outside, and, if prevented from escaping, will accumulate there. 
Advantage of this is taken in the separation of cream from milk. 
The milk being rotated inside a disc at an enormous velocity 
(several thousand revolutions per minute), the skim milk, which 
is the heavier, flies to the outside, and issues through a pipe from 
thence, while the cream is collected nearer the centre. Lastly, 
the occasional bursting of rapidly revolving articles, such as grind- 
stones, is a special instance of the effect of " centrifugal force ; " 
but of course in such cases the fragments fly off tangentially, 
not normally, when the fracture takes place. 

370. Hitherto, we have supposed that there was no external force 
acting on the revolving particle. Let us, however, suppose that 
there is a resultant force P, whose components are P cos a, and 
P sin a, respectively parallel and perpendicular to the tangent to 
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the curve. Then P cos a will simply go to increase or diminisb 
the velocity j but the equation for the centripetal force will now* 
be 

M/±Psina = ' 

where M/is the centripetal force, and the + or - sign is to be 
taken according as P sin a acts towards or from the centre of the 
curve. 

371. If we suppose P sin a to act towards the centre, then it is 

evident that as long as is greater than P sin a, /will still be 

positive ; or, in other words, the particle will still remain on the 
curve, in spite of the inwards tendency of the impressed force. 
This explains how it is that a loose stone in a sling, or the water 
in a bucket, can be whirled round in a vertical circle without 
falling off. At the highest point of such a circle the tendency to 
fall is measured by the weight of the body, or by Mgr ; and th& 
condition that the body shall not fall is given by 

-^^>My, orV> Vs^, 

from which the requisite velocity can be calculated. 



§ 5. Elasticity. 

372. In our discussions upon energy we supposed throughout that 
the centres of force concerned were separated from each other by 
a finite distance, and that the forces acting between them were 
actually or approximately constant. But it is clearly conceivable 
that two centres of force may come within an indefinitely small 
distance of each other — in other words, may meet ; and all ex- 
perience confirms what is expressed in the definition of matter, 
namely, that the forces between the centres, as actually existing, 
are not constant, but vary with the distance. It becomes there- 
fore necessary to consider what will happen if two centres meet ;. 
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and to do this we must examine more closely what the laws of 
the forces acting between them really are. 

373. Let Tis, as a preliminary, examine what would happen in the 
meeting of two equal centres, which attract each other, if the forces 
were really constant. Suppose them to start from rest, at a 
distance from each other of 2 feet. Then, by the principle of 
symmetry, they would meet at the midway point, each with a 
finite velocity due to the action of the constant attractive force 
over the space of 1 foot. There being nothing to stop this velocity, 
they would pass through each other — in this ideal state of things 
we need not discuss the question of penetrability — and go forward 
each in its old direction. But the attractive force on either centre, 
being now in the opposite direction to that of motion, would check 
this velocity, and destroy it at the end of the same space in whicli 
it was generated — i.e., 1 foot. Hence, when each centre had 
arrived at the precise spot originally occupied by the other, it 
would be at rest. The circumstances would now be the same as at 
first ] the centres would begin to approach each other again, would 
again pass through each other, and return to their original posi- 
tions. This process would go on for ever, the two centres describ- 
ing regular oscillations about the midway point. 

374. Let us now make another supposition. Suppose that, when 
each of the centres had moved half way to the middle point, or 
through 6 inches, the constant attractive force was suddenly 
changed to an equal and opposite repulsive force. This would 
destroy the velocity thus acquired in exactly the same space in 
which it was generated. Consequently, at the instant when the 
two particles met each other, they would both come to rest. The 
repulsive force would then drive them asunder ; but if, when the 
two were once more 1 foot apart, it was changed back into an 
attractive force, the velocities would be again checked, and the 
centres would come to rest precisely in their original positions. 
They would then again approach each other as before, and would 
thus continue to oscillate backwards and forwards, alternately 
approaching to and receding from the midway point. 

375. It is needless to say that nothing approaching either of these 
processes has ever been observed; and, in fact, we know that 
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the forces of the universe are not constant. At the same time the 
two cases illustrate clearly a .way in which a stable or conservative 
movement — or an oscillatory movement, using the word in its 
most general sense — may be produced by the action of attractive 
forces, or of attractive and repulsive forces combined ; and we 
know that the world is, on the whole, in such a stable condition. 

376. If then, the forces which hold in nature are not constant, what 
are the laws according to which they vary 1 Unfortunately, the 
present advance of mechanical science does not enable us to answer 
this question. There is, indeed, an answer which appears to be 
complete and accurate {within our present limits of observation), 
so long as the points are at a considerable distance from each 
other; but it is certainly not complete when they approach 
within a certain distance. The law here referred to is that 
discovered by Newton, and known as the law of gravitation. 
Expressed in the strictest terms, it is as follows : — Every centre 
of force in the sola/r system attracts every other centre with an 
equal force, vwrying inversely as the squa/re of the distance between 
them. 

By equal forces are meant, of course, forces which are equal at 
equal distances. 

377. The a~bove statement refers to individual centres of force. 
Let us now extend it to the case of two bodies, A and B, which are 
so far apart that their own dimensions may be neglected in com- 
parison with the distance between them. Let this distance be r, 
and let n n' be the number of centres in the two bodies respec- 
tively. Let y be the absolute value of the force — that is to say, 
the accelerating force acting between two centres when at a unit 

of distance apart. Then the attraction which any given centre in 

f 
A exercises upon any given centre in B is expressed by ^. The 

sum of the attractions which it exercises upon all the n' centres in 

B will therefore be expressed by n'^. And this sum wUl be the 

same (approxinftitely) for each one of the n centres in A. Hence 

the total attraction exercised by A upon B will be given by nn''^. 
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And by the definition of matter, the attraction exercised by B 
iTpon A will be equal and opposite to the above, and will be 

represented therefore by - to t)! ^. But, by Art. 60, n, n' are 

proportional to the masses of the bodies. Let these be m, m'. 

Then the total attraction may also be written mm'-^, where o 

is the attraction between two bodies of unit mass at unit distance. 
Expressing this in words, and remembering the definition of a 
particle as a body so small that its dimensions may be neglected, 
we may state the law of gravitation as follows : — 

Any pa/rticle in the solar system attracts any other pa/rticle with a 
force which varies jointly as their masses, and inversely as the square 
of the distance between them. 

This is substantially the form in which the law is usually 
stated. 

378. To give the proof of this law is beyond the scope of the 
present treatise. Assuming it to be true — as all competent judges 
assume — we have next to inquire whether it is the only law ; in 
other words, whether it will, by itself, account for all the pheno- 
mena of the universe. As already stated, this must be answered 
in the negative. For, were two centres left to themselves under 
this law, they would rush together with a velocity which, at the 
instant of meeting, would become infinite, since, the distance being 
nothing, the force would then be infinite. What would happen it 
is needless to inquire, but at least it would not be anything like 
what we see around us. Nor is the case altered by the existence 
of other centres. A system starting from rest, under the action 
of gravitation alone, would coalesce in like manner. Hence there 
must be something beyond gravitation — something which acts as 
a repulsive force, and prevents the centres from thus dashing 
themselves against each other. Unfortunately, we cannot give the 
law, scope, &c., of this force as we can in the case of gravity ; but 
we may glean a few facts respecting it. It must be practically 
insensible at sensible distances ; otherwise, the law of gravity 
would not be found fully to account for the facts of astronomy and 
of falling bodies, which it is known to do. Hence it must 
diminish as the distance decreases ; in other words, it must vary 
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inversely as some power of the distance. But this power must be 
higher than the square j for if it were less than the square, it 
would increase faster than gravity ; and if it were the square itself, 
it would increase or diminish just as fast as gravity, and no faster, 
and would only have the effect of diminishing the apparent 
absolute value of gravity. These conditions are satisfied by 
assuming that the real law of force acting between two particles is 

represented, not by the expression mm! —^, but by the fuller 
expression 

where n is some positive quantity. 

379. It may perhaps be thought that the second term of this 
expression could not possibly disappear from view so completely 
as it does in all questions relating to the attraction of gravity at 
sensible distances. To examine this point, let us suppose that 
the attractive and repulsive forces are equal in amount at a dis- 
tance of one-millionth of an inch, and also that the repulsive force 
varies as the fourth power of the distance. Then we have — 

c X (1,000,000) 2 = c' (1,000,000) * 

or c = c' (1,000,000)2. 

If the distance is one-thousandth of an inch, the expressioik 
becomes — 



mm' [c (1000) 2- c (1000) 



4 



ormm'[o(1000)2_c(1000)^xj^^Q). 

Hence, at the distance of one-thousandth of an inch, the repulsive- 
force will be only one-millionth part of the attractive force, and 
therefore quite insensible. 

The assumptions here made are, of course, arbitrary ; but they 
are sufficient to show how easily the repulsive force may really 
exist at all distances, yet may be imperceptible, by the most 
delicate measurements, unless at distances which are almost 
inconceivably small. 
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380. Assuming the law of force to be something like what has 
been, described, let us now consider what will happen when two 
centres of force are left to its operation. We may consider the 
motion of one of them, B, relatively to the other, A, taken as fixed. 

381. Suppose, fijst, that B is placed exactly at the point of 
equilibrium, that is, at the point where the attractive and repulsive 
forces balance each other. Then B wiU clearly remain at rest. 

382. Suppose next that B is slightly beyond this point of equili- 
brium. Then, the attractive force being slightly the largest, B will 
move towards A, and will pass the point of equilibrium with a cer- 
tain small velocity. From this moment, however, the repulsive force 
wUl be the largest ; the velocity of B will consequently be checked, 
and at a certain small distance within the point of equilibrium it 
will come to rest. The repulsive force being stUl the largest, the 
same operations will then begin in the reverse order ; B will be 
repelled from A, and pass the point of equilibrium with the same 
velocity as before, but in the reverse direction, and will then be 
checked by the attracting force, and brought to rest exactly at the 
point from which it originally started. The same cycle will then 
begin again ; in other words, B will continually describe, with 
regard to A, a series of small oscillations about the point of 
equilibrium. If B is placed at first slightly within this point, 
instead of beyond it, the same events will foUow, but in the 
reverse order. 

383. In either of the above cases, suppose a third force to act 
upon B, tending to move it towards A. So soon as B is within 
the point of equilibrium, the repulsive force will be larger than 
the attractive force, and the excess will increase very rapidly as 
B continues to approach A. Hence this excess of the repulsive 
force will soon counterbalance the external force, and B will 
remain at rest at a new point of equilibrium, defined as being the 
point where the three forces balance each other ; or, rather, will 
continue making small oscillations about that point. 

If, on the contrary, the third force tends to move B away from 
A, then the attractive force will be in excess, will counterbalance 
the third force, and will form a new point of equilibrium farther- 
away from A than the original one. 
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In the first case, the force is compressive, and the net result is 
that, so long as the force acts, the distance between A and B will 
be permanently shortened. In the second case, the force is tensile, 
and the net result is that, so long as the force acts, the distance 
between A and B will be permanently lengthened. 

384. Again, let us suppose that B starts from a point at a con- 
siderable distance beyond the point of equilibrium. Then, by 
the time it reaches that point, the attractive force, which through- 
out this distance is largely in excess, will have imparted to B 
a very considerable velocity. Or, which comes to the same thing 
we may suppose that B starts from the point with a consider- 
able impressed velocity towards A. As soon as B has passed 
this point, its velocity will be checked by the excess of the 
repulsive force ; and it will be destroyed, and B brought to 
rest, somewhere in the very small space between the point of 
equilibrium and A. But B will never come in actual contact 
with A. For if A and B were in actual contact, the distance 
between them would be indefinitely small, and therefore the 
repulsive force would be indefinitely great. But the accelera- 
ting force which would destroy any given finite velocity v in any 

given finite distance s is simply given by the expression ^— : and, 

however large v may be, or however small s may be, this wiU 
always have a finite value. Hence the effect wiU be that B wUl 
be stopped in an exceedingly short space and time — much too 
short for our measurement — and will then have a very large 
excess of repulsive force acting upon it. Hence it will begin to 
return with very great rapidity, will pass the point of equilibrium 
with the same high velocity, but in the reverse direction, and will 
then be checked by the excess of attractive force, finally coming to 
rest at the point from which it started. If no other cause inter- 
venes, the same cycle will then begin again. 

385. Lastly, let us suppose that in the last case B becomes fixed 
in space at the moment when it is stopped by A, while A becomes 
free to move ; or, which comes to the same thing, let us consider 
the motion relatively to B, instead of relatively to A. Then, since 
A, by the third law of motion, has exactly the same repulsive 
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force acting upon it as B has, it will fly off with the same rapidity 
as was ascribed to B in the last section, will travel to exactly the 
same distance, and there will come to rest and begin to return^ 
unless some other cause supervene. 

386. These deductions from the assumed form of force have 
been seen to follow naturally and clearly upon each other. It now 
remains to show that they accord with the facts of the universe, 
as relates to the behavioiir of the particles of solid bodies in close 
contact with each other. Of course, the matter is greatly com- 
plicated by the fact that we can never observe the motions of 
single centres of force, or even single particles. What we observe 
are bodies, greater or less in size, but of which the adjacent 
particles act in various ways upon each other, and are also acted 
upon in various ways by external forces, such as gravity. Never- 
theless, effects similar to those here described are in many cases 
plainly discernible. 

387. Thus, in accordance with Art. 382, the particles of any 
solid body do take up apparent positions of equilibrium with each 
other — which, however, are known not to be really positions of 
rest, but centres of small oscillations which the molecules are con- 
tinually describing. 

388. If an external force be brought to bear upon such a body,, 
then, in accordance with Art. 383, the body becomes extended if 
the force be tensile, or shortened if the force be compressive ; and, 
having thus taken up a new position of equilibrium, it retains 
it until the force is withdrawn. Should the force be beyond the 
resisting powers of the body, the extension or compression goes on. 
until fracture of some sort takes place. 

389. Again, if a body be projected against another with consider- 
able velocity, which is equivalent to the supposition of Art. 384, 
then, after apparently striking it, it flies back in the direction from 
whence it came, the reversal of the motion being usually effected 
far too rapidly for any ordinary means of observation to follow it. 
It is this property of rebounding which forms what is called tha 
elasticity of bodies. Newton, who investigated it, found that the 
effects might be represented by supposing that, at the moment of 
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impact, the momentum of the striking body was stopped by a very 
large force, brought into existence by the action, and opposing the 
original force of impact ; and that the bodies having thus 
been brought to rest, the force continued to act in the same 
direction, and to drive the striking body back again towards the 
point whence it started. This agrees fully with Art. 384. If the 
body actually reaches that point, it is called " perfectly elastic." 
As a matter of fact, no substance in practice is found to be 
perfectly elastic ; some, however, as glass and ivory, approach 
the limit pretty closely, while others can scarcely be said to 
have any visible elasticity. For some time this was supposed 
to show that in practice the force of restitution, causing the 
rebound, was somehow less than the original force of impact, 
in a varying ratio, generally expressed by the letter e. But 
it is now universally admitted that this difficulty simply arises 
from the fact that we can only observe the action of finite 
bodies as a whole, and not that of their minute parts. For 
instance, when a billiard ball strikes the cushion, it is but a very 
small area of each which is actually opposed to the other ; all the 
rest of the billiard ball is caused to stop and to rebound by the 
lateral cohesive actions of the parts nearer the centre. These 
actions set up movements between the particles, in which more or 
less of the energy due to the impact becomes expended, and is not 
therefore available for the repulsion of the body as a whole. It is 
not now doubted that the ultimate atoms of any body are per- 
fectly elastic* 

390. Lastly, if the body struck be free to move, instead of being 
fixed, the result stated in Art. 385 is actually seen to follow — that 
is, the struck body flies away with a velocity which depends on 
the momentum of the striking body ; or, in other words, upon the 
force of the blow. Familiar instances are the striking of one 
billiard ball by another, the propulsion of a football, &c. In such 

* In other cases the energy is largely expended in "deforming'' or 
altering permanently the shape of the body, as a lump of clay is flattened 
by falling to the ground. The power of bodies to resist this, or to repover 
their form, is sometimes cjilled their elasticity; but in mechamcs the term 
-merely indicates the existence of a repulsive force causing a rebound. 
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cases tte striking body may either be brought to rest, or may 
follow in the same direction as the struck body, but with 
diminished speed, or may rebound again in the direction whence 
it came. These variations depend upon variations in the masses 
and velocities of the two bodies, as will be seen hereafter. 

391. It appears therefore that the fundamental facts of elasticity 
are all accounted for by the hypothesis that the law of the force 
subsisting between any two centres is substantially of the char- 
acter represented by (-^ rri")- *-*^ course, we do not affirm 

that this is its exact representation. It may be much more com- 
plicated — e.g., there may be other factors which may bring about 
the differences existing between the chemical elements, considered 
as kinds of matter. 

392. Again, the centres of force are in nature grouped together 
permanently into separate atoms or molecules (Art. 52). It is 
farther probable that the centres comprised in each molecule are 
in very rapid motion relatively to each other, and that each mole- 
cule is also in rapid motion with reference to other molecules. 
All these facts tend to complicate immensely the estimation of the 
forces acting in any particular case; but the fact remains that the 
general law of force must be, speaking roughly, of the character 
indicated above. 

393. From this discussion we deduce the following definitions 
and laws : — 

Definition. — A body is elastic when, after strihing another body 
considered as fixed, it rebounds, or receives a motion in the opposite 
direction to the original motion. 

Definition. — A body is perfectly elastic when, the impressed 
forces remaining the same, the motion of rebound is in all respects 
the reverse of the motion of impact. 

Definition. — A body is imperfectly elasiAo when the motion of 
rebound is less than that of impact. 

First Law of Elasticity. — The ultimate atoms of every body are 
perfectly elastic. 

Second Law of Elasticity. — Every body, taken as a whole, is 
imperfectly elastic. 
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Third Law of Elasticity. — In any body, taken as a whole, and 
therefore imperfectly elastic, the ratio which the force of restitution 
hears to the force of compression depends only on the nature of the 
hody. 

§ 6. Impact. 

394. It has been said that when one body strikes and rebounds 
from another, the action is usually so' rapid that it cannot be directly 
measured. It should be observed, however, that this is not always- 
the case. The difference is well illustrated by the mineral waggons 
on a railway, some of which have dead buffers — that is, buffers com- 
posed of wood, — while others have spring buffers — that is, composed 
of an iron head and bar, packed with discs of india-rubber. If two of 
the former strike each other, they will be seen to spring back in- 
stantaneously, so far as the eye can judge ; but if two of the latter 
strike each other (at a moderate velocity), there will be an appre- 
ciable time during which the buffers are yielding before they come 
to rest, and, again, an appreciable time before they completely 
separate. 

395. In such cases as the last, if the law of resistance of the spring 
is known, the time and distance in which the body will be brought 
to rest can be determined by the usual formulae for accelerating 
force, in the same way as we determined the stoppage, under the 
action of gravity, of a body projected vertically upwards. 

Example. — Two railway waggons, each weighing 12 tons, meet 
each other at a speed of 8 feet per second, and after the buffers 
touch, each waggon moves 6 inches before coming to rest : To find 
the mean resistance of the buffers — that is, the force of resistance 
supposing it to be constant throughout the collision. 

The energy of either waggon at the moment when the buffers 

to V 
touch is given by the expression - -^ , or (taking g = 32) 

li||?10.8^=12.2240, 

and this is destroyed by the exertion of an energy E, s, where E, is 
the resistance, s the space through which it acts, or J foot. Hence 



PAET IV. — DYNAMICS. 161 

E X i = 12 K 2240 ; 

B. = 24 X 2240 lbs., or 24 tons. 

396. In cases where the action is very much more rapid, the same 
treatment may still be used, provided we may make certain 
assumptions as to the conditions. For example, suppose that the 
waggons in the last case had dead buffers, and that the wood 
yielded by the sixteenth of an inch before they came to rest. Then 

we have only to substitute in the equation j^ — rs ^^^ h *id the 

value of B, is given by 

R= 12 X 16 X 12 X 2240 lbs. = 2304 tons. 

■R 

The accelerating force of this pressure upon the waggon is — x g, or 

12 X 16 X 32 = 6144 feet per second. 

The time occupied in stopping the motion is the time in which 
this accelerating force will generate a velocity of 8 feet per second. 
Hence, since v =/t, we have 

time = g , ■ = wno of a second. 
614 768 

This example will suffice to show how rapid is the action and how 
great the forces called into play, even in the case of impact at 
very moderate velocities. 

397. In practical cases, where the times and spaces cannot be 
exactly observed, the forces of restitution must be treated as im- 
pulsive forces — that is (Art. 356), they must be estimated according 
to the total momenta which they generate. It is to questions of 
this character that the title of impact is usually confined. 

Let us first consider the impact of totally inelastic bodies. 

Problem. — Two inelastic balls, moving in the same direction, but 
with different velocities, impinge upon each other; to determine 
the motion after impact. 

398. Let MM' be the masses of the two balls, VV their 
velocities before impact. 

11 
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When the bodies impinge, there will be an impulsive pressure 
between them, which we will call K, and which will be measured 




Fig. 65. 

"by the momentum it generates. This pressure will be equal in 
magnitude and opposite in its direction upon the two balls — i.e., 
accelerating one and retarding the other. For while the pressure 
is acting, the bodies are in contact, and therefore moving with 
the same velocity : hence the conditions are the same as if they 
were at rest, and E. will be the sum of the forces acting between 
the bodies, which by the third law of motion will be the same 
for each body. 

The momentum of the ball M before impact is M V ; there- 
fore its momentum after impact is MV — E, and therefore its 

velocity is ^ - jnf 

Similarly, the velocity of the ball M' after impact is 

But since, by the hypothesis of inelasticity, there is no force 
after impact to separate the balls, they will proceed with a common 
Telocity ; 

• V--=V' + - 

MM' 
•••^ = MTM'(^-^')^ 

and if V be the common velocity. 
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^^ M + M'^^ '~ M + M' 

399. Cor. 1. — If the balls are moving in opposite directions, we 
lave only to write - V instead of V. Then the equations become 

MM' 
M+M'^ + ''' 

_ M Y - M' V 

"" M + M' ■ 

400. Cor. 2.— In the ease of Cor. 1, if V M = M' Y', we have v = 0. 
In other words, if two inelastic balls, moving in opposite directions, 
■and with equal momenta, impinge on each other, they will be 
reduced to rest. 

401. Cor. 3. — From the two equations forv we have, according 
as Y' is positive or negative, 

M.v + M.'v = WY + WY', 
or'M.v + Wv = WY-WY'. 

Both of these are expressed by saying that the algebraical sum of 
the momenta of the halls is the same after impact as before it. 

402. We can now proceed to the problem of elastic bodies. We 
may consider the impact as consisting of two parts — viz., during the 
•compression of the bodi«s, and during the restitution of their 
forms. As long as compression continues, the problem is pre- 
cisely the same as if the bodies were inelastic ; and if we call E, 
the impulsive pressure between them during compression, the value 
■of E. will be that already found on the supposition of the bodies 
being inelastic. For, though the bodies do not, for any sensible 
time after impact, move with the same velocity, yet during that 
very short time in which the compression takes place they do so ; 
hence the force of compression is already determined. When the 

. restitution of form takes place, a new force E' is brought into 
action, which we have distinguished as the force of restitution. 
To determine E' we must have recourse to experiment, and it is 
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found (Art. 389 above) that the ratio of R' to R is independent 
of the velocity of the bodies, and dependent only on the nature of 
the substances of which they are composed. So that, if we make 
R' = e R, we may consider e to be a known quantity; since in 
any given example, if the substance of the bodies is given, the 
value of e may be found from experiment, or by reference to 
tables of elasticity. The quantity e is called the modulus of 
elasticity ; for finite bodies it is always some quantity less than 1. 

403. Problem. — Two elastic halls moving in tlie same direction, 
but with different velocities) impinge upon one another; to find 
the velocities after impact. 

Let MM' be the masses of the bodies, 
W their velocities before impact, 
m' „ after „ 

RR' the forces of compression and restitution respectively, 
so that the whole impulsive force between the balls = R + R' 
= R (1 + e), where e is the modulus of elasticity. 

We may find R on the supposition of the bodies being inelastic ; 
hence by our previous investigation (Art. 398), 
MM' 
^ = MTM'(^-^')' 

,., = y_^' = V-(1.4 = Y-(lH-e)^(Y-Y0. 

^'' = V' + ^ = V' + (l+e)J=V' + (l + e)jj^,(V-V'). 

404. Cor. 1. — If the balls are moving in opposite directions we 
must change the sign of V; then the equations are, — 

^=^-(i^^)mTM'(^+^')' 

405. Cor. 2. — We have, by subtraction, 

«-z,' = V-V'-(l + e)(V-V'), 
= -e(V-V'). 
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If we suppose V to be greater than V, and that after the im- 
pact the ball M' is driven on by M in the direction in which it 
was moving before impact, i)' will be greater than v, and we may- 
write the preceding equation thus, 

v' -V 



Now V - V is the relative velocity of the balls before impact, 
that is, the rate at which they approach each other, and v' -v is 
the relative velocity after impact, or the rate at which they 
separate; hence the preceding formula may be expressed by 
saying, that the ratio of the relative velocities before and after 
impact is a quantity depending only on the nature of the sub- 
stances of which the balls are composed. 

406. Cor. 3. — If we multiply v by M, and v' by M', and add, we 
have, according as V is positive or negative, 

Mv + Wv' = MY+M.'Y', 
ovM.v + Wv' = M.Y^WY'. 

Hence, as before, the algebraical sum of the momenta of the balls 
is the same after impact as before it. 

This result, which is thus shown to be general, might be deduced 
by general reasoning. For it appears that the total action on 
either ball, whether inelastic or elastic, varies as E, where E is 
an impulsive pressure, acting equally in opposite directions on the 
two balls, and measured by the momentum which it generates. 
Hence the effect of the impact is to generate in the two balls, con- 
sidered as one system, an equal amount of momentum in opposite 
directions; and it is clear that this cannot have any effect on the 
momentum of the system taken as a whole. 

407. Problem. — An elastic ball impinges directly upon a fixed 
pla/ne; to find the velocity after impact. 

Let V be the ball's velocity before impact, 
V „ after „ 

E. R' the forces of compression and restitution, 
e the modulus of elasticity. 
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Then, to find E, we suppose the body inelastic ;. but in this case- 
there would be mo velocity after impact, since the plane is fixed ; 

.-. V-^ = 0, or E = MV;. 

M 

.-. E + R' = (l+e)MV, 
but M«; = MV-(R + E') 
.-. v = Y-{\+e)Y=-eY. 

Hence the ball's velocity will be diminished in the ratio of 1 : e. 
The negative sign indicates that the motion after impact must be- 
in the opposite direction to that before impact, which must 
manifestly be the case. 

408. By the term oblique impact we designate those cases of 
impact in which the direction of the velocity does not coincide 
with the direction of the mutual impulsive pressure. 

Problem. — A hody impinges upon a fixed plaice, in the direction 
of a line making a given angle with the normal to the plane: to 
determine the motion after impact. 

Let V be the velocity before impact, a the angle which its 
direction makes with the normal to the plane : v, 6 similar quanti- 
ties after impact. The rest of the notation as before. 

We may suppose the velocity Y to be resolved into two velocities, 
one parallel to the plane (V sin a), the other perpendicular to it 
(V cos a) ; the former will not be altered by the impact, the latter 
may be treated as in the case of direct impact, and will therefore 
be diminished in the ratio of 1:6. The resolved parts of the 
velocity after impact, parallel and perpendicular to the plane, are- 
V sin 6, and v cos ^ respectively ; hence we shall have, 

V &\n 6 = Y sin a, 

V cos fl = - e V cos a, ; 

.; cot 6= —e cot a, and v^ = V^ (sin^a + e^ cos^a), 

■which equations determine 6 and v. 

It may be observed that this investigation is applicable to the- 
case of impact on any surface, by substituting for the plane on 
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•which the impact has been supposed to take place the plane whichs 
touches the surface at the point of impact. 

409. Cor. — If the elasticity be perfect, or e = 1, we shall have 

cot 6= — cot a, 

or 6= —a, 

and 1^ = Y^, or v = Y. 

The interpretation of these results is, that the ball "will rebound 
from the plane with a velocity equal to that of incidence, and in a 
direction making an angle with the normal equal to the angle of 
incidence, but on the opposite side of the normal. This is the 
ordinary rule in the case of a billiard ball striking the cushion. 

410. The more general case of the oblique impact of two balls may 
be solved in like manner by resolving the velocity of each ball into 
two, namely, one in the direction of the mutual impulsive pressure, 
and the other in the direction at right angles to it ; then the latter 
portions of the velocities will not be affected by the impact, and 
the former will be modified exactly in the same way as if the 
impact had been direct. 

411. We can now prove mathematically what we have already 
mentioned — viz., that the conservation of energy does not hold in the 
case of imperfectly elastic bodies, inasmuch as the sum of their 
kinetic energies (or the ' total vis viva) is always diminished by the 
impact. We have already seen in fact (Art. 400), that if the bodies 
be totally inelastic, and if they meet each other with equal momenta, 
the velocities, and, therefore, the actual energies, will be totally 
destroyed by the impact ; and if the elasticity be imperfect, a similar 
effect will, of course, take place, though in a less degree. We 
shall, however, give a direct proof. 

412. Theorem. — In the direct impact of perfectly elastic bodies^ 
the sum of the masses of the bodies multiplied each by the square 
of its velocity is the soma before and after i/mpacf. 

Let M M' be the masses of the bodies, V V their respective 
velocities before, and v vf after, impact. 

Then, we have seen (Art. 403) that (taking e = 1) 



168 THE student's mechanics. 

2M' 

,-. «-2/ = V-V'-2(V-V')=-(V-V'), 

ori;+V = 'w'+V' .... (1.) 

Again, 

M'u+MV = MV+M'V', 

ovM.{v-Y)= -W{v' -Y') . . . (2.) 

Multiplying together (1) and (2), we have 

M (•w2 - V2) = - M' (ij'2 - y'2), 
or, M «2+ MV2 = M V2+ M'V'2. 

But the mass of a body multiplied by half the square of its 
velocity is its Vis Viva; hence it appears that when the elasticity 
is perfect, the total Vis Viva of two impinging bodies is not 
altered by impact. 

413. Theorem, — In the collision of imperfectly elastic bodies, Vis 
Viva is lost by the impact. 

In this case we have 

M' 

.-. 'M.V+ MV = M V+ WY'; 
also^-'y' = V-V'-(l+e)(V-V')= -e(V-V')j 

thus (Mv+ MV)2 = (M V+ M'V')2, 
and M M' (^) - v'}^ = M M'e^ (V - V')^ 

= M M' (V - Y'f - (1 - e2) M M'(V - Y'f ; 
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.-.by addition, (M + M') (M'y2+MV2) = (M + M') (KY^+WY'^) 

-(l-e^)M.W (Y-Y'f, 

MM' 

or Mi;2 + MV2 = M V2+ M'V'2 - (1 - e^) -^Tm/^^ ' '^f'> 

which proves the proposition, since e is less than 1. 

As already mentioned, this does not affect the truth of the 
Conservation of Energy, inasmuch as the ultimate atoms of all 
bodies are perfectly elastic. 

§ 7. Energy and "Woek. 

414. In the remainder of this treatise we shall develop somewhat 
further the principles of Work and Energy, as laid down in Part 
I., Sections 10 and 11. We begin by returning to the Conserva- 
tion of Energy. 

415. On account of the importance of this principle, we preferred 
to give a formal proof of it (Art. 162), following on the general 
principles of Geometry and Dynamics.^ But we must repeat that 
it is an immediate deduction from the principle of conservation 
(namely, that effects live), as soon as we have proved (as in Art. 
136) that the true measure of the effect of a force acting upon any 
particle for any time, is the change which it has wrought in the 
energy of the particle, taking the word to include both the 
potential and kinetic energy. For this effect cannot disappear, 
except by producing an equivalent effect in some other body; or, 
which is the same thing, the energy of the particle cannot be 
diminished, except the energy of some other particle or particles 
be increased by a like amount. And this is what is meant by 
the conservation of energy. 

416. Problem. — To find the symbolical expression for the conser- 
vation of energy, in the case of a single pan-tide in motion under 
the action of given forces in one 'plane. 

^The proof usually given (see, e.g., Routh's Rigid Dyna/mics) ia more 
elegant and complete, but involves a higher application. of the Differential 
Calculus than is admissible in this treatise. 
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In this case the other particles of the system are supposed at 
rest, and therefore the kinetic energy of the system is given by 
that of the moving particle 7n. Let this start from the origin, and 
move through a very small distance, r, in a very small time, d t. 
Let the projections of r upon the axes be dx, dy; and let 
X, T be the resultant of all the forces acting on the particle, 
■when resolved in those directions. Then the total energy 
expended on the particle is found by multiplying each of these 
forces by the distance through which the particle has moved in its 
direction, and taking the sum. This sum is clearly 

^dx + Y dy. 

Since this represents the energy expended by the forces, it also 
represents the change in the potential energy of the system (apart 
from the moving particle) which is due to the motion. 

Again, let v be the velocity of the particle at the beginning of 
the interval, and v + dv at the end. Then the change in the 
kinetic energy of the particle is given by the expression 



^r(«+cz«)2-»n. 



And these two changes, by the principle, are equal to each other. 
Hence we have 



V{v + dvf-v^=^dx + Ydy. 



[4rl7. If the motion is in three dimensions, we may similarly 
deduce the equation 



V{v + dvf-v'^='S.dx + Ydy + Zdz\. 



418. There are, of course, no instances in nature whete all the 
particles of a system but one are really at rest; but there are 
many instances ■where all the particles, whose influence on a 
certain particle needs to be taken into account, may be considered 
as at rest ■with respect to it. Such cases are those where gra'vity 
is the only force acting. Thus, suppose a body to fall vertically 
from rest under the action of gra^vity, and let v be its velocity after 
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it has fallen through a space s. Then the left hand side of the- 
equation becomes -^v^, and the right hand side becomes mgs^ 
Hence the equation becomes 

m- =mgs, 

■which is equivalent to the well-tnown formula, iy' = 2gs, given in 
Art. 90. In this case the above equation holds exactly; that- 
is, the potential energy of the body is diminished (since it has- 
approached nearer to the centre of the earth), while its own 
kinetic energy has increased by a corresponding amount. 

Again, let us take the case of a particle projected upwards, witk 
initial velocity V. Then the equation becomes 

m — n — = -mgs. 

Here the potential energy expended is represented by the negative 
quantity —2gs; in other words, the potential energy has been 
increased by the quantity mgs. At the same time the kinetic- 
energy has been diminished by the corresponding amount. 

419. It is only in very simple cases that the whole change of 
energy, from potential to kinetic, thus takes place, as it were, within 
the moving body itself. Generally the energy is expended, wholly 
or in part, on other bodies, which therefore have to be taken intO' 
account. In such cases we must subtract from the total energy 
expended by the moving forces the energy which has been expended 
upon these other bodies; and the remainder will represent the 
energy which has been expended on the moving body, and which 
must therefore be equated to the change in the kinetic energy. 
The energy expended on the other bodies will have gone to increase 
either their actual or potential energy: this will have to be a 
matter of separate inquiry. 

420. Thus, suppose the case of a train starting from rest on a level 
road. Let P be the forward force exercised upon it by the engine, 
and let II be the resistance to motion, which we may, for the- 
present, consider constant. Let m, be the mass of the train, v ita 
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velocity after passing over a distance x. Then the total energy- 
exerted by the engine is Pa;. Also, since the resistance, R, has 
been moved through the same space x, the energy expended on 
the resistance is E,a;. Hence the equation is 

^«2 = P»-Ra;. 

421. Let us consider what has become of the energy, Ra;. Of 
this the greater part has been expended in overcoming the friction 
between the axles and their bearings, and between the tires of the 
wheels and the rails. It is not at first sight easy to see where this 
■energy has gone, and formerly it was supposed to be altogether lost. 
It is, however, a well-known fact that the bearings of railway 
axles, if not attended to, become so hot as to set fire to the grease 
used for lubricating them ; and the tires may also become heated. 
From such facts it was surmised long ago that friction was mainly 
absorbed in producing heat ; and it is now proved, beyond all 
reasonable doubt, that the condition of bodies which produces the 
sensation we call heat, is a condition of rapid vibratory motion in 
the molecules which compose them. The heat of a body, in fact, 
is measured (within certain limits) by the kinetic energy, or ms 
viva, of its molecules. Hence we see that the greater part of the 
energy, E, x, has been expended in increasing the kinetic energy of 
the particles in the bearings, axles, (fee. Another part has been 
expended in overcoming the resistance of the air — that is, in 
pushing aside its particles and giving them motion, which motion 
may be felt by a bystander as a decided breeze. This part, there- 
fore, has also gone in increasing kinetic energy — ^namely, that of the 
air. Lastly, if the train, instead of being on a level, is on an 
ascending gradient, the resistance ofiered by the weight of the 
train to the ascent of this gradient must be included in the value 
of R ; and the energy thus expended goes to increase the potential 
energy of the train, since, if stopped and left to itself, it would roll 
back again down the gradient, thus increasing its kinetic energy. 

422. We have hitherto supposed the resistance E, to be constant. 
If so, P being always greater than R, the velocity of the train would 
increase indefinitely. As a matter of fact, we know that this is not 
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SO. However powerful the engine, the train at last reaches a certain 
speed, which it cannot surpass. It follows that the resistances are 
not constant, as is found to be true on experiment. The frictional 
resistances indeed decrease slowly as the speed increases, at any 
rate after a certain limit ; but the resistance of the air increases 
very rapidly (about as the square of the velocity), and it is this 
which brings the increase of speed to an end. When this takes ■ 
place, the train continues to move with a constant velocity, under 
the action of a forward or accelerating force, P, and a retarding 
force, also equal to P. It is, therefore, in a state of equilibrium, 
and might be treated as if it were at rest. At the same time, it 
would not be true, of course, to say that no work was being done 
in this case. The force, P, of the engine exerts energy just as 
before ; but the whole of this energy is finally expended, not on the 
train, but on the other bodies^ chiefly the particles of the air, to which 
it communicates motion, thereby increasing their kinetic energy. 
The train only serves, as it were, as an intermediary, through 
which this energy is conveyed to the air; just as the " draw-bar," 
which connects the engine to the train, serves as an intermediary 
to convey the energy to the train. 

423. Hitherto we have considered the question of the transfor- 
mation of potential into kinetic energy. Let us now suppose that 
the train is to be stopped. Then its kinetic energy, represented by 

-jr- 1^, has to be disposed of, and it must be expended in generating 

kinetic or potential energy in some other bodies. If the length of 
the stop is of no consequence, we may simply turn off the steam, 
and the train will expend its energy gradually in overcoming the 
resistances, R — in other words, in increasing the kinetic energy of 
the bearings and axles, the particles of the air, (fee. If, however, 
the train has to be stopped quickly, it is usual to apply brakes. 
These consist of shoes or blocks, generally of wood, which are 
pressed hard against the tires of the wheels, and exercise a retard- 
ing effect by their friction. The theory of such brakes affords a 
very instructive example of the absorption of kinetic energy, and 
also of the advantage gained by using the artifice of Art. 338, i.e.. 
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iihat of supposing a certain velocity to be impressed on all tte parts 
of a system, so as to bring one particular part of it to rest.* 

424. It should be stated here that the coefficient for dynamical 
friction is always very much less than the corresponding coefficient 
for statical friction. According to the experiments of Morin, the 
coefficient for dynamical friction is independent of the velocity; but 
it appears that this is only an approximation to the truth with 
moderate pressures and speeds. At high speeds, and with such 
pressures as those of brakes, the friction decreases as the speed 
increases ; but the exact laws of its action are unknown. 

425. Let us confine ourselves, for the sake of simplicity, to a single 
wheel of a railway train moving at a uniform speed. This wheel, 
while rolling upon the rail, revolves round its own centre with 
an angular velocity such that the linear velocity of its circum 
ference is equal to the speed of the train. Any point of the wheel 
will thus have a motion compounded of the general horizontal 
motion of the train and of this rotary motion round the centre. 

' To get rid of this compound motion, it will be well to suppose a 
velocity equal and opposite to that of the train to be impressed 
upon every point of the wheel and of the rail. On this supposition 
the centre of the wheel will be stationary in space ; every other 
point of the wheel will revolve round the centre with the same 
velocity as before j and the rail will move with a motion the same 
as that of the train, but in the opposite direction. The effect is, 
in fact, the same as if we supposed the engine to be employed not 
to pull the wheel over a stationary rail, but to pull the rail from 
under a stationary wheel. Let us now consider what wUl happen. 
If we neglect all friction of journals, &c., and suppose that the 
brake is not applied, the power required to keep up the motion 
will be nil. Let us now suppose the brake applied with a pressure 
P. This will produce by friction a force (say /P, where / is the 
-coefficient of friction) tangential to the wheel, and tending to stop 
its rotation. This force, transmitted through the frictional resis- 
tance or adhesion between the wheel and the rail, will act upon 
the rail, and tend to stop its motion. If this motion is to be kept 

*This theory was first given before the Institution of Mechanical 
Engineers, Oct. 1878. 
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up as before, a force equal and opposite to /P must be appli\ , , 
the engine to the rail. Hence, the additional tractive V ^ 
required when the brake is applied (or in other words, the reti 
ing effect of the brake) is equal to the tangential frictional stA 
of the brake upon the circumference of the wheel. \ 

426. This conclusion is not strictly true except where the speed iK 
kept uniform. "When the train is stopping under the friction of \ 
the brake, a part of this friction is employed in checking the 
rotation of the wheel to correspond with the checking of the train. 
This part of the frictional resistance is thus wasted, as far as 
stopping the train is concerned : but it is always in practice a 
small fraction only of the total resistance j and it is constant at 
all speeds, since the rate at which the velocity of a body is 
destroyed depends only on the mass of the body and the amount 
of force applied to it, and not on the initial velocity of the body. 

427. If the adhesion of the rail and wheel were unlimited, this 
would be a complete account of the whole matter. But this adhesion 
has a limit, say F W. where F is the coefficient of static friction 
between the wheel and the rail; F wiU always be much greater 
than f, which is the coefficient of dynamic friction between the 
wheel and the brake-block. Let the pressure, however, be so 
much increased, that the brake friction /P is greater than the 
rail friction F W. Then, since the force transmitted from the rail 
to the wheel cannot be greater than F W, it follows that, whatever 
be the pull of the engine, the difference between these two 
frictional resistances, which act in opposite directions, will remain 
^s an unbalanced force, tending to stop the rotation of the wheel. 
■Consequently, this rotation will be checked ; and if the wheel had 
no inertia, it would be stopped instantaneously. As the wheel 
ias inertia, it will be stopped, not instantaneously, but after an 
interval of time, which will be greater as the mass and velocity of 
the wheel are greater, and less as the difference between yP and 
F W, the two frictional resistances, is greater. In all cases, 
however, this interval will be very short ; because, as soon as the 
rotation is materially checked, so that the wheel is slipping over 
the rail with an appreciable velocity, the coefficient of friction 
between wheel and rail will change from its original value for static 
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. ./on to the much smaller value for dynamic friction. Hence, 

4tever may have been the. original difference between the two 

..ctional resistances, it will now be largely increased ; and as it is 

nis difference which tends to stop the rotation, this stoppage will 

be completed in a very short time. Hence, the wheel will always 

continue to rotate at the train speed, until the frictional resistance 

between wheel and brake-block becomes greater than that between 

wheel and rail ; but as soon as this takes place the rotation wUl 

be checked, and wUl be stopped completely in an interval of time 

■which in practice will always be very small. 

428. If the coeffioienty of brake-block friction were the same at all 
speeds, the pressure which would produce skidding (or stoppage of 
rotation) would also be the same at all speeds ; although the time 
it would take to skid the wheel completely would be greater at a 
high speed than at a low one. As the coefficient of friction is less as 
the speed is greater, this is not the case ; and it requires a greater 
pressure to skid the wheel at a high speed than at a low one. But 
in all cases the amount of tangential brake-friction which will 
skid the wheel is independent of the speed, that is, unless the 
rail-friction varies with the speed, which there is no reason to 
suppose is the case. 

429. Let us next consider what will happen when the wheel is 
skidded. Just at the moment when it is coming to rest, and the 
motion of the wheel under the brake-block is therefore very small, 
the coefficient of friction between these two will change from its 
value for dynamic friction to its much higher value for static 
friction. Consequently the frictional resistance of the brake-block 
will show a large increase ; but this will not be transmitted to the 
rail, because the adhesion between the wheel and the rail is already 
transmitting all it can, and hence this increase in the brake-block 
friction will not be accompanied by any increase in the tractive 
force. 

430. Although in stopping the rotation of the wheel, a certain 
amount of vis viva is destroyed, yet this has no retarding effect on 
the train ; since the motion lost is only the rotatory motion of 
the wheel round its stationary axis, and has therefore no component 
in any one direction in space. 
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431. As soon as the ■wheel is completely skidded, the brake- "^lock 
friction becomes reduced to a mere mechanical means for holAiing 
the wheel fixed, and has no longer any direct effect in stopp^Hug 
the train. The whole of the stopping is thenceforth done by ti'Jie 
rail-friction. But this has now only its low value for dynami' p 
friction, and not its high value (commonly called " adhesion ") for*^ 
static friction, which gave the measure of the retarding force 
when the wheel was in motion. Hence the retarding force 
available for stopping a train is greater when the wheels revolve 
than when they are skidded, in about the proportion of the value 
of the static to that of the dynamic friction between wheel and 
rail. 

432. Let us now consider what will happen if the pressure is 
taken off the brake-block, and the wheel released. It is clear that 
as soon as the brake-block friction falls below the rail friction, 
the difference between the two becomes an unbalanced force 
tending to turn the wheel, and it will begin to rotate. The 
vis viva, or kinetic energy, thus imparted to the wheel must of 
course be given to it by the rail, and will produce an increased 
pull on the rail, in other words, an increase in the tractive force. 
Moreover, just when the wheel is coming to its full speed, the 
rail and the tyre will be coming to rest relatively to each other j 
consequently the friction will change from its dynamic to its static 
value, the pull it is capable of exerting on the wheel will be greatly 
increased, and the kinetic energy still wanting will be imparted 
to the wheel very rajjidly, with of course a corresponding rapid 
rise in the tractive force. This will be made clear by supposing 
that the coefficient of friction suddenly became infinite ; the wheel 
would then be instantaneously brought up to its full speed, which 
could not take place without a violent impulsive reaction upon the 
rail. Hence, when the brake is slackened on a skidded wheel, the 
effect will be a rise in the tractive force, gradual at first, and then 
very rapid, as the wheel assumes its full speed of rotation, When 
this is completed, the tractive force will at once fall again to the 
value due to the remaining friction of the brake-block and wheel, 
or, if the brake is taken off altogether, to zero. 

12 
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§ 8. Accumulated Energy. 
33. As we have seen, a body ia rapid motion has a large 
amount of kinetic energy, and this it can be made to expend in 
doing work upon other bodies with which it is brought into con- 
aection. Formerly, a body in such a condition was said to have 
I accumulated work, or to have a certain amount of worh stored wp 
in it. It is clear that this is not an accurate expression. Work 
is measured by foot-pounds, and only exists as it is being done. 
What is really stored up in the body, is the power of doing work 
— i.e., energy ; exactly as a man has stored up in his body at 
any moment a certain capacity for doing physical work, but cannot 
be said to have inside him any particular number of foot-pounds. 
We may, therefore, speak rightly of accumulated energy, but not 
of accumulated work. 

434. The process of accumulating energy is very useful in cases 
where an intermittent source of power is used for doing regular 
work, or again, where the work to be done is intermittent and the 
power regular. Of the latter, the best example is the " accumula- 
tor," used in hydraulic machinery, for cases such as the working of 
docks, where the opening and shutting of lock-gates and bridges, 
and similar operations, have to be performed at irregular intervals 
of time. A steam-pump is used to force water, at a high pressure, 
into a large upright cylinder, having a heavily-weighted " ram " or 
column of cast-iron fitting into it. The water, in entering, forces 
the ram farther and farther out of the cylinder ; so that when the 
ram is at the top of its stroke, we have a cylinderful of water at a high 
pressure, determined by the load upon the ram. When work is to 
be done, some of the pressure-water is drawn off from the cylinder, 
and passed through a water-engine, which converts its energy into 
mechanical work. The ram, of course, descends into the cylinder 
as the water escapes, and keeps up the full pressure as long as any 
water remains. In this case it is evident that the energy accumu- 
lated is potential energy, and is measured by the load on the ram 
multiplied by the height to which it is lifted. 

435. The best example of the use of accumulated energy with an 
intermittent motive power is that of the ordinary fly-wheel in steam 
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•engines. The action of a steam engine is to push a piston 
wards and forwards inside a cylinder ; and at the moment a 
the piston stops, at either end of the cylinder, it can of coursi-. ' 
doing no work. The engine would consequently stop, and coil 
not go on again, were there not some mode of keeping up th 
motion. This is usually accomplished by making the engine turn a 
heavy wheel, called the fly-wheel, which accumulates kinetic energy 
during the forward stroke, and by giving this out again, in work 
done on the machinery, carries the engine over these "dead-points," 
as they are called. This, then, is a case of the storage of kinetic, 
not potential energy ; but it is energy, not of translatory motion, 
or motion in a straight line, but of rotatory motion, or motion 
round an axis. Therefore, to investigate the fly-wheel we must 
know how to measure the actual energy of a rotating body. 

436. Definition. — The moment ofinertiaqfa body, taken round any 
given axis, is the sum of the products found by multiplying the mass 
of each particle of the body by the squa/re of its distance from the axis. 

437. Problem. — To find the kinetic energy of amy rigid body 
revolving round an axis. 

Let m be the mass of any particle of the body, r its distance 
from the axis, and let a» be the angular velocity of the particle 
(Art. 335). This wiU be constant for every particle of the body, 
because it is defined to be rigid. Were the angular velocity of 
any particle. A, greater than that of any other, B, A would 
gradually gain upon and overtake B, and therefore the geometrical 
conditions of the body would not be constant, as by the hypothesis 
of rigidity they are supposed to be. 

Let the particle m, revolve through a very small angle, d G, in 
time d t. Then the linear distance through which m has moved is 
rdO; and if v be the linear velocity, 

vdt = rd 9. 
JBut by the definition of angular velocity 

d d-wdt 
.•. vdt^ro) dt 
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m 



■e the actual energy of m = ^ w^ = ,2 ^2 rpjjg actual energy 

-he whole body will be found by taking the sum of these 
pressioiis (which are essentially positive) for every particle of 
ae body. Hence it may be written 

m „ „ (1)^ „ 

A A 

But 2 m r^ is the moment of inertia of the body about the axis. 

T ^ 

Hence the actual energy of any rotating body is given by -jj— , where 

A 

I is the 7tu»nent of inertia round the axis, and w the angular 

velocity. 

438. The moment of inertia is not in most cases easy to find, 

without the aid of high mathematics : in the case of a fly-wheel, 

however, it will be suflSoient in practice to treat the whole of the 

weight as distributed uniformly along the circumference of the 

circle described by the mean radius of the rim. Let r be this 

radius : then the moment of inertia of any particle of the wheel is 

m r'^, and if w be the total weight, the total moment of inertia is 

U) 

- r^. Hence the total actual enei-gy is given by 

2? 
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PART v.— AXIOMS, DEFINITIONS, AND LAWS. 

{Collected for reference, and to be committed to memory.) 
Axioms. 

1. (Art. 17.) Principle of Counteraction. — A force always tends 
to produce motion, but may be prevented from actually producing 
it by tbe cotinteraction of an equal and opposite force. 

2. (Art. 59.) Principle of Inertia. — All things within our know- 
ledge being finite, any known body under the action of any known 
force will only assume a finite motion in a finite time. And a 
body which possesses this property is said to have inertia. 

3. (Art. 73.) Principle of Conservation.— Effects live. 

4. (Art. 99.) Principle of Symmetry. —When a cause, or set of 
causes, is so related to two opposite effects, that there is no reason 
whatever why one of those effects should take place rather than 
the other, then neither of these effects will be produced by the 
cause or causes ; and this relation is said to be a relation of 
symmetry. 

5. (Art. 122.) Principle of Transmission of Force. — A force 
may be supposed to act at any point in its direction, provided 
that point be considered as rigidly attached to the point on which 
the force really acts. 

Definitions. 

1. (Art. 7.) Mechanics is the science of motion and force. 

2. (Art. 10.) A thing is known to be in motion, when it is 
continuously changing its position in space with reference to 
some other thing assumed to be fixed. 

3. (Art. 13.) A force is a physical cause of motion. 

4. (Art. 41.) A continuous force is one which is always going 
on ; a discontinuous force is one which acts at intervals only. 

5. (Art. 49.) Matter consists of a collection of centres of force, 
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fj-icW / 'uted in space, and acting upon each other according to laws 
yf]^- . 1 do not vary with time, but do vary with distance, 
f^: . ' (Art. 60.) The number of centres of force, or the quantity 
+ matter in a body, is called its Mass. 

*^7. (Art. 65.) The product of the mass of a body and its velocity 
''"it any instant, is called its Momentum ; and forces considered in 
relation to the momenta of the bodies -they move are called 
' Moving Forces. 

8. (Art. 94.) When the effect of several forces, acting together 
on a point, is found to be the same in all respects as that of a 
single force supposed to act by itself on the point in their place^ 
then this supposed single force is called the Resultant of the set of 
forces. 

9. (Art. 95.) When the resultant of the forces, acting on a 
point, is zero, there is said to be Equilibrium between the forces, 
and the point is said to be in equilibrium. 

10. (Art. 129.) When a constant force acts for any time upon 
a body in motion, the product of the force and of the distance 
through which the body has moved in the line of action of the 
force, is called the Energy Exerted by the force during the motion. 

11. (Art. 129.) The product of half the mass of a body, multi- 
plied by the square of its velocity at any instant, is called the 
kinetic energy of the body at that instant. 

12. (Art. 142.) If a point be acted on by two forces, P and Q, 
in opposite directions, of which P is the greater, then P is called 
the Effort, Q the Resistance, and P — Q the Unbalanced Effort 

13. (Art. 142.) Under the same circumstances, if s is the space 
described in any time, P s is the Energy exerted by the effort, —Qs 
is the Potential Work done on the point, and (P - Q) s is the 
Kinetic Work done on the point. 

14. (Art. 144.) If one centre of force, taken as fixed, acts upon 
a second centre, and if the second centre has a motion in the 
direction in which the first centre tends to move it, then the first 
centre is said to do Work upon the second ; and the work done is 
measured by the product of the force, and of the distance moved 
through in the direction of the force. 

15. (Art. 145.) Energy is the power of doing work; and the 
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total amount of energy possessed by any centre of force is measi 
by the total amount of work whicli it is capable of doing uponj 
the other centres upon which it acts. 

16. (Art. 176.) A rigid body is a collection of material point 
or particles, the relative positions and distances of which, with 
regard to each other, are supposed to be absolutely fixed, so 
that no external force can alter them. 

17. (Art. 178.) "When all the points making up a rigid body 
move in the same direction, and with the same velocity, the motion 
is said to be one of Translation. 

18. (Art. 179.) When of the points making up a rigid body^ 
those which lie in one straight line are at rest, and the others^ 
move in circles round that line as an axis, then the motion is said, 
to be one of Rotation. 

19. (Art. 187.) A rigid rod, movable about a fixed point in its 
length, is called a Lever; the fixed point is called the fulcrum, 
and the parts between the fulcrum and the extremities are called 
the arms. 

20. (Art. 188.) The Moment of a force, with respect to a 
given point, is the product of the force and the perpendicular 
from the point upon its direction. 

21. (Art. 198.) A pair of equal and parallel forces, acting in 
opposite directions, is called a Couple : the perpendicular distance 
between the lines of action is called the arm ; and the product of 
either force into the arm is the moment. 

22. (Art. 199.) A straight line drawn perpendicular to the 
plane of a couple, and proportional in length to its moment, is- 
called the axis of the couple. 

23. (Art. 227.) Friction is the resistance opposed by a surface 
to the motion of a body along it. 

24. (Art. 237.) The angle of repose for any two surfaces is the- 
angle at which one of the surfaces is inclined to the horizon, 
when the other, being acted upon by the force of gravity only, just- 
rests upon it without sliding. 

2-5. (Art. 239.) A displacement of a system which is such that 
it does not afiect the amounts or relations of the various forcess 
acting, is called a conservative displacement. 
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2/ (Art. 241.) If the point of application of a force be dis- 

pla/Ced through an indefinitely small space, then the displacement, 

as measured in the direction of the force, is called the Virtual 

V"elocity of the force ; and the product of the force and the virtual 

/velocity is called the virtual moment. 

27. (Art. 325.) A body flying through space under the action 
of gravity is called a Projectile, and the path which it describes 
is called its trajectory. 

28. (Art. 334.) If the motion of a particle in a plane be con- 
sidered with reference to a fixed point in that plane, the Angular 
Velocity of the former about the latter means the rate of in- 
crease of the angle made, by the line joining the two, with some 
fixed line in the plane. 

29. (Art. 357.) An Impulsive force is a force so large in 
amount, and acting for so short a time, that we have to measure its 
efiect simply by means of the change in velocity which it produces. 

30. (Art. 363.) The Circle of Curvature at any point of a curve 
is that circle of which two successive elements coincide with two 
successive elements of the curve ; and its radius is called the 
radius of curvature. 

31. (Art. 365.) A particle moving uniformly in a circle is 
under the action of a constant force tending to the centre ; and 
that force is called the Centripetal force. 

32. (Art. 393.) A body is Elastic when, after striking another 
body considered as fixed, it rebounds, and receives a motion in 
the opposite direction to the original motion. 

A body is perfectly elastic when, the impressed forces remaining 
the same, the motion of rebound is in all respects the reverse of the 
motion of impact. 

A body is imperfectly elastic when the motion of rebound is less 
than that of impact. 

33. (Art. 436.) The moment of inertia of a body, taken round 
any given axis, is the sum of the products found by multiplying 
the mass of each particle of the body by the square of its dis- 
tance from the axis. 
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Laws. 

1. (Art. 27.) If we can measure any interval of time, during 
which the velocity of a body remains constant, and also the interval 
of space which it travels over during that time, then the ratio of 
the space to the time is a proper measure of the velocity of the 
body. 

2. (Art. 38.) Forces are measured by the velocities which they 
cause or generate in the same or equal objects, and in the same or 
equal times. This is the absolute or dynamical method ; and forces 
when so measured are called Accelerating forces. 

3. (Art. 39.) Forces may also be measured by ascertaining the 
number of units of a standard force (in England the number of 
pounds weight) which will exactly counteract them. This is the 
statical method ; and forces, when so measured, are called Statical 
forces. 

4. (Art. 61.) The mass of a body, that is, the number of centres 
of force which it contains, is measured by its weight, as compared 
with that of- a standard body. 

5. (Art. 65.) When forces act upon different objects, they are 
measured by the momenta which they generate in a unit of time ; 
and such forces are called Moving forces. 

6. (Art. 71.) Newton's First Law of Motion. — Every body con- 
tinues in its condition of rest, or of uniform motion in a straight 
line, except in so far as it is compelled by impressed forces to 
change its condition. 

7. (Art. 71.) Newton's Second Law of Motion. — Change of 
motion is proportional' to the moving iid^ressed force, and takes 
place along the straight line in which the force is impressed. 

8. (Art. 71.) Newton's Third Law of Motion. — Eeaction is 
always opposite and equal to action ; or the mutual actions of 
two bodies are always equal, and in the opposite directions. 

9. (Art. 76.) When any number of forces act upon a body at 
once, each tends to produce its whole effect in altering the magni- 
tude and direction of the body's velocity, just as if it acted singly 
on the body at rest. 
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10. (Art. 90.) General equations for the motion of a body in on& 
straight line, and under the action of a single accelerating force. 

•o = v^±ft .... (A.) 
B = v,t±l^ . . . (B.) 

V^=v\±1f8 . . . (C.) 

Here f is the force, s the space described, v-^ the initial velocity, 
and V the velocity at the end of any time t. 

11. (Art. 101.) The resultant of any number of forces acting in 
one straight line is found by taking the algebraical sum of the 
forces. 

12. (Art. 115.) Parallelogram of Forces. — If a point is acted 
upon by two forces at once, whose directions make any angle with 
each other, the effect will be the same as if it was acted on by 
a single force represented in magnitude and direction by the 
diagonal of any parallelogram, whose sides represent in magnitude 
and direction the two forces acting. 

13. (Art. 121.) Any force P is always equivalent to three forces 
acting parallel to any three rectangular axes, and having the 
values P cos x, P cos y, P cos z respectively, where x, y, z are' the 
angles which P's direction makes with the axes respectively. 

14. (Art. 122.) Parallelogram of Velocities. — The velocity of a 
point at any moment may be supposed to be resolved into two 
component velocities, if the lines representing the components form 
the two sides of a parallelogram, of which the diagonal represents 
the actual velocity. 

15. (Art. 136.) The effect of a constant unbalanced force, which 
has acted for any time upon a body in motion, is measured by the 
energy exerted as regards the force, and by the change in the 
kinetic energy as regards the body. 

16. (Art. 162.) Conservation of Energy.— In any system of 
matter in motion under its own forces, the total energy, potential 
and kinetic, of the system remains constant. 

17. (Art. 174.) If any number of forces acting on one point are 
in equilibrium, then the algebraical sums of the components of tha 
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forces, taken along any three rectangular axes, must separately 
vanish. 

18. (Art. 189.) Principle of the Lever. — If two forces acting at 
the extremities of a lever, and tending to twist the lever opposite 
ways, are in equilibrium, the moments of the forces about the 
fulcrum are equal. 

19. (Art. 193.) The proper measure of the effect of a force, in 
tending to produce rotation of a body about a fixed point, is the 
moment of the force about that point. 

20. (Art. 203.) If any number of forces, acting on a body in one 
plane, are in equilibrium, then the sum of the components of the 
forces in any direction must be zero, and the sum of the moments- 
of the forces round any point must be zero. 

21. (Art. 204.) If any number of forces acting on a rigid body 
in one plane tend to turn it about a fixed axis, there will be equili- 
brium when the algebraical sum of all the moments about that 
axis is zero. 

22. (Art. 209.) Every system of parallel forces has a centre ;. 
that is, a point such that, if it be fixed, the body will be in 
equilibrium in any position. When the forces are weights, this 
point is called the centre of gravity. 

23. (Art. 229.) First Law of Statical Friction.— The limit of 
friction between two bodies at rest is proportional to the normal 
pressures between the bodies. 

24. (Art. 230.) Second Law of Statical Friction. — The limit of 
friction is independent of the area of the surfaces in contact. 

25. (Art. 234.) The reaction of a smooth surface is always 
normal to the surface. 

26. (Art. 240.) If the external forces acting on a system are in 
equilibrium, and if the system receive a conservative displace- 
ment, the net energy exerted by the external forces will be zero. 

27. (Art. 242.) Principle of Virtual Velocities. — If a system in 
equilibrium receive a very small conservative displacement, the 
sum of the virtual moments of all the external forces is zero. 

28. (Art. 338.) If we suppose the velocity of any one particle 
in a system, reversed in direction, to be communicated to each 
particle of the system in addition to that which it already 
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possesses, then the relative motions of all about the first thus 
/reduced to rest, will be the same as their relative motions about 
it when all were in motion. 

29. (Art. 359.) A particle moving in a curved line without 
friction does not lose any of its velocity in consequence of the 
reactions which compel it to move in that line. 

30. (Art. 367.) If a partiele of mass m move in any curve what- 
ever, it may be taken as acted on at any point by a centripetal 

force = ni —, where v is the velocity, and r the radius of curvature 

at that point. 

31. (Art 393.) First Law of Elasticity. — The ultimate atoms 
of every body are perfectly elastic. 

32. Second Law of Elasticity. —Every body, taken as a whole, 
is imperfectly elastic. 

33. Third Law of Elasticity. — In any body, taken as a whole, 
the ratio which the force of restitution bears to the force of 
compression depends only on the nature of the body. 

34. (Art. 437.) The actual energy of any rotating body, due to 

Ia)2 
the rotation, is given by -ij-, where I is the moment of inertia 

round the axis, and w the angular velocity. 
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PART VI.— APPENDIX OF EXAMPLES. 

{See Answers at end, p. 208.) 



I.— CONDITION'S OF EQUILIBRIUM. 

There are two general methods of solving the large class of problems, 
■which consist in determining the conditions of equilibrium of a given system. 
in two dimensions. They are as follows. 

Method 1. Resolve all the forces in two directions at right angles to each 
other ; and equate their algebraical sum in each direction to zero. Thea 
take the moments of all the forces about some point in the plane, and equate 
their algebraical sum to zero. There are thus three equations, algebraical or 
trigonometrical ; and if there are not more than three independent unknown 
quantities in the system, the solution of these three equations will give all 
the conditions of equilibrium. If there are more than three such quantities, 
the conditions cannot be fully determined. If some of the unknown 
quantities are not independent, they can be reduced in number by forming 
the geometrical equations between them. 

In working this method it is desirable to choose the directions of resolu- 
tion, and also the point about which to take moments, so as to make the 
resulting equations as simple as possible. No general rules can, however, 
be laid down for this choice, which depends upon the circumstances of 
each problem. If there are several bodies in the system, we can give the 
equations for each, and use these to eliminate the UQknown reactions- 
existing between them. 

Method 2. Assume the system to receive some small conservative displace- 
ment, i.e., a displacement that will not alter the geometrical relations of the 
various forces concerned. Then find the energy exerted by each force during 
the displacement, and equate the algebraical sum of these to zero. This is 
generally called the forming of the equation of virtual velocities. If this equa- 
tion can be so formed as to contain only one unknown quantity, that quantity- 
can at once be determined. 

Here again much will often depend on the choice of the particular dis- 
placement, which should be such that for all the unknown reactions, whose- 
value tliere is generally no occasion to find, the virtual moment may vanish. 

Of course the two methods may be combined, the equation of virtual 
velocities being formed, for instance, instead of the equation of moments. 
The equations, however, are not all independent of each other ; so that it is 
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not possible thereby to solve a problem in wliich there are more than three 
anknown quantities. 

As a typical example of both 
methods, take the case of a 
smooth semicircle, A B C D, which 
can slide upon a horizontal plane 
AD, and is kept in equilibrium 
by two rods E B, F C, which slide 
vertically in smooth rings, and 
bear upon given points in the 
circumference. 

First, by the method of Resolu- 
tion. Let AOB = a, C0D=;3: 
W Wi let "W, Wi, be the weights of the 

Pig- 66. rods, and E., Ei, the unknown 

reactions at B and C, which, since the semicircle is smooth, must act along 
the normal lines OB, OC (Law No. 25). Consider the rod EB. It is kept 
in equilibrium by the weight W, the reaction E,, and two unknown horizontal 
.forces at the two rings. Eesolving vertically, to avoid these, we have 

■W=R sin a. 

By similar reasoning Wi=Ki sin ^. 

Lastly, the semicircle is kept in equilibrium by the two pressures R, R„ and 
by the vertical upward reaction of the plane. Resolving horizontally to 
avoid the latter, we have 

R cos a = El cos p. 

W 

But Eoosa=T cos a 

sm a 

EiCos^=^j^cos/3: 

Hence 

Wcota=Wicot/3. 

This gives the relation between W and Wi, so that if either is known the 
other can be found. 

Secondly, by the method of virtual velocities. Assume the semicircle to 
be pushed along the plane, in direction O A, by a very small distance, d. 
Then, if H is the new position of B, it is easily seen that E B wUl be lifted 
through a space BH, where 

BH=(Zcot a. 
By similar reasoning, F C will be lowered by a distanoe=(i cot A 
Hence the equation of virtual velocities is 

W d cot a=Wi d cot /3. 
W cot a= Wi cot |3, as before. 
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It is evident that the other forces involved will not appear in this equa- 
"tion : for the reactions E, Ei, are in equal and opposite pairs, the reactions 
«£ the rings are at right angles to the motion of the rods, and the upward 
reaction of the plane ia at right angles to the motion of the semicircle. 

[In this example the method of virtual velocities ia much the shorter and 
simpler ; and this will generally be the case. On the other hand, much more 
care is required in forming the equation. It ia generally better to begin with 
an attempt to form an equation of virtual velocities, and if this appeara to 
be difficult, then to turn to the more formal method of resolution.] 




As another example, let us take the following. 

Two equal rods, A B, A C, of weight 
"W, are jointed together by a hinge at 
A, and united at their middle points 
by a weightless string, D E. They are 
placed on a horizontal plane, B C : 
find the forces acting at D or E. 

[In this case it is impossible to form 
the equation of virtual velocities, for 
we cannot make a displacement with- 
out either breaking or slackening the 
string. We must proceed by the 
method of Resolution. 

We may first conaider the direction 
of the reactions at the hinge A. A 

hinge is considered mathematically Fig. 67. 

merely as an indefinitely short piece of string, uniting two rods together, 
so that they can turn freely about each other, but cannot be separated. The 
exact direction the string wiU take — which ia the same thing as the direction 
of the reactions at the hinge — must be settled by the circumstances of 
each particular case. But there is one general rule on the subject, namely, 
that if there is any line about which the whole figure, and the forces acting 
upon it, are symmetrical, then the reactions must lie at right angles to 
that line. This is easily seen. For each reaction must be equal and 
opposite to the resultant of the forces on the opposite side of the line 
of symmetry, since it keeps these forces in equilibrium; and by 
symmetry these resultants must make equal angles with the line of 
symmetry : therefore the reactions do the same. And since they are equal 
a.nd opposite to each other, they cannot make equal angles with any line, 
unless those angles be right angles : hence they are at right angles to the line 
of symmetry.] 

Now, in the present case it is obvious that everything is symmetrical about 
the vertical line drawn through A. Hence the reactions H, E at A are 
horizontal. Let Ei, Ei be the vertical reactions at B and 0. By symmetry 
these will be equal to each other. Eesolving vertically for the whole system, 
we have 

2 Ei=2 W, whence Ei=W. 
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None of the reactions enter into this equation, because they are all in equal 
and opposite pairs. 

Let X, Y be the horizontal and vertical components of the reaction at D, E. 
By symmetry they will be alike at each point. Now consider the equili- 
brium of the string D E. Resolving vertically 

2Y=0;orY=0. 

Again, for the rod A B, resolving horizontally, 

X-R = 0. 

Take moments about the point B. Let 2(i be the length of the rod, and lek 
B A C = 2 a. Then the equation of moments is 

X a cos a+K 2 a cos a = Wa sin o. 

Or 

„„ TIT- • sr ^ tan a 
XSaCOS a = Wasina, X= = » 

which gives the value of X. 

Another class of problems are those where friction comes into the question. 
In these we are no longer concerned with the absolute position of equilibrium, 
but with the limiting position. This position will be such that the coefficient 
of friction in that position reaches the limiting value /u, which it cannot 
exceed without slipping taking place. 

As an example, consider a circle, of radius )•, which rests against a rough 
wall, and is supported by a string wrapped round it, and fastened to a nail 
in the wall at some distance above. Let 6 be the angle which the string's 
direction makes with the vertical, K the horizontal reaction between the 
wall and the circle ; then jn E, is the friction acting vertically at the same 
point. 

Besolving the forces horizontally, we have 

Tsin e-R = 0. 
Taking moments about the centre of the circle, 

Ti- = mK,)-, orT = |uIU 



Hence 



sin e = - 



This gives the limiting value, which D must not exceed, or the circle will 
slip. 

1. Two forces, of 3 lbs. and 4 lbs. respectively, act on a particle at right 
angles to each other : find the magnitude of their resultant. 

2. Two forces, of 1 lb. and 2 lbs., act at an angle of 60" : find the directiou 
and magnitude of their resultant. 

3. Two forces, of 6 lbs. and 10 lbs. , acting at a, point, include an angle o£ 
105° : find the resultant. 
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4. A man pulls a weight by means of a rope along a road, with a force of 
20 lbs. The rope makes an angle of 30° with the road : find the force he 
would need to apply parallel to the road. 

5. Three forces act at a point, and include angles of 90° and 45°. Thefirat 
two forces are each equal to 2 P, and the resultant of them all ia VIO P = 
find the third force. 

6. A string, fixed at its extremities to two points in the same horizontal 
line, supports a ring weighing 10 oz. ; the two parts of the string contain an 
angle of 60° : find the tension. 

7. Show that three forces, acting at a point, but not in the same plane, 
cannot be in equilibrium. 

8. The resultant of two forces that act at right angles to one another is 
145 lbs., and one of the forces is 144 lbs.: find the other. 

9. Three posts are placed in the ground so as to form an equilateral triangle, 
and an elastic ring is stretched round them, the tension of which is 6 lbs. : 
find the pressure on each post. 

10. An even number of points are taken at equal distances on the circum- 
ference of a circle, and from one of the points straight lines are drawn to the 
rest : if these straight lines represent forces acting on the point, find the 
straight line which will represent their resultant, supposing their number to 
be given. 

11. Two weights, W and 2 W, are connected by a rigid, weightless rod, and 
also by a loose string which is slung over a smooth peg : compare the lengths 
of the string on each side of the peg when the weights have assumed their 
position of equilibrium. 

12. Two strings at right angles to each other support a weight, and one 
string makes an angle of 30° vith the vertical line : compare the tensions of 
the strings. 

13. A weight of 24 lbs. is suspended by two flexible strings, one of which 
is horizontal, and the other is inclined at an angle of 30° to the vertical 
direction : what is the tension in each string ? 

14. Suppose a person of given weight to be suspended in a scale from the 
extremity of an immovable beam, and to press upwards by means of a rod of 
a given length against the underside of the beam : with what force must he 
press upwards, so that he may rest in any given position ? 

15. A string of given length is suspended to two tacks anywhere situated, 
the length of the string being greater than the distance between them : it is 
required to find the position of equilibrium of a given weight (w), which 
slides freely on the string. 

16. A uniform pole leans against a smooth wall, at an angle of 45°, the lower 
end being on a rough horizontal plane : show that the amount of friction to 
prevent sliding is half the weight of the pole. 

17. If when two particles are placed on a rough double inclined plane, and 
connected by a string passing over a smooth peg at the vertex, they are on 
the point of motion ; and if when their positions are interchanged no friction 
is called into play : show that the limiting angle of friction is equal to the 
difference of tha inclinations of the two planes. 

13 
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18. A heavy uniform beam rests with one end against a rough horizontal, 
and the other end against an equally rough vertical plane : find the least 
«oefficient of friction that will allow the beam to rest in all positions. 

19. A wheel, radius a, weight w, is acted upon by a weight W at its oircim- 
ference, and turns round a rough fixed axle, radius h. Assuming the inside 
of the wheel and the axle only to touch in one point : find the greatest value 
■of W under which the wheel wUl not turn. 



II.— PARALLEL FOECES. 

Ordinary oases of parallel forces are simply solved by the Eguation of 
Moments. Thus, take the following example. 

A man supports two weights, slung on the ends of a weightless rod, 40 
inches long : if one weight be two thirds of the other, find the point of 
support. 

Let W be one weight, a the distance from it to the point of support, 
§W the other, 40 -a „ „ „ 

Then, by the Equation of Moments 

Wo = I W (40 -a) 
3a+2a = 80, o = 16. 
Hence the support is 16 inches from the heavier weight. 

Questions relating to the centre of gravity are rather exercises in 
Geometry than Mechanics. They all depend on the fundamental theory 
that tlie co-ordinates of the centre of gravity of any system of particles are 
given by the equations 

But the application of these principles, except in simple cases, requires 
the use of the Integral Calculus. 

In many cases the principle of symmetry enables us to decide on the posi- 
tion of the centre of gravity — e.g., it is evident that the centre of gravity of a 
sphere or a circle will be at its centre. 

[There are several geometrical figures of which the centre of gravity has 
been determined, and should be known by the student. The principal ones 
are the following : — 

Triangle. Draw a line from any angle to bisect the opposite side, the 
centre of gravity is two-thirds down the line from the angle. 

Pyramid or Cone. Draw a line from the vertex to the centre of gravity of 
the base : the centre of gravity is on this line, at one-fourth of its length 
from the base. 

Quadrilateral Figure. Draw a diagonal; find the centre of gravity of the 
two triangles thus formed, join these points, and divide the line joining them 
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SO that the products formed by multiplying each segment by the area of the 
adjacent triangle are equal. 

Circulwr Arc Let 2 a be the angle made at the centre, in circular measure. 
The centre of gravity is on the line joining the centre to the middle point of 

the arc, at a distance from the centre = x (radius). 

Semicircle. The distance of the centre of gravity is given by — 

IT 

Circular Sector. The distance of the centre of gravity from the centre ia 

, 2 sin a, ,. , 

given by , (radius). 

o d 

4 (radius) 

Solid Semicircle. Distance is given by ■= -^ -. 

o *3r 

SoUow Hemisphere. Centre of gravity bisects the radius of symmetry. 

o 
Solid Hemisphere. Centre of gravity is on the radius of ssnnmetry, at q the 

o 

distance from the centre.] 

As an example, take the following. A quarter of a triangle is cut off by a 
straight line drawn parallel to one of the sides : to find the centre of gravity 
of the remaining piece. 

Prom the common angle or vertex, draw a line to bisect the opposite side 
of the great triangle, or the base : then by simOar triangles it will also bisect 
the opposite side of the small triangle. Hence the centre of gravity of both 
triangles lies on this line. And the centre of gravity of the remaining part 
of the great triangle will lie on it also, since it bisects all the elements into 
which that part may be divided by lines parallel to the base. Let x be the 
distance of this centre of gravity from the vertex, D the length of the whole 
line, d that of the part of it within the small triangle : then, taking moments 
about the centre of gravity of the great triangle, 

i(a:-§D) = i(SI>-fd). 

But in similar triangles, of which one is four tim^s the other, it is easily seen 
that (2 = ^ D : hence the equation becomes 

3a;-2D = (§D-JD)=JD 
x = 5D. 

1. The ratio of two unlike parallel forces is f , and the distance between them 
is 10 inches : find the position of the resultant. 

2. A plank, weighing 10 lbs., rests on a single prop at its middle point; if 
the prop be replaced by two others on each side of it, 3 feet a,nd 5 feet from 
the middle point, find the pressure on each. 

3. A horizontal straight bar, 6 feet long and weighing 16 lbs., is supported 
at each end, and a weight of 48 lbs. is hung at 2 feet from one end : find the 
pressure upon each of the supports. 

4. Let a given weight (W) be placed at on a triangle, ABC, and sup- 
ported by three props, A, B, C, at the angles. The pressure upon each prop 
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is proportional to the area of the triangle opposite to it ; that is, the pres- 
sure on A : pressure on B : : area of the triangle B C : area of the triangle 
AOC. 

5. A piece of uniform wire is bent into the shape of an isosceles triangle, of 
which each of the equal sides is 5 inches long, and the third side 6 inches : 
find its centre of gravity. 

6. A triangle is suspended from the middle point of one side : find the 
weight that must be attached to one of the ends of the side, in order to make 
it rest with that side horizontal. 

7. The middle points of two adjacent sides A B, A D of a square are joined, 
and the triangle formed by this line and the edges is cut off: find the centre 
of gravity of the remainder of the square. 

8. A wire is bent into the form of a triangle, and hangs from one angle with 
the base horizontal : show that the triangle is isosceles. 

9. A sugar-loaf stands on an inclined plane, rough enough to prevent slid- 
ing, whose inclination to the horizon is 45° : show that it will fall over if the 
height of the sugar-loaf be more than twice as great as the diameter of its 
base ; the centre of gravity of a cone being distant from the base one-fourth 
of the height. 

10. A heavy pole, weighing 12 lbs., whose centre of gravity falls at a dis- 
tance of one-fourth of the pole from one end, is fastened at this end by a rope 
to the ceiling, and the other end is raised by a man, so that the pole is hori- 
zontal : what weight will the man support ? 

11. A circular tower, the diameter of which is 20 feet, is being built, and 
for every foot it rises it inclines 1 inch from the vertical : what is the greatest 
height it can reach without falling ? 

12. An equilateral triangle stands vertically on a rough plane: find the 
ratio of the height to the base of the plane when the triangle is on the point 
of overturning. 

13. From a circular disc, another disc, having for its diameter the radius of 
the first circle, is cut away : find the centre of gravity of the remainder. 

14. Find the height of a cylinder which can just rest on an inclined plane, 
the angle of which is 60°, the diameter of the cylinder being 6 inches. 

15. A cylindrical vessel, weighing 4 lbs., and the internal depth of which is 
6 inches, wUl just hold 2 lbs. of water. If the centre of gravity of the vessel 
when empty is 3'39 inches from the top, determine the position of the centre 
of gravity of the vessel and iis contents when full of water. 



in.— MECHANICAL POWERS. 

Problems on Mechanical Powers are merely exercises in the applica- 
tion of the equations between P and W deduced in the text for each kind 
of power : the conditions of equilibrium having thus been determined already 
for each separate case. 

Problems regarding false balances depend on the following theorem, whicb 
we may take as an example. 
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If a substance be weighed in a balance having unequal arms, and apparently 
weighs p lbs. in one, and q lbs. in the other, its true weight is Vpg lbs. 

Let L J be the two arms, w the true weight : then, taking moments about 
the centre of suspension we have in the two cases 

wl^ SL; 
multiplying 

111' ^pq, or w = V pg. 

The following is an example of another class. The difference of the 
diameters of a wheel and axle is 2 feet 6 inches, and the weight = 6 times the 
power : find the radii. 

Let r be the radius of the axle in inches. 

Thenr+lSis „ wheel „ 

Hence the equation of moments becomes 

W>- = P(r+15), 
andW = 6P: hence 6r = ?'+15, ?' = 3. 

Hence the radii are 3 inches and 18 inches respectively. 

1. A man exerts a pressure of 50 lbs. on a crowbar at a distance of 4 feet 
from the fulcrum : what weight will he balance at 3 inches from the fulcrum ? 

2. In a lever of the second kind, W=ll lbs., W's arm=16 inches, P's arm 
= 100 inches : find the value of P. 

3. In a lever of the third kind, W=40 lbs., W's arm=60 inches, and P's 
arm=8 inches : find the value of P. 

4. A lever with a fulcrum at one end is 3 feet in length ; a weight of 28 lbs. 
is suspended from the other end : if the weight of the lever is 2 lbs. at 
its middle point, at what distance from the fulcrum will an upward force of 
50 lbs. preserve the equilibrium ? 

5. Suppose the arms a, i of a bent lever, inclined to each other at a given 
angle a at the fulcrum, to be also given : required the position of the lever 
when two given weights P, Q, suspended freely from its extremities, balance 
each other. 

6. Two weights, of 6 lbs. and 8 lbs., are hung from the ends of a lever 7 feet 
long : where must the fulcrum be placed so that they may be balanced 2 

7. A beam, the length of which is 12 feet, balances at a point 2 feet from one 
end ; but if a weight of 100 lbs. be hung from the other end, it balances at a 
point 2 feet from that end : find the weight of the beam. 

8. If the pressure on the fulcrum be 5 lbs., and one of the weights be 
distant from the fulcrum one-sixth of the whole length of the lever : find 
the weights. 

9. Two weights, 12 lbs. and 8 lbs. respectively, at the ends of a horizontal 
lever, 10 feet long, balance : how far ought the fulcrum to be moved for the 
weights to balance when each is increased by 2 lbs ? 

10. A heavy pole, weighing 12 lbs., whose centre of gravity falls at a 
distance of one-third of the pole from one end, is carried horizontally by two 
men, one at each end : find the weight supported by each man. 
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11. A rod, AB, moves about a fixed point, B. Its weight, W, acta at it» 
middle point, and it is kept horizontal by a string, AC, that makes an angle 
of 45° with it : find the tension in the string. 

12. In a steelyard, the weight of the beam is 10 lbs., and the distance of its 
centre of gravity from the fulcrum is 2 inches : find where a weight of 4 lbs. 
must be placed to balance it. 

13. A weight weighs 16 lbs. when put in one scale of a false balance, and 
only 9 lbs. when in the other scale : find the weight. 

14. Given the two apparent weights in each end of a pair of false scales r 
show whether the true weight is greater or leas than half their sum. 

15. Is the mechanical advantage of a wheel and axle increased or diminished 
by lessening the radii of wheel and axle by the same amount 1 

16. If the radii of a wheel and axle be as 10 to 4, and weights of 3 oz. and 
8 oz. hang from them : which will descend ? 

17. If the radius of the wheel is three times that of the axle, and the string 
round the wheel can support a weight of 40 lbs. only : find the greatest weight 
that can be lifted. 

18. A wheel and axle is used to raise a bucket from a welL The radius of 
the wheel is 15 inches, and while it makes seven revolutions, the bucket, 
which weighs 30 lbs., rises 5i feet : show what is the smallest force that cau 
be employed to turn the wheel. 

19. A man, whose weight is 12 stone, has to balance by his weight 15 cwt.: 
show how to construct a wheel and axle which would enable him to do this. 

20. What must be the radius of the wheel to enable a power of IJ lbs. to 
raise a weight of 2 stone, the diameter of the axle being 6 inches? 

21. What force is necessary to raise a weight of 120 lbs. by an arrangement 
of six pulleys, in which the same string passes round e^ch pulley ? 

22. If there be equilibrium between P and W, with three pulleys, in that 
system iu which each string is attached to the weight, what additional 
weight can be raised if 2 lbs. be added to P ? 

23. A man, weighing 150 lbs., raises a weight of 4 cwt by a system of four 
movable pulleys arranged according to the first system : what is his pres- 
sure on the ground ? 

24. In a system of pulleys, in which the same string passes round sill the 
pulleys, a man, whose weight is 12 stone, can support 18 cwt: how many 
pulleys must there be on the lower block 1 

25. In a system of one fixed and four movable pulleys, in which one end 
of each string is fixed to a beam : find the relation between the power and 
the weight (neglecting the weights of the pulleys), when one of the strings i» 
nailed to the pulley round which it passes. 

26. The angle of a plane is 45°: what weight can be supported by a hori- 
zontal force of 3 oz. and a force of 4 oz. parallel to the plane, both acting 
together ? 

27. What is the horizontal force necessary to support a weight of 1 lb. on & 
plane that rises 3 in 5 ! 

28. What weight can be supported on a plane by a horizontal force of 10 
oz., if the ratio of height to base is j ! 
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29. If a weight, W, be supported on an inclined plane by a force, ~-r 
parallel to the plane : what is the inclination of the plane ? 

30. A weight (P) draws another weight (W) along an inclined plane of 
angle a, given in position, by means of a rope passing over a iixed pulley : it 
is required to find the position of the weight when in equilibrium. 

31. A globe of given weight is supported between two planes inclined to the 
horizon at the respective angles of 60° and 30°: compare the weights sus- 
tained by the planes with each other and with the whole weight. 

32. A sphere rests between two inclined planes, and the pressure on one, 
which is given in position, is half that on the other plane : construct the 
position of the other plane. 

33. In a screw, which has seven threads to the inch, find the pressure 
{neglecting friction) that can be produced by a force of 6 lbs. applied at the 
circumference, the radius of the cylinder being 1 inch. 

34. How many tarns must be given to a screw formed upon a cylinder, 
whose length is 10 inches and circumference 5 inches, that a power of 2 oz. 
(neglecting friction) may overcome a pressure of 100 oz. ? 

35. If a power of 1 lb. describe a revolution of 3 feet, whilst the screw 
moves through J inch : what pressure (neglecting friction) will be produced? 



IV.— ACCELERATING FORCES. 

Examples of this class are merely exercises in the application of the three 
fundamental equations given in Art. 90 (Law No. 10). 

The following is an example.— A body moving from rest is observed to 
move over 80 and 112 ft. during two consecutive seconds : find the acceleration 
and the time from rest. 

Let t be the time up to the first of these seconds, / the acceleration : then 
the space described during that second is 

ft +i= 80. 

The space described during the next second is 

/(« + l) + {=112. 

Hence /=32, or the difference between the spaces described in two con- 
secutive seconds is equal to the acceleration. 
Also, from the first equation, 

, 80-16 „ , 

t= — sn — =2 seconds. 

Again, to find a, point in a vertical circle, such that the time down a 
tangent at that point terminating in the vertical diameter produced, may be 
equal to the time down the vertical diameter. 

Let d be the angle the tangent makes with the vertical. 
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Then r cot 6 is the length of the tangent, and g cos 6 is the acceleration. 
Hence the time down the tangent is given by 

, . g Q.0& e. 
r cot v = - — 2 — *'• 

But the time down the vertical diameter ia given by 
dividing 






— cos 9, or sin 6 = J : 6=3 



2 

1. A body is projected upwards with a velocity of 5 j? feet : to what height 
will it rise ? 

2. A body projected vertically upwards passes a certain point with a 
velocity of 80 feet per second : how much higher will it ascend ? 

3. A body starts with a velocity of 90 feet, and loses a third of its velocity 
per second : how far will it move ? 

4 Two bodies are let fall at an interval of one second : find how far they 
will be apart after a lapse of four seconds from the fall of the first. 

5. The space described by a heavy body in the fourth second, is to the 
space described in the last second, except 4, as 1 to 3 : required the whole 
space described. 

6. With what velocity must a body start, if its velocity be retarded 10 feet 
per second, and it come to rest iu'12 seconds ? 

7. A body moving from rest with a uniform accleration, describes 90 feet 
in the fifth second of its motion : find the acceleration, and the velocity after 
10 seconds. 

8. A body, whilst moving vertically downwards with a uniform velocity 
of 10 feet per seeond, is urged horizontally with an acceleration of 5 feet per 
second : find its distance from starting point after 2 seconds. 

9. A body, moving with a uniform velocity of 30 miles an hour, has its 
velocity accelerated 10 feet per second in the same direction : find the space 
traversed in a quarter of a minute. 

10. A body has fallen from a feet when another body ia let fall from a 
point 6 feet below it : how far will the latter body fall before it is overtaken 
by the former ? 

11. Let two bodies, with the velocities », V, be projected at the same time, 
and towards each other, from the two extremities of a vertical line ; then 
they shall always meet in the middle of the line, if the difference of the squares 
of the velocities v, V, is equal to the square of the velocity acquired in falling 
down half the line. 

12. If two bodies are moved at the same time towards each other, from 

the two extremities of a vertical line \ one projected upwards with a velocity 

3 I 
acquired down- 2" 1 the other let fall from rest: it is required to find the 

point where they meet. 

13. A body is projected up an inclined plane, whose length is ten times its 
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height, with a velocity o£ 30 feet in one second : in what time will its velocity 
be destroyed ? 

14. A body falls from rest by the force of gravity down a given inclined 
plane : compare the times of describing the first and last halves of it. 

15. Two bodies, projected down two planes inclined to the horizon at angles 
of 45° and 60°, describe in the same time spaces respectively as \l^: Vs : 
lequired the ratio of the initial velocities of the projected bodies. 

16. Through what chord of a circle must a body fall to acquire half the 
velocity gained by falling through the diameter. 

17. Of right-angled triangles having the same base, determine that down 
whose hypothenuse a body descends in the least time. 

18. Find the time of describing 30 feet on a plane inclined to the horizon 
at an angle of 30°, the force of gravity being supposed to be diminished by 
one-fourth of its present quantity. 

19. Determine that part of an inclined plane A C, through which a body 
will descend from rest in the time of falling from the top A to the bottom at B. 



v.— PROJECTILES. 

Examples in projectiles are best solved, in almost all cases, by at once 
resolving the velocity of projection into two parts, vertical and horizontal. 
Of these the first is acted on exclusively by gravity, and comes under the 
general laws of acoelerstting forces, as given in Law No. 10 : while the latter 
remains constant throughout the motion. 

Take the following. A ball fired with velocity «, at an angle a to the 
horizon, just clears a vertical wall, which subtends an angle j3 at the point of 
projection : determine the time at which the ball passes the wall. 

Let t be the time, and resolve the velocity into « cos a and u sin a respec- 
tively. Let X be the distance to the foot of the wall, and y its height. 
Then we must have 

(« cos a) t=x. 

Also the vertical height described in time t is 
(it sin a) t-^&=y, 
and 2/=a; tan j3. 

Substituting from the last equation in the second, and dividing by the 

first, we have 

gt 
u sm a -"IT n ■ I o\ 
2 , - ^ 2m sm ((t-|8). 
=tan^;ori= ^ — 



u cos a '^ ' g cos /3 

Again, in the same case, to determine the distance between the foot of the 
wall and the point where the ball strikes the ground. The time of flight is 
given by the equation, 
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(«sma)T-|T'=0,orT=?i^. 

and the range, or horizontal distance described, is therefore 

2 M sin a m' sin 2 a 

-u cos a= — — 



g 9 

But the distance to the foot of the wall = (« cos a) t 

, ,2usin(a-/3) 

The difference required is therefore 

2v? cos a ( . sin a--? \_ 2v? cos a cos a sin p 

g \,Sina- ^^g^ ;- ^ ^^p 

N.B. — In these examples, g may be taken as 32. 

1. A body is projected horizontally with a velocity of 4 feet per second r 
find the latus rectum of the parabola described. 

2. Find the direction of projection which gives the greatest range on a hori- 
zontal plane. 

3. Find any two angles of elevation which give the same range on a hori- 
zontal plane through the point of projection. 

4. A body projected from the top of a tower at an angle of 45° above the 
horizontal direction, fell in 5 seconds at a distance from the bottom of the 
tower equal to its altitude : find the altitude in feet.. 

5. A body with a velocity of 80 feet per second is projected upwards, along 
a plane of 50 feet long, and inclined to the horizon at an angle of 30° ; after 
quitting the plane, it describes a parabola : find the parameter. 

6. Let a body be projected from the top of a tower horizontally, with the 
Telocity gained in falling down a space equal to the height of the tower : at 
what distance from the base of the tower will it strike the horizon ? 

7. Find the time of flight of a body projected at an angle of 30° to the ver- 
tical, with a velocity of 193 feet in a second, before striking a plane inclined 
at an angle of 60°. 

8. Find the velocity and time of flight of a body projected from one ex- 
tremity of the base of an equilateral triangle, and in the direction of the 
side adjacent to that extremity, to meet an object placed in the other 
extremity of the base. 

9. Given v the velocity of sound : find the horizontal range, when a ball, at a 
given angle a., is so projected towards a person that the ball and sound of the 
discharge reach him at the same instant. 



VI.— MOVING FORCES. 

Examples in moving forces are best solved by remembering that if P be 

p 
the moving force and M the mass moved, then n is the acceleration. If 
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W ■ Pa 

W, the weight of the body moved, be given, then — =M, and hence -^ 

is the acceleration. 

Thus, suppose a weight of W lbs. to be placed on a plane, which is made- 
to ascend vertically with an acceleration / ; to find the pressure on the- 
plane. 

Let P be the pressure required, then since this is opposed by the weight 
of the body, P-Wmust be the moving force or unbalanced effort, hence; 

^ — ^y is the acceleration. But this acceleration is /; hence, 

(P-W)g 
/ w ' 

P^(/+y)W 
ff 

Again, take the following : — &. force acting uniformly during ^ second,. 

produces in a given body a velocity of 1 mile per minute ; compare the forces 

with the weight. 

p 
Let W be the weight of the body, P the force. Then ^ gia the accelera- 

q w 1 I7CA 

tion. Also the velocity acquired, in feet per second = — ^g — , Hence, th» 

formula v=ft becomes 

3x1760 _P_ 1 

—go w '*'*''"''' 10 

P _ 880 _ 97.9 

In oases of constrained motion, the value obtained for the centri- 
fugal force— viz., — —must be brought in. Take the following :— 

A stone of 1 lb. is whirled horizontally by a string 2 yards long, having a. 
tension of 3 lbs. : find the time of revolution. 

Here, m=—, »' = 6 feet, centrifugal force = 3 lbs. ; hence, we have 
S 

1 ^=3 i^ = 18g. 

g 6 

Time of revolution = — ^ = 2 ■tt -=== = 2 irA / ?.. 

-'""; V o 



■» VlSjr 

N.B.—We may take p=32. 

1. For how long a time must a force of 2 oz. act on a mass of 4 lbs., that it- 
may give to the mass a velocity of 60 feet per second? 

2. Through what distance must a force of 3 oz. act on a mass of 16 oz., to- 
give to it a velocity of 6 feet per second ? 

" 3. A locomotive is moving at the rate of 20 miles an hour when the steam 
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is let off; if the force of friotioQ be eqiuvalent to ^^^ of the weight of the 
engine, after what time will it stop ? 

4. A weight of 1 cwt. goes up and down on a lift with a uniform accelera- 
-tion of 4 feet per second : find the pressure of the weight on the lift in each 
case. 

5. Show how the third law of motion holds in the case of a stone which is 
in the act of falling towards the earth. 

6. A and B hang over a puUey, and A = 2 B : through what space will a 
body descend by the action of gravity whilst A descends 2 feet? 

7. Two bodies, P and Q, each 1 lb. in weight, balance on a single pulley; 
an ounce weight is added to P : how long is it in descending through 12 feet, 
and what velocity does it acquire ? 

8. Two equal weights, P and Q, are connected by a string passing over a 
fixed pulley : what weight added to P will cause it to acquire in 6 seconds 
a velocity of 48 feet, and through what space will it have fallen in that time ? 

9. Let a weight, P, fastened to a string going over a wheel, by its descent 
cause two weights, q, g', to be wound upon two axles : required the velocity 
of P, after that it has descended through a space, s; the radii of the wheel 
and of the two axles being r, r', r". 

10. A body, whose weight is 10 lbs., is whirled round in a circle of 10 feet 
radius with a velocity of 30 feet per second : find the tension of the string. 

11. The diameter of a circle is 10 feet : find the time of a revolution when 
the centripetal force = the weight. 

12. If a body move in a vertical circle, the radius of which is 5 feet : deter- 
mine the velocity at the highest point that the body may just keep in the 
circle. 

13. A body revolves in a circle of radius, r, with centripetal force, P : if 
TJ is the potential energy of the body, show that 2 U=Pr. 

14. A stone is whirled round horizontally by a string 2 yards long : what 
is the time of one revolution, when the tension of the string is four times the 
weight of the stone ? 

15. Let the earth be supposed a sphere of given magnitude, and to re- 
volve about its axis in a given time : compare the weight of a body at its 
equator with its weight in a given latitude. 

16. Compare the space described in one second by the force of gravity in 
any given latitude with that which would be described in the same time, if 
the earth did not revolve round its axis. 

17. The quadrant A is a thin rod, which revolves on the axis A B, per- 
pendicular to the horizon ; a ring moves freely on the rod : with what 
velocity must the point C revolve iu order tliat the ring may always remain 
in the middle of the arc ? 

VII. -IMPULSIVE FORCES. 
In examples on direct impact, it is generally simpler to determine first the 
value of E, from the equation ^ = ^^^^^~' and then treat each body 
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separately as having had impressed upon it "• velooity= — . Its sub- 
mass 

sequeut motion is then easily determined. Thus, take the following :— 
A body impinges with velocity V on a body of half its weight having. 

velocity v : find the velocities after impact if e = ^. 
Let 2 M and M be the bodies, then the value of E is 

2MxM,„ , 2M,„ . 
2M + m(^-'''=X(^-'')- 

Hence 2 M's velocity after impact is 

2M 

2M "22' 

and M's velocity after impact is 

v-i jj = v+Y-v='V. 

Again, in cases where the change of momentum for one of the bodies is 
given, we know that that of the other must be equal and opposite to it; 
hence if the mass be known its change of velocity is easily found, or vice versa. 
Thus, suppose that a wagon A, weighing a tons, moving at c miles an hour, 
strikes another wagon B, weighing 5 tons, and is brought to rest ; to find the 
velocity with which B will start. 

The momentum of A is , and this is entirely destroyed ; hence if v be 



B's velocity, we have 



bv ac , ac 

— = -^, whence v = -^. 



1. If a weight of 2 lbs. , at a velocity of 20 feet per second, overtakes one of 
5 lbs., moving with a velocity of 5 feet per second : determine the commou 
velocity after impact. 

2. If the same bodies met with the same velocities : determine the common 
velocity after impact. 

3. An arrow shot from a bow starts oflf with a velocity of 120 feet per 
second : with what velocity will an arrow twice as heavy leave the bow, if 
sent off with three times the force ? 

4. Two balls, weighing 8 oz. and 6 oz. respectively, are simultaneously pro- 
jected upwards, and the former rises to a height of 324 feet and the latter to- 
256 feet : compare the forces of projection. 

5. A perfectly elastic ball, Mj, impinges upon another, Mj, and this on a 
third, Mj ; compare the velocity communicated to the third, with that which 
would have been communicated if the first had impinged upon it. 

6. Two bodies, perfectly inelastic, of diflferent masses, are moving towards 
each other, with velocities of 10 feet per second and 12 feet per second respec- 
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tively, and continue to move after impact with a velocity of 1 ^ feet per 
second in the direction of the greater : compare their masses. 

7. If a shot, weighing 20 lbs., leave a gun weighing 3 tons, with a velocity 
of 1200 feet per second : find the velocity of the gun's recoil. 

8. A rifle is pointed horizontally, with its barrel 5 feet above a lake : when 
discharged the ball is found to strike the water 400 feet off : find approxi- 
mately the velocity of the ball. 

9. In elastic bodies, show that if A overtake B, the velocity of B after 
impact is greater than the velocity of A. 

10. If two imperfectly elastic balls strike each other: prove that the rela- 
tive velocity before impact is to the relative velocity after, as perfect to 
imperfect elasticity. 

11. A ball, whose elasticity : perfect elasticity :: n:l, falls from a given 
height h upon a hard plane, and rebounds continually tiU its whole motion is 
lost : find the space passed over. 



VIII.— ENERGY AND WORK. 

Questions involving energy and work are very often of great practical 
importance, but they are usually solved very simply, by care in applying the 
definitions and principles laid down in the book. Take the following. 

How many horse-power are required to raise 120 tons of coal per hour from 
a pit 660 feet deep? 

Here the foot-pounds of work required per hour = 120 x 2240 x 660. 

Hence „ ,, minute= 2x2240x660. 

And 33,000 foot-lbs. per minute is one horse-power. 

Hence the horse-power required = „„ -il — = 99'6. 

do, UUv 

In cases of accumulated energy, the energy must be found by the expres- 
sion g— •> where w must be in pounds, and v in feet per minute. The result 

will be in foot-pounds, and this must be equal to the work to be done. 

Thus, take a train weighing 160 tons, and having a velocity of 48 feet per 
second : find how far it will run of itself before stopping, on a level road, 
frictional resistance 9 lbs. per ton. 

The expression -g- here becomes 

2240x160x48x4 8 „„.„ ,„„ ^ „ 
2^^^ =2240x160x6x6. 

If n be the number of feet run, then 9 x 160 x » is the number of foot- 
pounds expended against friction when the train comes to rest; hence 

9xl60xB = 2240x160x6x6 
« = 2240x4 = 8960 feet. 
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1. What are the units o£ work expended in raising a weight of 50 Iha. to a 
height of 31 feet » 

2. The ram of a pile-driving engine weighs half-a-ton, and has a fall of 17 
feet : how many units of work are performed in raising it ? 

3. If the weight of a man he 183 lbs., and he ascends a perpendicular height 
of 20 feet, what are the number of units of work done ? 

4. In what time will an engine of 10 H.-P. raise 5 tons from the depth of 
132 feet? 

5. From what depth will an engine of 28 H.-P. raise 11 tons in a minute ? 

6. A man can do 900,000 units of work in a day of 9 hours : at what frac- 
tion of a H.-P. does he work on an average ? 

7. It is said that a horse, walking at the rate of 2^ miles per hour, can do 
1,650,000 units of work in an hour : what force in pounds does he continually 
€xert? 

8. An engine is required to raise a weight of 13 cwt. from a depth of 280 
yards in three minutes : what is its horse-power ? 

9. A locomotive draws a gross load of 60 tons, at 20 miles an hour ; the 
resistances are at the rate of 8 lbs. per ton : what must be the H.-P. of the 
«ngine ! 

10. What is the gross weight of a train, which an engine of 25 H.-P. will 
draw at the rate of 25 mUes an hour, the resistances being 8 lbs. per ton? 

11. How much work is done per hour, if 100 lbs. be raised 3 feet in one 
minute ? 

12. A body weighing 40 lbs. is projected along a rough horizontal plane, 
with a velocity of 150 feet per second ; the co-efficient of friction is one- 
eighth : find the work done against friction in five seconds. 

13. A body weighing 50 lbs. is projected along a rough horizontal plane, 
with a Telocity of 40 yards per second : what amount of work is expended 
when the body comes to rest ? 

14. When a particle which is acted upon by any number of forces, moves 
during their action with uniform velocity in a straight line : show what con- 
dition the forces must fulfil. 

15. The weight of a fly-wheel is 8000 lbs., the diameter 20 feet, diameter of 
axle 14 inches, co-efficient of friction 0'2 ; if the wheel is separated from the 
engine when making 27 revolutions per minute, find how many revolutions 
it will make befoi^e it stops {g taken = 32'2.) 

16. An engine of 35 H.-P. makes 20 revolutions per minute, the weight of 
the fly-wheel is 20 tons, and diameter 20 feet : what is the accumulated 
energy in foot-pounds ? 

17. If the fly-wheel in the last example lifted a weight of 4000 lbs. through 
3 feet, what part of its angular velocity would it lose ? 

18- If the axis of the above fly-wheel be 6 inches diameter, coefficient of 
friction 0075, what is approximately the fraction of the 35 H.-P. expended in 
turning the fly-wheel ? 
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ANSWERS TO EXAMPLES. 



Section I. 



(1.) 51bs. (2.) Vflbs., acting at angle sin-i'^ (3.) 10'2 lbs. (4) 17-32 lbs. 

(5.) P V2; (6.) ;y^ oz. (8.) 17 lbs. (9.) 6 VJ. (10.) Resultant acts 
along diameter, and = n X diameter. (11.) One length double the other. (12.) 
Vstol. (13.) 8 V3 and 16*' 3. (14. ) If a, ^ be the angles made by the string and 

lever with the horizon, R=W — S2LfL_. (15.) xhe two parts of the string 
sm(a-;8) * ' 

are equally inclined to tne vertical. (18.) Unity. (19.) wlf sin 6-1), 

where d is limiting angle of friction. 

Section II. 

(1.) 40 inches from the greater. (2.) 6J and 3 J. (3.) 40 and 24 lbs. (5.) On 

the line from the vertex bisecting the base, at 2} inches from the vertex. (6. ) 

Let B be the point from which P hangs, A B the horizontal side, the point 

P O 
of bisection, G the centre of gravity : then P = W ^ cos A C. (7.) If O 

2 
is the intersection of diagonals, G the centre of gravity, then G =51-0 A. 

(10.) 3 lbs. (11.) 240 feet. (12.) VS to 1. (13.) At g the radius from the 
centre. (14.) 3'464 inches. (15.) 3"26 inches from top. 

Section III. 

(1.) 800 lbs. (2.) 1-76 lbs. (3.) 300 lbs. (4.) 174 feet from fulcrum. (5.) 
Tan B = ^ ^ . f -, where 6 is angle which a makes with horizon. (6.) 3 

feet from 8 lbs. weight. (7.) 25 lbs. (8.) -g^ and g. (9.) 2 inches. (10.) 8 

W 
lbs. and 4 lbs. (U.) 4=- (12.) At 5 inches. (13.) 12 lbs. (14.) Less. (15.) In- 
creased. (16.) The 8 oz. (17.) 120 lbs. (18.) 3 lbs. (19.) Radii as 10 to I. 
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(20.) 56 inches. (21.) 20 lbs. (22.) 14 lbs. (23.) 122 lbs. (24.) 6. (25.) 1 to 8. 

(26.)12oz. (27.)3+4V2; (28.) 13i oz. (29.) 30°. (30.) Cos e= ^g°? ' 

where 6 is angle between rope and plane. (31.) R : E.' ■ W : : 1 : Vs : 2. 
(32.) Sin e = i sin a. (33.) 264 lbs. (34)100. (35.) 144 lbs. 



Section IV. 

(D^fi-. (2.) 100 feet. (3.) 135 feet. (4.) '^ (5.) 3600, if ^ = 32. 

(6.) 120 feet per second. (7.) 20 feet and 200 feet. (8.) 10 VI feet. 

(9.) 1785 feet. (10.) 775=. (12.) 1 (13) 9 1 seconds, if 9 = 32. (14.) 
^ £,g Oi o o 

As 1 : V^+1. (15.) Vl : VsT (16.) That of which the cord is inclined at 

60° to the vertical (17.) The isosceles triangle. (18.) «= V "5. (19.) From A 

to the foot of the perpendicular let fall on the plane from B. 



Section V. 
(1.) 1 foot (2.) 45°. (3.) a and 90° -a.. (4.) A = 200 feet. (5.) 112^. 
(6.) . = 2^ (7.)^-JfL. (8.).=X^^.T=Vf: (9.)?f tan. 



Section VI. 
(1.) I minute. (2.) 3 feet. (3.) ^ seconds. (4.) 113 i lbs. : 110 | lbs. 
(6.) 6 feet. (7.) t = '>J —-, « = vii- (8-) 144 feet. 

(10.) 28 lbs. (11.) 2-445". (12.) 12-65 feet per second. (14.) t VA.. 

g 

,, 4-7r2R3 

M 3— cos'' " 

(15.) "JS^Trs > where M=mass of earth, E,=radius, T=periodic time, 

M ^5— 

M^^^_ (17.)V^wa 
M 

U 
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Section VII. 



2 1 

(1.) 9-| feet per second. (2.) 2^ feet per second in A's direction. 

(3.) 180 feet per second. (4) As 3 to 2. (5-) Q^^f^'Ly (6-)^3to2. 
(7.) 3 =- feet per second. (8.) 715 feet per second. (11.) h j— . 

Section VIIL 

(1.) 1550. (2.) 19040. (3.) 3660. (4.) 4-48 minutes. (5.) SJh feet. (6.) ^■ 

(7.) 125 lbs. (8.) 12-35 H.P. (9.) 25-6 H.P. (10.) 46-875 tons. (11.) 18,000 
foot-lba. (12.) 3500 foot-lbs. (13.) 11,250 foot-lbs. (14.) Equilibrium. (15.) 

16-9 revolutions. (16.) 307,000. (17.) -i. (18.) jy. 
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Steel, and Introduction by the Rev. Dr. King. Post 8vo. Forty-seventh 
Edition. Handsome cloth, ..... 3/6. 

Half-bound, calf, .... 6/6. 
, Full calf, gilt edges, .... 8/6. 

Full morocco, gilt edges, . . . io/5. 
*»* Dr. Eadie's has long and deservedly borne the reputation of being the COM- 
PLETEST and BEST CONCORDANCE extant. 

III. EADIE (Rev. Prof.): CLASSIFIED BIBLE 

(The). An Analytical Concordance. Illustrated by Maps. Large Post 
8vo. Sixth Edition. Handsome cloth, . . . 8/6. 
Full morocco, antique, . . .17/- 
'■* We have only to add our unqualified commendation of a work of real excellence to 
every Biblical student." — Christian Tijnes. 

IV. EADIE (Rev. Prof.): ECCLESIASTICAL 

CYCLOPAEDIA (The). A Dictionary of Christian Antiquities, and of 
the History of the Christian Church. 'By the Rev. Professor Eadie, 
assisted by numerous Contributors. Large Post 8vo. Sixth Edition, 

Handsome doth 8/6. 

FuU morocco, antique, . . . 17/. 
"The Ecclesiastical Cyclopaedia will prove acceptable both to the clergy and laity 
of Great Britain. A great body of useful information will be found in it." — Aihenesmn. 

V. EADIE (Rev. Prof) : A DICTIONARY OF 

THE HOLY BIBLE ; for the use of Young People. With Map and 

Illustrations. Sinall 8vo. Thirty-sixth Thousand. Cloth, elegant, 2/6. 

Full morocco, gilt edges, . . . 7/6. 



CHARLMS GRllFFm .<fc COMPANY'S 



FOSTER (Charles): THE STORY OF THE 

BIBLE, from Genesis to Revelation— including; the Historical Connection 
between the Old and New Testaments. Told in Simple Language, 
Large Post 8vo, with Maps and over 250 Engravings (many of them Full- 
page, after the Drawings of Professor Carl SchOnherr and others), 
illustrative of the Bible Narrative, and of Eastern Manners and Customs. 
Now Ready, Second Thousand. 



Home and School Edition, cloth elegant, . . 6/. 
Piize and Presentation Edition, beautifully gilt, . 7/6. 



Opinions of the Press. 

"A book which, once taken up, is not easily laid down. When the volume is opened, 
we are fairly caught. Not to speak of the well-executed wood 'engravings, which will 
each tell its story, we find a simple version of the main portions of the Bible, all that may 
most profitably be included in a work intended at once to instruct and charm the young 
— a version couched in the simplest, purest, most idiomatic English, and executed 
throughout with good taste, and in the most reverential spirit. The 'work needs only to 
he known to make its ivay into /amiiies, and it will (at any rate, it ought to) become a 
favourite Manual in Sunday Schools." — Scotsniari. 

"A Household Treasure." — IVesterfi Morning Neivs. 

"This attractive and handsome volume . . . written ia a simple and transparent 
style. . . . Mr. Foster's explanations and comments are models o:-- teaching." — 
Freeman. 

" This large and handsome volume, abounding in Illustrations, is just what is wanted. 
. . . The Story is very beautifully and reverently to\A.*^—GlasgoT.i.' Keivs. 

" There could be few better Presentation Books than this handsome volume." — Daily 
Revie7V. 

"This elegant volume will prove a valuable adjunct in the Home Circle and Sunday 
Class." — Western Daily Mercury. * 

" Will accomplish a good work." — Sunday Scfwol Chronicle. 

"In this beautiful volume no more of comment is indulged in than is necessary to the 
elucidation of the text. Everything approaching Sectarian narrowness is carefully 
eschewed." — Metfwdist Magazine. 

" This simple and impressive Narrative . . . succeeds thoroughly in rivetting the 
attention of children; . . admirably adapted for reading in the Home Circle." — 

Daily Chronicle. 

"The Historical Sketch connecting the Old and New Testaments i^ a very good 
idea ; it is a common fault to look on these as distinct histories, instead of as parts of 
one grand ■whole.'" — Christian. 

"Sunday School Teachei-s and Heads of Families will best know how to value this 
hand.sorae volume. "~AVrMr?-« Whig. 



KITTO (John, D.D., F.S.A.) : THE HOLY 

LAND : The Mountains, Valleys, and Rivers of the Holy Land ; being 
the Physical Geography of Palestine. With eight full-page Illustrations. 
Eleventh Thousand. A^ew Edition. Fcap 8vo. Cloth, 2/6. 

%• Contains within .t small comp:tss a body of most interesting and valuable information. 

THE PICTORIAL SUNDAY BOOK: 



Containing nearly two thousand Illustrations on Steel and Wood, and a 
Series of Maps. Seventy-third thousand. Folio. Cloth, gilt, 30/. 



SELJOIOUa PUBLICATIONS. 



PALEY (Archdeacon): NATURALTHEOLOGY. 

The Evidences of the Existence and the Attributes of the 
Deity. With Ilhistrative Notes and Dissertations, by Henry, Lord 
Brougham, and Sir Charles Bell. Many Engravings. One vol., 
i6ino. Cloth, 4/. 

■ With Lord Brougham's NOTES and 



. DIALOGUES ON INSTINCT. Many Illustrations. Three vols., 
i6mo. Cloth, 7/6. 

" When Lord Brougham's eloquence in the Senate shall have passed away, and his 
sefvices as a statesman shall exist only in the free institutions which they have helped 
to secure, his discourse on Natural Theology will continue to inculcate imperishable 
truths, and fit the mind for the higher revelations which these truths are destined to 
foreshadow and confirm." — Edinbitrgh Review. 

RAGG (Rev. Thomas) : CREATION'S TESTI- 
MONY TO ITS GOD : the Accordance of Science, Philosophy, and 
Revelation. Thirteenth Edition. Large crown 8vo. Handsome cloth, 
bevelled boards, 5A 

♦*% This w&ik has been pronounced "The Book of the Age," "The best popular 
Text-Book of the Sciences," and "The only complete Manual of Religious Evidence, 
Natural and Revealed." 

RELIGIONS OF THE WORLD (The): Being 

Confessions of Faith contributed by Eminent Members of every Denomi- 
nation of Christians, also of Mahometanism, Parseeisra, Brahminism, 
Mormonism, &c., &c. , with a Harmony of the Christian Confessions of 
Faith by a Member of the Evangelical Alliance. Crown 8vo. Cloth 
bevelled, 3/6. 

.»*» In this volume, each denomination, through some leading member, has expressed 
its own opinions. There is no book in the language on the same plan. AH other works 
on the subject, being written by one individual, are necessarily one-sided, incomplete, 
and unauthentic. 

SOUTHGATE (Henry): SUGGESTIVE 

THOUGHTS ON RELIGIOUS SUBJECTS. (Seepages:.) 

SOUTHGATE (Mrs. Henry): THE CHRIS- 
TIAN LIFE : Thoughts in Prose and Versp from the Best Writers 
of all Ages. Selected and Arranged for Every Day in the Year. Small 
8vo. Cloth Elegant, 5/. 

WORDS AND WORKS OF OUR BLESSED 

LORD : and their Lessons for Daily Life. Two Vols, in One. 
Foolscap, 8vo. Cloth, gilt edges, 6/. 



CHARLES GBIFFm & GOMPANT'S 



SCIENTIFIC WORKS. 

MEDICAL WORKS 

By WILLIAM AITKEN, M.D., Edin., F.R.S., 

PROFESSOR OF PATHOLOGY IN THE ARMY MEDICAL SCHOOL ; EXAMINER IN MEDICINE FOK 

THE MILITARY MEDICAL SERVICES OF THE fiUEEN ; FELLOW OF THE SANITARY 

INSTITUTE OF GREAT BRITAIN J CORRESPONDING MEMBER OF THE ROYAI- 

IMPERIAL SOCIETY OF PHYSICIANS OF VIENNA ; AND OF THE 

SOCIETY OF MEDICINE AND NATURAL HISTORY OF DRESDEN. 



Now Ready. Seventh Edition. 42/. 

The SCIENCE and PRACTICE of MEDICINE. 

In Two Volumes, Royal 8vo., cloth. Illustrated by numerous Engrav- 
ings on Wood, and a Map of the Geographical Distribution of Diseases. 
To a great extent Rewritten ; Enlarged, Remodelled, and Carefully 
Revised throughout. 

In reference to the Seventh Edition of this important Work, the Fublishers 
would only remark, that no labour or expense has been spared to sustain its 
well-known reputation as '"''The Representative Book of the Medical Science and 
Practice of the Day^ Among the More Important Features of the New Edition^ 
the subject ofDiSi^A-^^s OF the Brain and Nervous System may be specially 
mentioned, 

Opinions of the Press. 

"The work is an admirable one, and adapted to the requirements of the Student, 
Professor, and Practitioner of Medicine. . . . The reader will find a large amount of 
information not to be met with in other books, epitomised for him in this. We know of 
no work that contains so much, or such full and varied information on all subjects con- 
nected with the Science and Practice of Medicine." — Lancet. 

" Excellent from the beginning, and improved in each successive issue. Dr. Aitken's 
GREAT and STANDARD WORK has now, with vast and judicious labour, been brought 
abreastof every recent advance in scientific medicine and the healing art, and affords to the 
Student and Practitioner a store of knowledge and guidanceofaltogether inestimable ^ue. 
. . . The first 530 Pages of the Second Volume would, if printed separately, form perhaps 
the best text-book m our language for the student of-^eurology and Insanity. A masterly 
and philosophical review, characterised by the precision of the specialist, and die 
breadth of the catholic physician, is presented in these pages of the varied phenomena 
connected with morbid conditions of the nervous system in their relations to 
anatomical structure, chemical composition, physiological uses, and pathological changes. 
. . . A classical work which does honour to British Medicine, and is a compendium of 
sound knowledge." — Extract from Rez'iemifi " Brain " by y. Crickton-Brouine, M.D,, 
F.R.S.y Lord Chancellor's Visitor in Lunacy, 

"The Seventh Edition of this important Text-Book fully maintains its reputation. 
. . . Dr. Aitken is indefatigable in his efforts. . . . The section on Disk.\ses of 
the Brain and Nervous System is completely remodelled, so as to include all the 
most recent researches, which in this department have been not less important than they 
are numerous." — British Medical youmal. 

" The Standard Text-Book in the English Language. . . . There is, perhaps, 
no work more indispensable for the Practitioner and Student." — Edin. Medical youmoL 

" In its system, in its scope, and in its method of dealing with the subjects treated o£ 
this work differs from all other Text-Books on the Science of Medicine in the Engli^ 
language." — Medical Times and Gazette. 

" The extraordinary merit of Dr. Aitken's work. . . . The author has unquestion- 
ably performed a service to the profession of the most valuable Vxxid."—Pructitioner, 
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Prof. Aitken's Works — (Continued). 

— — OUTLINES OF THE SCIENCE AND 

PRACTICE OF MEDICINE. A Text-Book for Students. Second 
Edition, Crown 8vo, 12/6. 

" Students preparing for examinations will hail it as a perfect godsend for its concise- 
ness." — A theiicsum. 

"Well-digested, clear, and well-written, the work of a man conversant with every 
detail of his subject, and a thorough master of the art of teaching." — British Medical 
JoumaL 



THE GROWTH OF THE RECRUIT, 

and the Young Soldier, with a view to the Selection of " Growing Lads " 
and their Training, 2/6. 



ANSTED (Prof., M.A., F.R.S.) : NATURAL 

HISTORY OF THE INANIMATE CREATION, recorded in the 
Structure of the Earth, the Plants of the Field, and the Atmospheric 
Phenomena. With numerous Illustrations. Large post 8vo. Cloth, '8/5. 

BAIRD (W., M.D., F.L.S., late of the Brit. Mus.) : 

THE STUDENT'S NATURAL HISTORY ; a Dictionary of the 
Natural Sciences : Botany, Conchology, Entomology, Geology, Miner- 
alogy, Palaeontology, and Zoology. With a Zoological Chart, and over 
250 Illustrations. Demy 8vo. Cloth gilt, 10/6. 

" The work is a very useful one, and will contribute, by its cheapness and comprehen- 
siveness, to foster the extending taste for Natural Science." — WestmijESter Review. 

BROWNE (Walter R., M.A., M. Inst. C.E., 

M. Inst. M.E., late Fellow of Trinity College, Cambridge) : 

THE STUDENT'S MECHANICS : An Introduction to the Study 
of Force and motion. With Diagrams. Crown 8vo. Cloth, 4/6. 

" Qear in style and practical in method, "The Student's Mechanics," is cordially 
to he recommended from all points of view. . . Will be of great value to Students 

desirous to gain full knowledge."— A themsum. 

"The merits of the work are especially conspicuous in its clearness and 'brevity . . , 
deserves the attention of all who have to teach or learn the elements <irf Mechanics ^ 
An excellent conception." — Westwinster Review, 



FOUNDATIONS OF MECHANICS. 



Papers reprinted from the Engineer. In crown 8vo, i/. 



CHARLES GRIFFIN <t COMPANY'S 



WORKS by A. WYNTER BLYTH, M.R.C.S., F.C.S., 

]^ubUc Analyst for the County of Devon, and Medical Officer of Health for 
St. Marylebone. 

HYGIENE AND PUBLIC HEALTH (a Die- 

tionary of) : embracing the following subjects : — 

I. — Sanitary CiiEMiSTRV : the Composition and Dietetic Value of 
Foods, with the Detection of Adulterations. 
II.— Sanitary Engineering : Sewage, Drainage, Storage of Water, 
Ventilation, Warmipg, &c. 
III.— Sanitary Legislation : the whole of the PUBLIC HEALTH 
ACT, together with portions of other Sanitary Statutes (without 
alteration or abridgment, save in a few unimportant instances), in 
a form admitting of easy and rapid Reference. 
IV.— Epidemic and Epizootic Diseases : their History and Pro- 
pagation, with the Measures for Disinfection. 
V — HygiJine- Military, Naval, Private, Public, School. 
Royal 8vo, 672 pp., cloth, with Map and 140 Illustrations, 28/. 

"A work that must have entailed a vast amount of labour ana research, . . . Will 
become a Standard Work in Hygiene and Public Health," — Medical Times atid 
Gazette. 

" Contains a great mass of information of easy reference," — Sattitary Record. 



RE-ISSUE OF BLYTH^S "PRACTICAL CHEMISTRY.*' 

In 2 Vols. Crown 8vo. 

Vol. I.— FOODS: THEIR COMPOSITION AND ANALYSIS 
Price 16/. (Heady,) 

.. General Contents. 

History of Adulteration -Legislation, Past and Present — Apparatus useful to the 
Food Analyst — "Ash"— Sugar — Confectionery— Honey— Treacle — Jams and Preserved 

Fruits— Starches— Wheaten-Flour— Bread — Oats— Barley— Rye— Rice — Maize Millet 

-Potato — Peas— Chinese Peas— Lentils — Beans— Milk — Cream— Buttei^-Cheese—Tea 
-Coffee — Cocoa and Chocolate — Alcohol — Brandy— Rum— Whisky— Gin— Arrack- 
Liqueurs— Beer— Wine— Vinegar— Leilion and Lime Juice— Mustard— Pepper— Sweet 
and Bitter Almond— Annatto— Olive Oil— Water. A^pettdix: Text of English and 
American Adulteration Acts. 

In Crown Zvo,, cloth, ivith Elaborate Tables, Folding Lttha-P late ^ and Photc^japhk 
Frontispiece. 



Vol. II.-POISONS: THEIR EFFECTS AND DETECTION. 
(Nearly ready.) 

General Contents. 

Historical Introduction — Statistics — General Methods of Procedure Life Tests 

Special Apparatus— Classification : I,— Organic Poisons : (a.) Sulphuric, Hydrochloric 
and Nitnc Acids, Potash, Soda, Ammonia, &c, ; (*.) Petroleum, Benzene Camphor 
Alcohols, Chloroform, Carbolic Acid, Prussic Acid, Phosphorus, &c, ■ (c j Hemlock' 
Nicotine, Opium, Strychnine, Aconite, Atropine, Digitalis, &c. ■' (i) Poisons 
derived from Animal Substances; (e.) The Oxalic Acid Group, 11— Inorganic 
Poisons : Arsenic, Antimony, Lead, Copper, Bismuth, Silver, Mercury Zinc Nickel 
Iron, Chromium, Alkaline Earths, &c. Appendix: Examination of Blood and 
Blood-Spots. 

"Stands Unrivalled for completeness of information . . A really ' practical ' 
work for the guidance of practical men," — Sanitary Record. 
"The whole work is full of useful practical inform&iion."— Chemical Ncws^ 
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THE CIRCLE OF THE SCIENCES: A 

SERIES OF POPULAR TREATISES ON THE NATURAL AND 
PHYSICAL SCIENCES, AND THEIR APPLICATIONS, by 
Professors Owen, Ansted, Young, and Tennant ; Drs. Latham, 
Edward Smith, Scoffern, Bushnan, and Bronner ; „ Messrs. 
Mitchell, Twisden, Dallas, Gore, Imray, Martin, Sparling, 
and others. Complete in nine volumes, illustrated with many thousand 
Engravings on Wood. Crown 8vo. Cloth lettered. Each vol., 5/. 

Vol. I.— organic NATURE.— Part I. Animal and Vegetable Physiology: the Skeleton 

and the Teeth; Varieties of the Human Race. 
Vol. 2.— organic NATURE.^Part II. Structural and Systematic Botany— Invertehrated 

Animals. 
Vol. 3.— ORGANIC NATURE.— Part III. Vertebrated Animals., 
Vol. 4.— INORGANIC NATURE.- Geology and Physical Geography ; Crystallography 

Mineralogy ; Meteorology, and Atmospheric Phenomena. 
Vol. s.— NAVIGATION ; PRACTICAL AND NAUTICAL ASTRONOMY. 
Vol. 6.— elementary CHEMISTRY. 
Vol. 7.— PRACTICAL CHEMISTRY.— Electro-Metallurgy; Photography; Chemistry of 

Food ; and Artificial Light. 
Vol. 8.— MATHEMATICAL SCIENCE.— Arithmetic ; Algebra; Plane Geometry ; Logar- 
ithms; Plane and Spherical Trigonometry; Mensuration and Practical Geometry, 

with use of Instruments. 
Vol. g.— MECHANICAL PHILOSOPHY.— Statics; Dynamics; Hydrostatics; Pneumatics; 

Practical Mechanics ; and the Steam Engine. 



2/6. 
2/6. 

1/6. 
1/6. 
1/6. 



1/6. 



IN SEPARATE TREATISES. Cloth. 

1. Ansted's Geology and Physical Geography, 

2. Breem's Practical Astronomy, 

3. Bronner and Scoffern's Chenjistry of Food and Diet, 

4. Bushnan's Physiology of Animal and Vegetable Life, 

5. Gore's Theory and Practice of Electro-Deposition, . 

6. Imray's Practical Mechanics 

7. Jardine's Practical Geometry, .... 

8. Latham's Varieties of the Human Species, 

9. Mitchell and Tennant's Crystallography and Mineralogy, 3/'. 

10. Mitchell's Properties of Matter and Elementary Statics, >^/6. 

11. Owen's Principal Forms of the Skeleton and the Teeth, . t/6. 

12. Scoffern's Chemistry of Heat, Light, and Electricty, . 3/. 

13. Scoffern's Chemistry of the Inorganic Bodies, . . 3/. 

14. Scoffern's Chemistry of Artificial Light, . . . 1/6. 

15. Scoffern and Lowe's Practical Meteorology, . . . 1/6. 

16. Smith's Introduction to Botany : Structural and Systematic, 2/. 

17. Twisden's Plane and Spherical Trigonometry, . . i/6. 

18. Twisden on Logarithms, i/. 

19. Young's Elements of Algebra, ... . . . I/. 

20. Young's Solutions of Questions in Algebra, . . . i/. 

21. Young's Navigation and Nautical Astronomy, . . . 2/6. 

22. Young's Plane Geometry, 1/6. 

23. Young's Simple Arithmetic, . . . . . ' . i/. 

24. YouNfi!s Elementary Dynamics 1/6. 



CHARLES GRIFFIN <fc COMPANY'S 



DALLAS (W. S., F.L.S.) : 

A POPULAR HISTORY OF THE ANIMAL CREATION: 
The Habits, Structure, and Classification of Animals. With coloured 
Frontispiece and many hundred Illustrations. New Edition. Crown 8vo. 
Cloth, 8/6. 

DOUGLAS (John Christie, Mem. Sec. Tel. Eng., 

East India Govt. Telegraph Department, &c. ) : 

A MANUAL OF TELEGRAPH CONSTRUCTION. For the use 
of Telegraph Engineers and others. With numerous Diagframs. Crown 
8vo. Cloth, bevelled, 15/. 

*^* Second Edition. Published with the approval of the Director- General 
of Telegraphs in India. 

GENERAL CONTENTS. 

PaIit I. — General Principles of Strength and Stability : 

with the Strength of Materials. 
Part II. — Properties and Applications of Materials, with 

Specifications. 
Part III. — Telegraph Construction, Maintenance, and 

Organisation, treating of the Application of the Information 

conveyed in Parts I. and II. to the case of Combined Structures; 

including the Constraction of Overground, Subterranean, and 

Subaqueous Lines ; Office Fittings ; Estimating ; Organisation, 

&c. 

"Mr. Douglas deserves the thanks of Telegraphic Engineers for the excellent 'Manual* 
now before us . . . he has ably supplied an existing want . . . the subject is 
treated with great clearness and judgment . good practical inibrmation, given in 

a clear, terse style." — Engitieenng. 

"The amount of information given is such as to render this volume a most useful 
guide to any one who may be engaged in any branch of Electric Telegraph Engineer- 
ing. " — A thenisum. 

" Calculated to be of great service to Telegraphic Engineers."— /n^w. 

DUPRE (Alphonse, Ph. D., F.R.S., Prof, of 

Chemistry at the Westminster Hospital) and HAKE (H. W., Ph. D., 
F. C. S. , of Queenwood College) : 

A MANUAL OF CHEMISTRY, Organic and Inorganic, for the use 
of S tudents, (In preparation) . 

GRIFFIN (John Joseph, F.C.S.) : 

CHEMICAL RECREATIONS:" A Popular Manual of Experimental 
Chemistry. With 540 Engravings of Apparatus. J>«/A Edition. Crown 
4to. Cloth. 1 

Part I. — Elementary Chemistry, 2/. 

Part II.— The Chemistry of the Non-Metallic Elements, including a 
Comprehensive Couree of Glass Experiments, 10/6. 
Or, complete in one volume, cloth, gilt top, ■ , . 12/6! 
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GURDEN (Richard Lloyd, Authorised Surveyor 

for the Governments of New South Wales and Victoria) : 

TRAVERSE TABLES : computed to Four Places Decimals for every 
Minute of Angle up to lOO of Distance. For the use of SuiTeyors and 
Engineers. In folio, strongly half-bound, 30/. 

^t** Published imtk Conacrrence of the Surv^ors- General for New South 
IVales and Victoria. 

"Mr. GuRDEN is to be thanked for the extraordinary labour which he has bestowed 
on facilitating the work of the Surveyor. . . . An almost unexampled instance of 
professional and literary industry." — Atftenmum, 

" Those who have experience in exact Survey-work will best know how to appreciate 
the enormous amount of labour represented by this valuable book." The computations 
enable the user to ascertain the sines and cosines for a distance of twelve miles to within 
half an inch, and this by reference to but One Table, in place of the usual Fifteen 
minute computations required. This alone is evidence of the assistance which the Tables 
ensure to every user, and as every Surveyor in active practice has felt the want of such 
assistance, few knowing of their publication will remain without them." — Engineer, 

" We cannot sufficiently admire the heroic patience of the author, who, in order to 
prevent error, calculated each result by two different modes, and, before the work was 
finally placed in the Printers' hands, repeated the operation for a third time, on revising 
the proofs." — Bngineering. 

"Up to the present time, no Tables for the use of Surveyors have been prepared, 
which, in minuteness of detail, can be compared with those compiled by Mr Gurden. 
. . . With the aid of this book, the toil of calculation is reduced to a ^ninintum ; 
and not only is time saved, but the risk of error is avoided. Mr. Gurden's book has but 
to be known, and no Engineer's or Architect's office will be without a copy." — Architect. 

JAMIESON (Andrew, C.E., F.R.S.E.) : 

STEAM AND THIi; STEAM ENGINE (A Manual of) for the use 
of Students preparing for Government and other Competitive Examina- 
tions. With Numerous Eijagrams, Crown 8vo. (/« preparation.) 



JAMIESON (Andrew, C.E.), and MUNRO (John, 

C.E.) : 

A POCKET-BOOK OF ELECTRICAL RULES AND TABLES. 
— (See Munro, John. ) 

LEAKED (Arthur, M.D., F.R.C.P., late Senior 

Physician to the Great Northern Hospital : 

IMPERFECT DIGESTION : Its Causes and Treatment. Post 8vo. 
Seventh Edition. Cloth, 4/6. 

" It now constitutes about the best work on the subject." — Lancet, 

" Dr. Leared has treated a most important subject in a practical spirit and popular 
manner."- - Medical Times and Cazetlt. 
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LINN (S.H., M.D., D.D.S., Dentist to the Imperial 

Medico- Chinirgical Academy of St. Petersburg) : 

THE TEETH : How to preserve them and prevent their Decay. A 
Popular Treatise on the Diseases and the Care of the Teeth. With 
Plates and Diagrams. Crown 8vo. Cloth, 2/6. 

"Everyone who values his teeth— (and who does not?)— should study this practical 
little book." 

" Many important truths on the preservation of the teeth and the irregularity of 
children's teeth are here set forth : and on the subject of artificial teeth there is sound 
advice, which most of us may sooner or later be glad oV— Medical Times and Gazette. 

" Contains much useful mformation and excellent advice."— Zeoji Mercury. 

"Deserves to be widely re^d." —NortJum Whig. 

"We heartily recommend the treatise."— y«/Sx Bull. 

LONGMORE (Surgeon- General, C.B., Q.H.S., 

r.R.C.S., &c., Professor of Military Surgery in the Army Medical 
School): 

THE SANITARY CONTRASTS OF THE CRIMEAN WAR 
Demy 8vo. Cloth limp, 1/6. 

"A most valuable contribution to Military Medicine."— .BW/w* Medical fountal. 
" A most concise and interesting Review."— Za«c«i. 

M'NAB (W. Ramsay, M.D..F.L.S., Professor of 

Botany at the Royal College of Science, DubUn): 

A MANUAL OF BOTANY, Structural and Systematic, for the use of 
Students. (In preparation.) <= "o= ui 

MOFFITT (Staff-Assistant-Surgeon A., late of the 

Royal Victoria Hospital, Netley) : 

A MANUAL OF INSTRUCTION FOR ATTENDANTS ON 
^o^ns" ^^^^Sr^cST'^ '^ ^"^- ^^^' ™--'uus2^- 

MUNRO (John, C. E.) and JAMIESON 

(Andrew,C.E., F.R.S.E.): J >■ ^'i a i- o v.7 i\ 

A POCKET-BOOK OF ELECTRICAL RULES AND TABLFS 
for the use of Electricians and Engineers. Royal 38^0. (^iT^w. ) ' 
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n 



NAPIER (James, F.R.S.E., F.C.S.) : 

A MANUAL OF THE ART OF DYEING AND DYEING 
RECEIPTS. Illustrated by Diagrams and Numerous Specimens of 
Dyed Cotton, Silk, and Woollen Fabrics. Demy 8vo. Third Edition^ 
thoroughly revised and greatly enlarged. Cloth, 2l/. 

General Contents. 



I. Heat and Light. 
II. A Concise System of> Chemistky, 
with special reference to Dyeing. 
Mordants and Alterants. 



HI, 



IV. 



Vegetable Matters in use in the 

Dye-house. 
Animal Dyes. 
Coal-tar Coloues. 



Appendix — Receipts for Manipulation. 

"The numerous Dyeing Receipts and the Chemical Information' furnished will be 
exceedingly valuable to the Practical Dyer. ... A Manual of necessary reference 
to all those who wish to master their trade, and keep pace with the scientific discoveries 
of the time." — yourttal of Applied Science. 



MANUAL OF ELECTRO-METAL- 

With numerous Illustrations. Crown 8vo. Cloth. Fifth 



LURGY. 

Edition,, revised and enlarged^ 7/6. 



General Contents. 



I. History of the Art. 
IL Description of Galvanic Batteries 
and their Respective Peculiarities. 

III. Electrotype Processes. 

IV. Bronzing. 

V. Miscellaneous' Applications of the 
Process of Coating with Copper. 



VI. Deposition of Metals upon one 
another. 
Vn. Electro- Plating. 
VIII. Electro-Gilding. 
IX. Results of Experiments on the 
Depositions of other Metals as 
Coatings. 
X. Theoretical Observations. 



"A work that has become an established authority on Electro-Metallurgy, an art 
which has been of immense use to the Manufacturer in econotjiising the qua7itity of the 
precious metals absorbed, and in extending the sale of Art Manufactures. . . . 
We can heartily commend the work as a valuable handbook on the subject on which it 
treats. " — Journal of Applied Science. 

" The Fifth Edition has all the advantages of a new work, and of a proved and tried- 
friend. Mr. Napier is well known for the carefulness and accuracjr with which he writes. 
. There is a thoroughness in the handling of the subject which is far from general 
in these days. . . . The work is one of those which, besides supplying first-class 
information, are calculated to inspire invention." — Jeiveller and WatchTiiaker. 



PHILLIPS (John, M.A., F.R,S., late Professor 
of Geology in the University of Oxford) : 

A MANUAL OF GEOLOGY : Theoretical and Practical. Edited 
by ROBEET Etheridge, F.R.S., Paljeontologist to the Geological 
Survey of Great Britain, Past-President of the Geological Society ; and 
Harry Goviee Seelet, F.R.S., Professor of Geography in King's 
College, London. With numerous Tables, Sections, and Figures of 
Characteristic Fossils. In Preparation-. Demy 8vo, Third Edition: 
Thoroughly Revised and Augmented; 
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Antimony. 


Iron. 


Arsenic. 


Cobalt. 


Zinc. 


Nickel. 


Mercur>'. 


Silver. 


Bismuth. 


Gold. 


Lead. 


Platinum. 



PHILLIPS (J.Arthur, M. Inst. C.E.,F.C.S.,F.G.S., 

Ancien El^ve de I'Ecole des Mines, Paris) : 

ELEMENTS OF METALLURGY : a Practical Treatise on the Art 
of Extracting Metals from their Ores. With over 200 Illustrations, many 
of which have been reduced from Working Drawings. Royal 8vo., 764 
pages, cloth, 34/. 

General Contents. 

I.— A Treatise on Fuels and Refractory Materials. 
II. —A Description of the principal Metalliferous Minerals, with tlieir Distri- 
bution. 
in. — Statistics of the amount of each Metal annually produced throughout the 
World, obtained from official sources, or, vhere this has not been practicable, 
from authentic private information. 
IV,— The Methods of Assaying the different Orf-s, together with the Processes 
of Metallurgical Treatment, comprising : 

Refractory Materials. 

Fire-Clays. 

Fuels,_«5^c. 

Alluminium. 

Copper. 

Tin. 

" ' Elements of Metallurgy * possesses intrin.<;ic merits of the highest degree. Such a 
work is precisely wanted by the great majority of students and practical workers, and its 
very compactness is in itself a first-rate recommendation. ... In our opinion, the 
best work ever written on the subject with a view to its practical treatment." — 
Westminster Keviezv. 

" For twenty years the learned author, who might well have retired with honour on 
account of his acknowledged succe-ss and high ch-iracter as an authority in Metallurgy, 
has been making notes, both as a Mining Engineer and a practical Metallurgist and 
devoting the most valuable portion of his time to the accumulation of materials for this 
his Masterpiece." — Colliery Guardian. 

" The value of this work is almost inestimable. There can be no question that 
the amount of time and labour bestowed upon it is enormous. . . , There is certainly 
no Metallurgical Treatise in the language calculated to prove of such general utility to 
the Student really seeking sound practical information upon the subject, and none which 
gives greater evidence of the extensive metallurgical knowledge of its Author." — Mining' 
y<nir7Uil. 

PORTER (Surgeon-Major J. H., Late Assistant 

Professor of Military Surgery in the Army Medical School, and Hon. 
Assoc, of the Order of St. John of Jerusalem) : 

THE SURGEON'S POCKET-BOOK: an Essay on the Best Treat- 
ment of the Wounded in War ; for which a Prize was awarded by Her 
Majesty the Empress of Germany. Specially adapted to the Public 
Medical Services. With 152 Illustrations, i6mo, roan. Second 

Edition^ Revised and Enlarged^ 7/6. 

"Every Medical Officer is recommended to have the 'Surgeon's Pocket Book' by 
Surgeon-Major Porter, accessible to refresh his memory and fortify his judgment. 
— Precis of Field~Ser7fice Medical Arran^tnents for AJghan War. 

"A complete vade tnecvm to guide the militarj' surgeon in the fi^\dJ"— British 
Medical jfournal. 

"A capital little book . . . of the greatest practical value. . . . A surgeon 
with this Manual in his pocket becomes a man of resource at once." — Westminster 
Review. 

"So fully illustrated that for Lav-Readers and Ambulance Work it wilt prov« 
eminently useful." — Medical Titnes and Gazette. 



SCIENTIFIC PUBLICATION'S. 1$ 

SCIENTIFIC MANUALS 

BY 

W. J. MACQUORN RANKINE, C.E., LLD., F.R.S., 

Late Regius Professor^ of Civil Engineering in the University of Glasgow. 
In Crown 8vo. Cloth, 



I. RANKINE (Prof.): APPLIED MECHANICS: 

comprising the Principles of Statics and Cinematics, and Theory of Struc- 
tures, Mechanism, and Machines. With numerous Diagrams. Tenf/i 
Edition J 12/6. 

"Cannotfail to be adopted as a text-book. . . , I'he whole of the information is so 
admirably arranged that there is every facility for reference." — Mining J ountal. 

II. RANKINE (Prof.): CIVIL ENGINEERING: 

comprising Engineering Surveys, Earthwork, Foundations, Masonry, 
Carpentry, Metal-work, Roads, Railways, Canals, Rivers, Water-works, 
Harbours, &c. With numerous Tables and Illustrations. Fourteenth 
Edition, 16/. 

III. RANKINE (Prof.): MACHINERY AND 

MILLWORK : comprising the Geometry, Motions, Work, Strength, 
Construction, and Objects of Machines, &c. Illustrated with nearly 3CX) 
Woodcuts. Fifth Edition, 12/6. 

"Professor Rankine's 'Manual of Machinery and Millwork' fully maintains the high 
reputation which he enjoys as a scientific author ; higher praise it is difficult to award to 
any book. It cannot fail to be a lantern to the feet of every engineer. ' — The Engineer. . 

IV. RANKINE (Prof.) : THE STEAM EN- 
GINE and OTHER PRIME MOVERS. With Diagram of the 
Mechanical Properties of Steam, Folding Plate, numerous Tables and 
Illustrations. Tenth Edition, 12/6. 

V. RANKINE (Prof.): USEFUL RULES and 

TABLES for Engineers and others. With Appendix : Tables, Tests, 
and Formulae for the use of Electrical Engineers ; compiising 
Submarine Electrical Engineering, Electric Lighting, and Transmission 
of Power. By Andrew Jamieson, C.E., F.R.S.E. Sixth Edition, lojt. 

"Undoubtedly the most useful collection of engineering data hitherto produced." — 
Mining youriial. 

" Every Electrician will consult it with profit." — Engineering. 

VI. RANKINE (Prof.) : A MECHANICAL 

TEXT-BOOK, by Prof. Macquorn Rankine and E. F, Bamber, 
C.E. With numerous Illustrations. Second Edition, 9/. 

" The work, as a whole, is very complete, and likely to prove invaluable for furnishing 
a useful and reliable outline of the subjects treated o{"—Mini?i.g journal. 

•,* The Mechanical Text-Book forms a simple introduction to Professor Rankine's 
Series of Manuals on Engineering and Mechanics. 
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Prof. Rankine's Works— {CantiKueil). 

VII. RANKINE (Prof.): MISCELLANEOUS 

SCIENTIFIC PAPERS, from the Transactions and Proceedings of the 
Royal and other Scientific and Philosophical Sopetles, and the Scientific 
Journals. Royal 8vo. Cloth, 31/6. 

Part I. — Papers relating to Temperature, Elasticity, and Expansion 
of Vapours, Liquids, and Solids. 

Part II. — Papers on Energy and its Transformations. 

Part III. — Papers on Wave- Forms, Propulsion of Vessels, &c. 

With Memoir by P. G. Tait, M.A., Prof, of Natural Philosophy in the 
University of Edinburgh. Edited by W. J. Millar, C.E., Secretary to 
the Institute of Engineers and Shipbuilders in Scotland. With fine 
Portrait on Steel, Plates, and Diagrams. 

■ " No more enduring Memorial of Professor Rankine could be devised than the publica- 
tion of these papers in an accessible form. . . . The Collection is most valuable on 
account of the nature of his discoveries, and the beauty and completeness of his analysis. 
. . . The Volume exceeds in importance any work in the same department published 
in our time." — Arckiteci. 

SEATON (A. E., Lecturer on Marine Engineering 

to the Royal Naval College, Greenwich, and Member of the Institute of 
Naval Architects) : 

A "manual of MARINE ENGINEERING; Comprising the 
Designing, Construction, and Working of Marine Machinery. With 
numerous Illustrations. Second Edition. Demy 8vo. Cloth, 18/. 



This Work has been prepared to supply the existing want of a Text-Book shoAving the 
application of Theoreucal Principles to the Design and Construction of Marine 
Machinery— as determined by the experience of leading Engineers, and carried out in 
the most recent successful practice. It is intended for use by Draughtsmen and practical 
Engineers, as well as by Instructors and Students in Marine Engineering, and is fully 
illustrated. 



aENEEAL CONTENTS. 
I. Principles of Marine Pkoful- III. Details of Marine Engines. 

SIGN. IV. Propellers. 

II. Principles of Steam Engineer- V. Boilers. 

iNG. VI. Miscellaneous. 



Opinions of the Press. 

" The important subject of Marine Engineering is here treated \vith the thoroughness 
that it requires. No department has escaped attention. . . Gives the results of 

much close study and practical work." — Eit^yieering. 

"By far the best Manual in existence. . . . Gives a complete account of the 
metnods of solving, with the utmost possible economy, the problems before the Marine 
Engineer." — A ihemBum. 

In the three-fold capacity of enabling a Student to learn how to design, construct, 
and work a modern Marine Steam-Eiigine, Mr. Seaton's Manual has no rival as regards 
comprehensiveness of purpose and lucidity of treatment." — Times. 

"The Student, Draughtsman, and Engineer will find this work the most valuable 
Handbook of Reference on the Marine Engine now in cx\steacQ."~Marine EHgiruer. 
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SHELTON (W. Vincent, Foreman to the Imperial 

Ottoman Gun Factories, Constantinople) : 

THE MECHANIC'S GUIDE : A Hand- Book for Engineers and 
Artizans. With Copious Tables and Valuable Recipes for Practical Use. 
Illustrated. Crown 8vo, Cloth, 7/6. 

GENERAL CONTENTS. 



Part I. — Arithmetic. 
Part II. — Geometry. 
Part III. — Mensuration. 
Part IV. — Velocities in Boring and 
Wheel- Gearing. 



Part V. — Wheel and Screw Cut- 
ting. 
Part VI. — Miscellaneous Subjects. 
Part VII. — The Steam Engine. 
Part VIII. — The Locomotive. 



" The Mechanic's Guide will answer its purpose as completely as a whole series of 
elaborate text-hooks." — Mining youmal. 

" Ought to have a place on the bookshelf of every Mechanic." — Iran. 

" Much instruction is here given without pedantry or pretension.'' — Builder, 

'* A sine qtt& non to every practical Mechanic." — Railway Service Gazette. 

%* This Work isySpecially intended for Self-Teachers, and places before the Reader _a 
concise and simple explanation of General Principles, together with Illustrations of their 
adaptation to Practical Purposes. 

THOMSON (Spencer, M.D., L.R.C.S., Edinburgh, 

and J. C. STEELE, M.D., of Guy's Hospital) : 

A DICTIONARY OF DOMESTIC MEDICINE AND HOUSE- 
HOLD SURGERY. Thoroughly Revised and in part Re- Written by 
the Editors. With a Chapter on the Management of the Sick-room, and 
many Hints for the Diet and Comfort of Invalids. With many new En- 
gravings. Eighteenth Edition. Royal 8vo. Cloth, 10/6. 



WYLDE (James, formerly Lecturer on Natural 

Philosophy at the Polytechnic) : 

THE MAGIC OF SCIENCE : A Manual of Easy and Amusing 
Scientific Experiments. With Steel Portrait of Faraday and many hun- 
dred Engravings. Third Edition. Crown 8vo. Cloth gilt and gilt 
edges, S/. 

" Of priceless value to furnish work for idle hands during the holidays. A thousand 
mysteries of Modem Science are here unfolded. We learn how to make Oxygen Gas, 
how to construct a Galvanic Battery, how to gild a Medal by Electro-Plating, or to 
reproduce one by Electrotyping, how Ho make a Microscope or take a Photograph ; 
while the elements of Mechanics are explained so simply and clearly that the most un- 
mechanical of minds must understand them. Such a work is deserving of the highest 
praise." — The Graphic. 

' ' To those who need to be allured into the paths of Natural Science by witnessing the 
■wonderful results that can be produced by well-contrived experiments, we do not know 
tiiat we could recommend a more useful volume." — Atliencsum. 
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EDUCATIONAL WORKS. 



' *»* specimen Copies of all Ihe EdiiccUional Works published by Messrs 
Charles Griffin and Company ma' be seen at the Libraries of ihe College o 
Preceptors, South Kensington Museum, and Crystal Palace; also at the depSts 
of the Chief Educational Societies. 



BRYCE (Archibald Hamilton, D.C.L., LL.D., 

Senior Classical Moderator in the University of Dublin) : 

THE WORKS OF VIRGIL. Text from Hevne and Wagner. 
English Notes, original, and selected from the leading German, American, 
and English Commentators. Illustrations from the antique. Complete in 
One Volume. Fourteenth Edition. Fcap 8vo. Cloth, 6;', 
Or, in Three Parts : 

Part I. Bucolics and Georgics, . . 2/6. 
Part II. The /Eneid, Books I.-VI., . 2/6. 
Part III. The ^neid, Books VII.-XII., . 2/6. 

" Contains the pith of what ha.=: been written by the best scholars on the subject. 
. . . The notes comprise everything that the student can want." — Ailt^no'um. 

" The most complete, as well a.s elegant and correct edition of Virgil ever published in 
this country." — Jiducattoiiat Tunes. 

'*The best commentary on Virgil which a student can obtain. '' — Scotsman. 

COBBETT (William): ENGLISH GRAMMAR, 

in a Series of Letters, intended for the use of Schools and Young Persons 
in general. With an additional chapter on Pronunciation, by the Author's 
Son, James Paul Cobbeti". The only correct and authorised Edition. 
Fcap 8vo. Cloth, i/6. 

"A new and cheapened edition of that most excellent of all English Grammars. 
William Cobbett's. It contains new copyright matter, as well as includes the equally 
amusing and instructive ' Six Lessons intended to prevent Statesmen from writing in an 
awkward manner.'" — Atlas, 

COBBETT(William): A FRENCH GRAMMAR. 

Fifteenth Edition. Fcap 8vo. Cloth, 3/6. 

" Business men commencing the study of French will find this treatise one of the best 
aids. . It is largely used on the CQix\m<:nx.J" —Midtafid Counties Herald, 

COBBIN'S MANGNALL: MANGNALL'S 

HISTORICAL AND MISCELLANEOUS QUESTIONS, for the use 
of Young People. By Richmal Mangnall. Greatly enlarged and 
corrected, and continued to the present time, by Ingram Cobbin, M.A. 
Fifty-fourth Thousand. New Illustrated Edition. i2mo. Cloth, 4/. 
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COLERIDGE (Samuel Taylor).: A DISSER- 
TATION ON THE SCIENCE OF METHOD. (Encydopcedia 
MetropoKtana.) With a Synopsis. Ninth Edition. Cr. 8vo. Cloth, 2/. 



CRAIK'S ENGLISH LITERATURE. 
A COMPENDIOUS HISTORY OF 

ENGLISH LITERATURE AND OF THE ENGLISH LANGUAGE 
FROM THE NORMAN CONQUEST. With numerous Specimens. 
By George Lillie Craik, LL.D., late Professor, of History and 
English Literature, Queen's College, Belfast. New Edition. In two 
vols. Royal 8vo. Handsomely bound in cloth, 25/. 

GENERAL CONTENTS. 
Introductory. 

I. — The Norman Period— The Conquest. 
II. — Second English— Commonly called Semi-Saxon. 
III. — Third English — Mixed, or Compound English. 
IV. — Middle and Latter Part of the Seventeenth Century. 
V. — The Century betv^een the English Revolution and 

the French Revolution. 
VI. — The Latter Part of the Eighteenth Century. 
VII. — The Nineteenth Century (a) The Last Age of the 

Georges. 
{b) The Victorian' Age. 
With numerous Excerpts and Specimens of Style. 
"Anyone who will take the trouble to ascertain the fact, will find how completely 
even our great poets and other writers of the last generation have already faded from the 
view of the present, with the most numerous class of the educated and reading public. 
Scarcely anything is generally read except the publications of the day. Yet nothing 

IS MORE CERTAIN THAN THAT NO TRUE CULTIVATION CAN BE SO ACQUIRED. This is 

the extreme case of that entire ignorance of history which has been affirmed, not with 
more point than truth, to leave a person always a child. . . . The present work 
combines the History of the Literature with the History or the Language. 
The scheme of the course and revolutions of the language which is followed here is 
extremely simple, and resting not upon arbitrary, but upon natural or real distinctions, 
gives us the only view of, the subject that can claim to be regarded as of a scientific 
character." — Extract front the Authors Preface, 

*' Professor Craik's book going, as it does, through the whole history of the language, 
probably takes a place quite by itself. The great value of the book is its thorough 
comprehensiveness. It is always clear and straightforward, and deals not in theories 
but in facts." — Saturday Review. 

" Professor Craik has succeeded in making a book more than usually agreeable." — 
The TivieS' 

CRAIK (Prof.): A MANUAL OF ENGLISH 

LITERATURE, for the use of Colleges, Schools, and Civil Service 
Examinations. Selected from the larger work, by Dr. Craik. Ninth 
Edition. With an Additional Section on Recent Literature, by Henry 
Craik, M. A., Author of " A Life of Swift." Crown 8vo. Cloth, 7/6. 

*'This augmented effort will, we doubt not, be received with decided approbation 
by those who are entitled to judge, and studied with much profit by those who want 
to leapn. ... If our young readers will give healthy perusal to Dr. Craik's work, 
they will greatly benefit by the wide and sound views he has placed before them." — 
Atken^u^n. 
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WORKS BY CHARLES T. CRUTTWELL, M.A, 

Fellow of Merton College, Oxford, and Head Master of Malvern College. 

I.— A HISTORY OF ROMAN LITERA- 

TURE : From the Earliest Period to the Times of the Antonines. Third 
Edition. Crown 8vo. Cloth, 8/6. 

*' Mr, Cruttwell has done a real service to all Students of the Latin Language and' 
Literature. . , . Full of good scholarship and good criticism."— ^^^«^a?«. 

"A most serviceable— indeed, indispensable — guide for the Student. . The 

'general reader' will be both charmed and instructed." — Saturday Review. 

" The Author undertakes to make Latin Literature interesting, and he has succeeded. 
There is not a dull page in the volume." — Academy. 

* ' The great merit of the work is its fulness and accuracy." — Guardian. 

*' This elaborate and careful work, in every respect of high merit. Nothing at all 
equal to it has hitherto been published in England." — British Quarterly Review. 

Companion Volume. Second Edition. 

II.— SPECIMENS OF ROMAN LITERA- 

TURE : From the Earliest Period to the Times of the Antonines. Passages 
from the Works of Latin Authors, Prose Writers, and Poets : 

Part I. — Roman Thought : Religion, Philosophy and Science, 

Art and Letters, 6/. 
Part II. — Roman Style : Descriptive, Rhetorical, and Humorous 
Passages, 5/. 

Or in One Volume complete, 10/6. 
Edited by C. T. Cruttwell, M.A., Merton College, Oxford; and 
Peake Banton, M.A., some time Scholar of Jesus College, Oxford. 

"'Specimens of Roman Literature' marks a new era in the study of Latin." — 
English Churchman. 

Schoolmasters and tutors will be grateful for a volume which supplies them at once 
with passages of every shade of difficulty for testing the most different capacity, ^jr which 
may be read with advantage in the higher forms of schools. There is no other book of 
the kind in this country which can be more safely recommended, either for its breadth, 
cheapness, or interest." — Prof. Ellis in the " Academy." 



C U R R I E (Joseph, formerly Head Classical 

Master of Glasgow Academy) : 

THE WORKS OF HORACE : Text from Orellius. English 
Notes, original and selected, from the best Cpmmentators. Illustrations 
from the antique. Complete in One Volume. Fcap 8yo. Cloth, 5/. 
Or in Two Parts : 

Part I.— Carmina 3/. 

Part II. — Satires and Epistles, . . 3/. 

*' The notes are excellent and exhaustive." — Quarterly youmal of Education. 

-. EXTRACTS FROM CESAR'S COM- 

MENT ARIES ; containing his description of Gaul, Britain, and Germany. 
With Notes, Vocabulary, &c. Adapted for Young Scholars. Fourth 
Edition. i8mo. Cloth, 1/6. 

D'ORSEY (Rev. Alex. J. D., B.D., Corpus 

Christi Coll. , Cambridge, Lecturer at King's College, London) : 

SPELLING BY DICTATION: Progressive Exercises in English 
Orthography, for Schools and Civil Service Examinations. Sixteenth 
Thousand. l8mo. Cloth, i/. 
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FLEMING (William, D.D., late Professor of 

Moral Philosophy in the University of Glasgow) : 

THE VOCABULARY OF PHILOSOPHY: Mental, Moral, 
AND Metaphysical. With Quotations and References for the Use of 
Students. Revised and Edited by Henry Calderwood, LL.D., Pro- 
fessor of Moral Philosophy in the University of Edinburgh. Third 
Edition, enlarged. Crown 8vo. Cloth bevelled, 10/6. 

McBURNEY (Isaiah, LL.D.,): EXTRACTS 

FROM OVID'S METAMORPHOSES. With Notes, Vocabulary, &c. 
Adapted for Young Scholars. Third Edition, iSmo. Cloth, 1/6. 

MENTAL SCIENCE: S. T. COLERIDGE'S 

celebrated Essay on METHOD ; Archbishop Whately's Treatises on 
Logic and Rhetoric. Tenth Edition. Crown 8vo. Clotli, 5/.. 

MILLER (W. Galbraith, M.A., LL.B., Lecturer 

on Public Law, including Jurisprudence and International Law, in the 
University of Glasgow) : 

LECTURES ON THE PHILOSOPHY OF LAW. In 8vo. 
(In preparation,') 



WORKS BY WILLIAM RAMSAY, M.A., 

Trinity CoUegej Cambridge, late Professor of Humanity in the University of Glasgow. 



A MANUAL OF ROMAN ANTIQUITIES. 

For the use of Advanced Students. With Map, 130 Engravings, and very 
copious Index. Twelfth Edition. Crown 8vo. Cloth, 8/6. 

" Comprises all the results of modem improved scholarship within a moderate com- 
pass. " — A ikeneeum. 

RAMSAY (Professor) : AN ELEMENTARY 

MANUAL OF ROMAN ANTIQUITIES. Adapted for Junior Classes. 
With numerous Illustrations. Seventh Edition. Crown 8vo. Cloth, 4/. 

A MANUAL OF LATIN PROSODY, 

Illustrated by Copious Examples and Critical Remarks. For the use 
of Advanced Students, iixih Editicn. Crown 8vo. Cloth, 5/. 
• " There is no other work on the subject worthy to compete with it." — Athenaum. 

AN ELEMENTARY MANUAL OfF 

LATIN PROSODY. Adapted for Junior Uasses. Crown 8vo. Cloth, 2/. 
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THE SCHOOL BOARD READERS : 

A New Series of Standard Reading-Books. 

EDITED BY A FORMER H.M. INSPECTOR OF SCHOOLS. 

Adopted by matiy School Boards throughout Ike Coimtry, 

Standard III., . . gd. 



Elementary Reader, Part I., id. 

„ II., 2d. 

Standard I., . . 4.d. 

„ II.,. . . 6d 



IV., . . rs. od. 

v., . . IS. 6d. 

VI., . . 2s. od. 

Key to the Questions in Arithmetic in 2 Parts, each 6d. 

*^* Each Book of this Series contains within itself all that is necessary to 

fulfil the re!]uirements of the Revised Code — viz., Reading, Spelling, and 

Dictation Lessons, together with Exercises in Arithmetii! for the whole year. 

The paper, type, and binding are all that can be desired. 

The Books generally are very much %vhat we should desire." — Times. 
'* The Series is decidldly one of the uest that have yer appeared." — Athenieum, 



THE SCHOOL BOARD MANUALS 

On the Specific Subjects of the Revised Code, 

BY A FORMER H.M. INSPECTOR OF SCHOOLS, 

Editor of the " School Board Readers." 

64 pages, stiff wrapper. 6d. ; neat cloth, "jd. each. 



I. -ALGEBRA. 
II.— ENGLISH HISTORY. 
Ill, -GEOGRAPHY. 
IV.— PHYSICAL GEOGRAPHY. 



V. -ANIMAL , PHYSIOLOGY. (Well 
Illustrated with good Engravings.) 
VI.— BIBLE HISTORY. (Entirely free 
from any Denominational bias.). 



SENIOR (Nassau William, M.A., late Professor 

of Political Economy in the University of Oxford). 

A TREATISE ON POLITICAL ECONOMY : the Science which 
treats of the Nature, the Production, and the Distribution of Wealth. 
Sixth Edition. Crown 8vo. Cloth. (Encyclopedia Metropolitana), 4/. 

THOMSON (James): THE SEASONS. With 

an Introduction and Notes by Robert Bell, Editor of the "Annstatcd 
Series of British Poets." Third Editiott. Fcap 8vo. Cloth, 16. ' 
"An admirable introduction to the study of our English classics." 

WHATELY (Archbishop): LOGIC— A Treatise 

on. With Synopsis and Index. (Encyclopcedia Metropolitana) y 3 '. 

RHETORIC— A Treatise on. With 

Synopsis and Index. (Encyclopcedia Metropolitana), 3/6. 

WYLDE (James): A MANUAL OF MATHE- 
MATICS, Pure and Applied, 10/6. 



GENERA L P UBLJOA TIOX'S. 



WORKS IN GENERAL LITERATURE. 



BELL (Robert, Editor of the " Annotated Series of 

British Poets ") : 

GOLDEN LEAVES FROM THE WORKS OF THE POETS 
AND PAINTERS. Illustrated by Sixty-four superb Engravings on 
Steel, after Paintings by David Roberts, Stanfield, Leslie, Sto- 
THARD, Haydon, Cattermole, Nasmyth, Sir Thomas Lawrence, 
and many others, and engraved in the first style of Art by Finden, 
Greateach, LiGHTFOOT, &c. Second Edition, 4to. Cloth gilt, 2i/. 

" 'Golden Leaves' is by far the most important book of the season. The Illustrations 
are really works of art, and the volume does credit to the arts of England." — Saturdtiy 
Review. 

'"The Poems are selected with tasle and judgment." — Times. 

''The engravings are from drawings by Stothard, Newton, Danby, Leslie, and 
Turner, and it is needless to say how charming are many of the above here given." — 
Athencevm. 

CHRISTISON (John): A COMPLETE SYS- 
TEM OF INTEREST TABLES at 3, 4, \yi, and 5 per Cent. ; Tables 
of Exchange or Commission, Profit and Loss, Discount, Clothiers', Malt, 
Spirit, and various other useful Tables. To v\fhich is prefixed the Mercan- 
tile Ready-Reckoner, containing Reckoning Tables from one thirty-second 
part of a penny to one pound. New Edition. Greatly enlarged. i2mo. 
Bound in leather, 4/6. 



THE WORKS OF WILLIAM COBBETT. 
THE ONLY AUTHORISED EDITIONS. 

COBBETT (William): ADVICE TO YOUNG 

Men and (incidentally) to Young Women, in the Middle and Higher 
1-ianks of Life. In a Series of Letters addressed to a Youth, a Bachelor, 
a Lover, a Husband, a Father, a Citizen, and a Subject. Mav Edition, 
IVith admirable Portrait on Steel, Fcap 8vo. Cloth, 2/6. 

"Cobbett's great qualities were immense vigour, resource, energy, and courage, 
joined to a force of understanding, a decree of logical power, and above all a force of 
expression, which have rarely been equalled. , . He was the most English of 

Englishmen." — Saturday Revie^v. 

"With all his faults, Cobbelt's style is a continual refreshment to the lover ^r 
• English undefiled."*—/=rt//^a//Gfl£i'//r. " °^ 
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William Cobbett's Works — (Continued). 

COBBETT (Wm.): COTTAGE ECONOMY: 

Containing information relative to the Brewing of Beer, Making of Bread, 
Keeping of Cows, Pigs, Bees, Poultry, &c. ; and relative to other matters 
deemed useful in conducting the affairs of a Poor Man's Family. Eighteenth 
Edition, revised by the Author's Son. Fcap 8vo. Cloth, 2/6. 

EDUCAT I ON AL WORKS. (See 



page 18.) 

— A LEGACY TO LABOURERS: An 

Argument showing the Right of the Poor to Relief from the Land. With 
a Preface by the Author's Son, John M. Coebett, late M.P. for Oldham, 
New Edition. Fcap 8vo. Cloth, l/6. 
" The book cannot be too much studied just now." — Nonconformist. 

"Cobbett was, perhaps, the ablest Political writer England ever produced, and his 
influence as a Liberal thinker is felt to this day. . . It is a real treat to read his 

strong racy language." — Public Opinion. 

A LEGACY TO PARSONS : Or, have the 

Clergy of the Established Church an Equitable Right to Tithes and 
Church Property? New Edition. Fcap 8vo. Cloth, i/6. 

" The most powerful work of the greatest master of political controversy this couDtry 
has ever produced." — Pall Mall Gazette. 



COBBETT (Miss Anne): THE ENGLISH 

HOUSEKEEPER ; or. Manual of Domestic Management. Containing 
Advice on the conduct of Household Affairs and Practical Instructions, 
intended for the Use of Young Ladies who undertake the superintendence 
of their own Housekeeping. Fcap Svo. Cloth, 3/6. 

COOK'S VOYAGES. VOYAGES ROUND 

THE WORLD, by Captain Coox. Illustrated with Maps and numerous 
Engravings. Two vols. Super-Royal Svo. Cloth, 30/. 

DALGAIRNS (Mrs.): THE PRACTICE OF 

COOKERY, adapted to the business of Every-day Life. By Mrs. Dal- 
GAIRNS. The best book for Scotch dishes. About Fifty new Redpes have 
been added to the present Edition, but only such as the Author has had 
adequate means of ascertaining to be valuable. Seventeenth Edition. 
Fcap Svo. Cloth. (Jn preparation.) 

" We consider we have reason strongly to recommend Mis. Dalgaims' as an econo- 
mical, useful, and practical system of cookery, adapted to the wants of all fiunilies, from 
the tradesman's to the country gentleman's." — ^^ciator. 
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D'AUBIGNE (Dr. Merle) : HISTORY OF. THE 

REFORMATION. With the Author's latest additions and a new Pre- 
face. Many Woodcuts, and Twelve Engi'avings on Steel, illustrative of 
the life of Martin Luther, after LabouchJire. In one large volume. 
Demy 4to. Elegantly bound in cloth, 21/. 

" In this edition the principal actors and scenes in the great drama of the Sixteenth 
* Century are brought vividly before the eye of the reader, by the skill of the artist and 
Engraver. " 

DONALDSON (Joseph, Sergeant in the 94th 

Scots Regiment) : 

RECOLLECTIONS OF THE EVENTFUL LIFE OF A 
SOLDIER IN THE PENINSULA. Nrai Edition. Fcap 8vo. 
Gilt sides and edges, 4/. 

EARTH DELINEATED WITH PEN AND 

PENCIL (The) : An Illustrated Record of Voyages, Travels, and Ad- 
ventures all round the World. Illustrated with more than Two Hundred 
Engravings in the first style of Art, by the most eminent Artists, including 
several from the master-pencil of Gust AVE Dor^. Demy 410, 750 pages. 
Very handsomely bound, 21/. 



MRS. ELLIS'S CELEBRATED WORKS 

On the Influence and Character of Women. 

THE ENGLISHWOMAN'S LIBRARY: 

A Series of Moral and Descriptive Works. By Mrs. Ellis. Small 
8vo. Cloth, each volume, 2/6. 

I.— THE WOMEN OF ENGLAND: Their Social Duties and 

Domestic Habits. Thirty-ninth Thousand. 
2.— THE DAUGHTERS OF ENGLAND: Their Position in 
" Society, Character, and Responsibihties. Twentieth Thousand. 
3.— THE WIVES OF ENGLAND: Their Relative Duties, 

Domestic Influence, and Social Obligations. Eighteenth 

Thousand. 
4.— THE MOTHERS OF ENGLAND : Their Influence and Re- 
sponsibilities. Twentieth Thousand. 
5.— FAMILY SECRETS; Or, Hints to make Home Happy. 

Three vols. Twenty-third Thousand. 
6.— SUMMER AND WINTER IN THE PYRENEES. Tenth 

Thousand. 
7.— TEMPER AND TEMPERAMENT ; Or, Varieties of 

Character. Two vols, lenth Thousand. 
8.— PREVENTION BETTER THAN CURE; Or, the Moral 

Wants of the World we live in. Tweljth Thousand. 
9.— HEARTS AND HOMES; Or, Social Distinctions. Three 

vols. Tenth Thousand. 
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THE EMERALD SERIES OF STANDARD AUTHORS. 



BURNS' (Robert) SONGS AND BALLADS. 

With an Introduction on the Character and Genius of Bums. By 
Thomas Carlyle. Carefully printed in antique , type, and illustiated 
with Portrait and beautiful Engravings on Steel. Second Thousand. 
Cloth, gilt edges, 3/. 

BYRON (Lord): CHILDE HAROLD'S PIL- 

GRIMACE. With Memoir by Professor Spalding. Illustrated with 
Portrait and Engravings on Steel, by Greatbach, Miller, Lightfoot, 
&c., from Paintings by Cattermole, Sir T. Lawrence, H. Howard, 
and Stothard. Beautifully printed on toned paper. Third Tliousand. 
Cloth, gilt edges, 3/. 

CAMPBELL (Thomas): THE PLEASURES 

OF HOPE. With Introductory Memoir by the Rev. Charles Rogers, 
LL.D., artd several Poems never before published. Illustrated with Por- 
trait and Steel Engravings. Second Thousand. Cloth, gilt edges, 3/. 

CHATTERTON'S (Thomas) POETICAL 

WORKS. With an Original Memoir by Frederick Martin, and 
Portrait. Beautifully illustrated on Steel, and elegantly printed. Fourth 
Thousand. Cloth, gilt edges, 3/. 

GOLDSMITH'S (Oliver) POETICAL WORKS. 

With Memoir by Professor Spalding. Exquisitely illustrated with Steel 
Engravings. New Edition. Printed on superior toned paper. Seventh 
Thousand. Cloth, gilt edges, 3/. 

GRAY'S (Thomas) POETICAL WORKS. With 

Life by the Rev. John Mitford, and Essay by the Earl of Carlisle. 
With Portrait and numerous Engravings on Steel and Wood. Elegantly 
printed on toned paper. Eton Edition,^ with the Latin Poems. Sixth 
Thousand. Cloth, gilt edges,- 5/. 

HERBERT'S (George) POETICAL WORKS. 

With Memoir by J. NiCHOL, B.A., Oxon, Prof, of EngUsh Literature iu 
the University of Glasgow. Edited by Charles Cowden Clarke. 
Antique headings to each page. Second Thousand. Cloth, gilt edges, 3/. 

KEBLE (Rev. John): THE CHRISTIAN 

YEAR. With Memoir by W. Temple, Portrait, and Eight beautiBil 
Engravings on Steel. Second Thousand. 

Cloth, gilt edges, . . ■ • 5/. 

Morocco, elegant, , . . 10/6. 

Malachite, 12/6.' 
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The Emerald S^^xes— {Continued). 

POE'S (Edgar Allan) COMPLETE POETICAL 

WORKS. Edited, with Memoir, by James Hannay. Full-page Illus- 
trations after Wehnert, Wier, &c. Toned paper. Thirteenth Thousand. 
Cloth, gilt edges, ' . . . • Zl- 
Malachite, 10/6. 

Other volumes in preparation. 



FINDEN'S FINE ART WORKS. 



BEAUTIES OF MOORE: being a Series of 

Portraits of his Principal Female Characters, from Paintings by eminent 
Artists, engraved in the highest style of Art by Edward Finden, with a 
Memoir of the Poet, and Descriptive Letterpress. Folio. Cloth gilt, 42/. 

DRAWING-ROOM TABLE BOOK (The): a 

Series of 31 highly-finished Steel Engravings, with descriptive Tales by 
Mrs. S. C. Hall, Mary Howitt, and others. Folio. Cloth gilt, 21/. 

GALLERY OF MODERN ART (The) : a Series 

of 31 highly-finished Steel Engravings, with descriptive Tales by Mrs. 
S. C. Hall, Mary Howitt, and others. Folio. Cloth gilt, 21/. 



FISHER'S READY -RECKONER. The best 

in the World. New Edition. i8mo. Cloth, 1/6. 

GILMER'S INTEREST TABLES; Tables for 

Calculation of Interest, on any sum, for any number of days, at yi, i, 
\%, 2, 2^, 3, 3^, 4, \%, S and 6 per Cent. By Robert Gilmer. 
Corrected and enlarged. Eleventh Edition. larao. Cloth, 5/. 

■GR^ME (Elliott) : BEETHOVEN : a Memoir. 

With Portrait, Essay, and Remarks on the Pianoforte Sonatas, with 
Hints to Students, by Dr. Ferdinand Hiller, of Cologne. Second 
Edition slightly enlorged. Crown 8vo. Cloth gilt, elegant, 5/. 

"This elegant and interesting Memoir. . . . The newest, prettiest, and most 
readable sketch of the immortal Master of Music. — Musical Standard. 

"A gracious and pleasant Memorial of the Centenary." — Spectator. 

"This delightful little book — concise, sympathetic, judicious." — Manchester 
£jcatniner. 

■ A NOVEL WITH TWO HEROES. 

Second Edition. In 2 vols. Post 8vo. Cloth, 21/. 

" A decided literary success." — Athenisum. 

*' Clever and amusing . . above the average even of good novels , ■■. . free 

irom sensationalism, but full of interest . . . touches the deeper chords of life 
. . . delineation of character remarkably good." — Spectator. 
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HOGARTH : The Works of William Hogarth, in 

a Series of 156 Steel Engravings by the First Artists, with descriptive 
Letterpress by the Rev. John TRtrsLER, and Introductory Essay by James 
Hannay. Folio. Cloth, gilt edges, 52/6. 

"The Philosophet who ever preached the sturdy English virtue^ which have made us 
vlhzX we are." ■ ■ / 

KNIGHT (Charles) : PICTORIAL GALLERY 

OF THE USEFUL AND FINE ARTS. With Steel Engravings, and 
nearly 4,000 Woodcuts. Two vols. Folio. Cloth gilt, 42/. 

PICTORIAL MUSEUM OF ANIMA- 
TED NATURE. Illustrated with 4,000 Woodcuts. Two vols. Folio. 
Cloth gilt, 35/. 

MACKEY'S FREEMASONRY: 

A LEXICON OF FREEMASONRY. Containing a definition of its 
Communicable Terms, Notices of its History, Traditions, and Antiquities, 
and an Account isf all the Rites and Mysterie^ of the Ancient World. By 
Albert G. Mackey, M.D., Secretai-y-General of the Supreme Council 
of the U.S., &c. Seventh Edition, thoroughly revised with Appendi.x by 
Michael C. Peck, Prov. Grand Secretary for N. and E. Yorkshire. Hand- 
somely bound in cloth. (^1/ Press.) 



HENRY MAYHEW'S CELEBRATED WORK ON 
THE STREET-FOLK OF LONDON. 

LONDON LABOUR AND THE LONDON 

POOR : A Cyclopasdia of the Condition and Earnings of ^/lose that 'will 
work and those that cannot work. By Henry Mayhew. . With many 
full-page Illustrations from Photographs. In three vols. Demy 8vo. 
Cloth. Each vol. 4/6. 

" Every page of the work is full of valuable information, laid down in so interesting a 
manner that the reader can never tire." — J llustrated London A'rws. 

'* Mr. Henry Mayhew's famous record of the habits, earnings, and sufferings of the 
London poor." — Lloyd's Weekly London Ne^vspafier. 

"This remarkable book, in which Mr. Mayhew gave the better classes their first real 
insight into the habits, modes of livelihood, and current of thought of tlie London 
poor, "— The Patriot. 

The Extra Volume. 

LONDON LABOUR AND THE LONDON 

POOR : Those that loill -not work. Coihprfeing the Non-workers, by 
Henry Mayhew ; Prostitutes, by Bxacebridge Hkmyng ; Thieves, 
by John BinnY ; Beggars, by Andrew Halliday. With an Intro- 
ductory Essay oh the Agencies at Present in Opeiation in the Metropolis 
for the Suppression of Crime and Vice, by the Rev. William Tuckniss, 
B.A., Chaplain to the Society for the Rescue of Young Women and 
Children. With Illustrations of Scenes and Localities. In one large 
vol. Royal Sva Cloth, 10/6. 

"The work is full of interesting matter for the casual reader.Sfrhile the philanthropist 
and the philosopher will find detads of the greatest import."— O'/y Press. 
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Mr. Mayhew's London Labour — (Continued). 

Companion volume to the preceding. 

THE CRIMINAL PRISONS OF LONDON, 

and Scenes of Prison Life. By Henry Mayhew and John Binny. Illus- 
trated by nearly two hundred Engravings on Wood, principally from 
Photographs. In one jarge vol. Imperial 8vo, Cloth, 10/6. 

"This volume concludes Mr. Henry Mayhew's account of his researches into the 
crime and poverty of London. The amount of labour of one kind or other, which the 
whole series of his publications represents, is something; almost incalculable." — Literary 
Budget. 

**, This celebrated Record of Investigations into the condition of the Poor of the 
Metropolis, undertaken from philanthropic motives by Mr. Henry Mayhew, first gave the 
wealthier classes of England some idea of the state of Heathenism, Degradation, and Misery 
in which multitudes of their poorer brethren languished. Hts revelations created, at the 
time of their appearance, universal horror and excitement — that a nation, professedly 
C/£r/i-^/«?i, .should have in its midst a vast population, so sunk in ignorance, vice, and .very 
hatred of Religion, was deemed incredible, until further examination established the truth 
of the statements advanced. The result is well known. ■ Thfe London of Mr. Mayhrw will, 
happily, soon exist only in his pages. To those who would appreciate the efforts already 
made among the ranks which recruit our "dangerous" classes, and who would learn what 
yet remains to be done, the work will afford enlightenment, not unmingled with surprise. 



MILLER (Thomas, Authbr of "Pleasures of a 

Country Life," &c.).: 

THE LANGUAQE OF FLOWERS. With Eight beautifully- 
coloured Floral ^Plates. , Feap 8vo. Cloth, gilt edee, Fourteenth 

Thousand, ." . 3/6. 

Morocco, 7/6. 

THE LANGUAGE OF FLOWERS 



Abridged from the larger work by THOMAS Miller. With coloured 
Frontispiece. Cheap Edition. Limp cloth, 6d. 

POE'S (Edgar Allan) COMPLETE POETICAL 

WORKS. Edited, with Memoir, by James ,H'annay. Full-page Illus- 
trations after Wehnert, Weir, and others. In paper wrapper. 
Illustrated, 1/6. 

POETRY OF THE YEAR : Or, Pastorals from 

our Poets, illustrative of the Seasons. With Chromo-Lithographs from 
Drawings after Birket Foster, R.A., S. Creswick, R.A., David Cox, 
Harrison Weir, E.V.B., and others. New Edition. Toned paper. 
Cloth gilt, elegant, 16/. 

RAPHAEL: THE CARTOONS OF 

RAPHAEL. Engraved on Steel in the first style of Art by G. Great- 
BACH, after the Originals at South Kensington. With Memoir, Portrait 
of Raphael, as painted by himself, and Fac-simile of his Autograph. 
Folio. Elegantly bound in cloth, 10/6. 
''"Forms a handsome volume.'' — Art and Letters, 
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SCHILLER'S MAID OF ORLEANS : {Die 

/ungfrau von Orleans). Rendered into English by Lewis Filmore, 
translator of Goethe's Faust. With admirable Portrait of Schiller, 
engraved on Steel by Adlard, and Introductory' Notes. In Crown Svo. 
Toned paper. Cloth, elegant, gilt edges, 2/5. 

"Mr. Filmore's excellent translation deserves to b6 read by AX."— Northern Wkig. 
" The drama has found in Mr Filmore a faithful and sympathetic translator."— /'K^/i- 
Opinion. 



SHAKSPEARE: THE FAMILY. The 

Dramatic Works of WILLIAM SHAKSPEARE, edited and expressly 
adapted for Home and School Use. By Thomas Bowdler, F.K.S. 
With Twelve beautiful Illustrations on Steel. New Edition. Crown 8vo. 

Cloth, gilt, . ... 10/6, 

Morocco antique, .... Vjj^. 

*^* This unique Edition of the great 'dramatist is admirably suited for 
home tfse ; while objectionable phrases have been expurgated, no rash liberties 
have been taken with the text. 

" It is quite undeniable that there are many passages in Shakspeare which a father 
could not read aloud to his children — a brother to his sister — or a gentleman to a lady ; 
and every one almost must have felt or witnessed the extreme awkwardness, and even 
distress, that arises from suddenly stumbling upon such expressions. . . . Those 
who recollect such scenes must all rejoice that Mr.- Bowdler has provided a security 
against their recurrence. . . . This purification has been accomplished with sur- 
prisingly little loss, either of weight or value ; the base alloy in the pure metal of 
Shakspeare has been found to amount to an inconceivably small proportion. ... It 
has in general been found easy to extirpate the offensive expressions of our great jjoet 
without any injury to the context, or any visible scar or blank in the composition. 
They turn out to be not so much cankers in the flowers, as weeds that have sprung up 
by their side— not flaws in the metal, but impurities that have gathered on its 
surface — and, so far from being missed, on their removal the work generally appears 
more natural and harmonious without them."— itfrof y^ff^^ tn tJie Editiburgk 
Review. 



SHAKSPEARE'S DRAMATIC & POETICAL 

WORKS. Revised from the Original Editions, with a Memoir and 
Essay on his Genius by Barry Cornwall ; and Annotations and 
Introductory Remarks on his Plays, by R. H. Horne, and other eminent 
writers. With numerous Woodcut Illustrations and full-page Steel 
Engravings by Kenny Meadows. Tenth Edition. Three vols. Super- 
royal 8vo. Cloth, gilt, 42/. 



SHAKSPEARE'S WORKS. Edited by T. O. 

Halliwell, F.R.S., F.S.A. With Historical Introductions, Notes, 
Explanatory and Critical, and a Series of Portraits on Steel. Three 
vols. Royal 8vo. Cloth gilt, 50/, , , 
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MR. SOUTHGATE'S WORKS. 



" No one who is in the habit of writing and speaking much on a variety of subjects can 
aflFord to dispense with Mr. Southgate's Wohks. — Glasgow News. 



First Series — Thirty-Second Edition. Second Series- 
Seventh Edition. 

MANY THOUGHTS OF MANY MINDS: 

Selections and Quotations from the best Authors. Compiled and 
Analytically Arranged by 

HENRY SO.UTHGATE. 

In Square 8vo, elegantly printed on Toned Paper. 
Presentation Edition, Cloth and Gold, .... Each Vol. 12/6. 
Library Edition, Roxburghe, ...... ,, 14/. 

Ditto, Morocco Antique, „ 21/. 

Each Series complete in itself, and sold separately. 

**The produce of years of research." — Exa?Hiner. 

**A MAGNIFICENT GIFT-BOOK, appropriate to all times and seasons." — FreeTnasons* 
Magazine. 

" Not so much a book as a library." — Patriot. 

'* Preachers and Public Speakers will find that the work has special uses for them.'' — 
Edinburgh Daily Review^ 



BY THK SAME AUTHOR. 



Now Ready, Second Edition. 

SUGGESTIVE THOUGHTS ON EELIGIOUS SUBJECTS: 

A Dictionary of Quotations and Selected Passages from nearly l,000 of 

the best Writers, Ancient and Modern. 

Compiled and Analytically Arranged by HENRY SOITTHGATE. In 

Square 8vo, elegantly printed on toned paper. 

Presentation Edition, Cloth Elegant, lo/6. 

Library Edition, Roxburghe, . . . . ^ , . 12/. 

Ditto, Morocco Antique, ... . ... 20/. 

"The topics treated of are as wide as our Christianity itself: the writers quoted from, of 
every Section of the one Catholic Church of JESUS Q.¥LYl^Tr— Author's Preface. 

'* This is another of Mr. Southgate's most valuable volumes. . . . The mission which 
the Author is so successfully prosecuting in literature is not only highly beneficial, but neces- 
sary in this age. ... If men are to make any acquaintance at all with the great minds 
of the world, they can only do so with the means which our Author supplies. — HomHist. 

"A casket of gems." — English Churchman. 

** Mr. Southgate's work has been compiled with a ^reat deal of judgment, and it will, I 
trust, be extensively useful." — Rev.. Canon Liddon, D,D., D.C.L. 

" Many a busy Christian teacher will be thankful to Mr. Southgate for having unearthed' 
so many rich gems of thought ; while many outside the ministerial circle will obtain stimulus, 
encouragement, consolation, and counsel, within the pages of this handsome volume." — 
Noncof^rmist. ^ ■ _ ^ 

"The special value of this most admirable compilation is discovered, when attention is 
concentrated on a particular subject, or series- of suojects, as illustrated by the various and 
often brilliant lights shed by passages selected' from the best authors in all ages. ... A 
most valuable book of reference." — Edinburgh Daily Review. . . > 

V -. 
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THE SHILLING MANUALS. 

By JOHN TIMES, F.S.A., 

Author of "The Curiosities of London," &c. 

A Series of Hand-Books, containing Facts and Anecdotes interesting to 
all Readers. Second Edilion. Fcap 8vo. Bound in neat cloth. 

Price One Shilling each. 



I.— TIMB.S' CHARACTERISTICS OF EMINENT MEN. 

II.— TIMES' CURIOSITIES OF ANIMAL AND VEGETABLE 
LIFE. 

III.— TIMES' ODDITIES OF HISTORY AND STRANGE STORIES 
FOR ALL CLASSES. 

IV.— TIMES' ONE THOUSAND DOMESTIC HINTS on the Choice 
of Provisions, Cooker)-, and Housekeeping; new Inventions and 
Improvements ; and various branches of Household Management. 
V. -TIMES' POPULAR SCIENCE: Recent Researches on the Sun, 
Moon, Stars, and Meteors ; the Earth ; Phenomena of Life, 
Sight, and Sound ; Inventions and Discoveries. 

VI.-tlMBS' THOUGHTS FOR TIMES AND SEASONS. 



Opinions of the Press on the Series. 

"Capital little books of about a hundred pages each, wherein the indefatieaWe 
Author IS seen at his hesU —Mec/uinics Magasixe. 

" Extremely interesting \o\umes."—Ezvriitig;Siatulard. 

"Amu.-,ing, instractive, and interesting. ... As food for thought and pleasant 
reading, we ran heartily recommend the 'Shilling Manuals.' "--.ff/,;/«W/M„, Daily 



TIMES (John, F.S.A.): PLEASANT HALF- 

HOURS FOR THE FAMILY CIRCLE. Containing Popular Science, 
One Thousand Domestic Hints, Thoughts for Times and Seasons 
Oddities of History, and Characteristics of Great Men. Second Edition 
Fcap 8vo. Cloth gilt, and gilt edges, $/. 

Me^?"^'"^ " "*'"'''' °^ "^^'^"' "■^"'^'"^ "^ "'^ greatest possible variety. "—/'/^.bwkM 

WANDERINGS IN EVERY CLIME; Or 

Voyages, Travels, and Adventures All Round the World. Edited bv w' 
F A.NSWORTH F R.G.S., F.S A.. &c and embellished with up^rf^ 
of Two Hundred Illustrations by the first Artists, including several from 
the master-pencil of Gustave DoRfi. Demy 410. 800 pages. Cloth 
and gold, bevelled boards, 21/. '^^ 



INDEX. 



AINSWORTH CW. FA Earth Delmeated, 

Wanderings in Every Clime, . 

AITKEN (W., M.D.), Science and Practice of 

Medicine 

' Outlines, ...... 

Growth of the Recruit, ... 

ANSTED (Prof.), Geology, . 

Inanimate Creation, . . . 

BAIRD (Prof.), Student's Natural History, 

BELL (R.), Golden Leaves, . 

BLYTH (A. W.), HygiSne and Public Health, 

Foods, 

- Poisons, 



PAGE 

25 



BROUGHAM(Lord),PaIey'sNaluralTheology, 
BROWNE (W. R.), Student's Mechanics, 

Foundations of Mechanics, 

BRYCE (A. H.), Works of Virgil, . 

Works of Virgil (in Parts), 

BUNYAN'S Pilgrim's Progress (Mason), 
Do. (Maguire), 

CHEEVER'S (Dr.'), Reiigioiis aid .Moral 

Anecdotes 

CHRISTISON 0), Interest Tables, 
CIRCLE OF THE SCIENCES, 9 vols., 
Treatises, 



COBBETT (Wm.), Advice to Young Men, 
•^——~ Cottage Economy, .... 

— '• English Grammar, .... 

French do., .... 

Legacy to Labourers, ... 

Do. Parsons, .... 

COBBIN'S Mangnall's Question^ . 
COLERIDGE on Method, 

COOK (Captain); Voyages of, . 

CRAIK (G.), History of English Literature, 

Manual of do. 

CRUDEN'S CONCORDANCE, by Eadie, 

- by Youngman, 



CRUTTW'ELL"S History of Roman Literature, 

. Specimens of do.^ 

Do., do. (in Parts), 

CURRIE (J.), Works of Horace, . 

Do. (in Parts), 

Cassar'S Commentaries, ... 

DALGAIRN'S COOKERY, . 
DALLAS (Prof.), Animal Creation, . 
D'AUBIGNE'S History of the Reformation, 
DICK (Dr.), Celestial Scenery, 

Christian Philosopher, . . . 

DONALDSON (Jas.), Eventful Life of a 

Soldier, 

D'ORSEY (A. J.), Spelling by Dictation, 
iDOUGLAS (J. C), Manual of Telegraph Con- 
struction, 

DUPRE AND HAKE,, Practical Chemistry, 
EADIE (Rev. Dr.), Biblical Cyclopaedia, 

Cruden's Concordance,^ . . . 

ClassiiieJ Bible, .... 

■ Ecclesiastical Cyclopasdia,. . ■ 

- Dictionary of Bible, 



ELLIS (Mrs.); Englishwomaa's Library, . 
EMERALD SERIES OF STANDARD 

AUTHORS, . . ■ . 
FINDEN'S FINE-ART WORKS, 
FISHER'S READY-RECKONER, 
FLEMING (Prof.), Vocabulary of Philosophy!, 
FOSTER (Chas.), Story of the Bible, 
GEDGE (Rev. J. W.), Bible History, . 
GILMER (R.), Interest Tables, 



PACK 

GORE (G.), Electro-deposition, . . 9 

GR.«ME (Elliott), Beethoven 37 

-^ Novel with Two Heroes, . . » 27 

GRIFFIN (J. J.), Chemical Recreations, . 10 

Do. (in Parts), 10 

GURDEN (R.), Traverse Tables, ... 11 
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